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Preface 


or his profound and extensive contributions across pure and applied 

mathematics, Leonhard Euler (1707-83) ranks among the four great- 
est mathematicians of all time, the other three being Archimedes, Isaac 
Newton, and Carl Friedrich Gauss. Euler is a principal figure in applying 
calculus to create the modern mathematical sciences of celestial mechan- 
ics, analytical mechanics, elasticity, and optics. In the twentieth century, 
six concise biographies of him were produced, beginning in 1927 with 
Louis du Pasquier’s Léonard Euler et ses amis (Leonhard Euler and his 
friends) and two years later Otto Spiess’s Leonhard Euler. In 1961 Vadim V. 
Kotek published a short biography in Russian, while in 1982 Adolf P. 
Yushkevich brought out another in English and Rudiger Thiele a narra- 
tive in German. In 1995 Emil A. Fellmann supplied a text in German of 
fewer than two hundred pages. In 2007, the tercentenary of Euler’s birth, 
Fellmann’s text was translated into English by Erika and Walter Gautschi, 
and Philippe Henry published Leonhard Euler: “incomparable géometre.” Yet 
in no language has a treatment of his life and work appeared that is full 
in length and scope. 

This book attempts to offer the first detailed and comprehensive 
account in the context of Euler’s life, research, computations, and pro- 
fessional interactions that centers on his achievements in calculus and 
analytical mechanics. The growing body in print of primary sources by 
Euler, many long inaccessible, together with the secondary literature on 
him and his research, are making this possible. Central to the first effort 
is the near completion of the more than eighty large volumes of Euler’s 
Opera omnia (Collected works). Series 1, on mathematics, comprises 
twenty-nine volumes; series 2, on mechanics and astronomy, comprises 
thirty-one volumes; and series 3 comprises twelve volumes on physics 
and varia. Series 4A will have eight volumes with annotated versions of 
his massive correspondence, and a planned Internet database provision- 
ally called Euler Heritage will make accessible his remaining manuscript 
catalog, including his twelve notebooks totaling four thousand pages. It 
has taken more than a century to near the finish of the Opera omnia. The 
catalog of Euler’s complex writings by Gustaf Enestrom appears in Die 
Schriften Eulers chronologische nach den Jahren geordnet, in denen sie verfasst 
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worden sind (The Writings of Euler chronologically arranged, according 
to the year they were published), which was published in the Jahresber- 
icht der Deutschen Mathematiker-Vereinigung (Annual Report of the Ger- 
man Mathematical Society) from 1910 to 1913. Enestrém lists 866 of 
Euler’s publications, which include eighteen books. Today each has a 
number indicating its ordered place from the time of appearance annu- 
ally in the Enestrém index.' Thus, E88 stands for “Nova theoria lucis & 
colorum,” which was printed in 1746 coming after his first 87 publica- 
tions. The Euler Archive, directed by Dominic Klyve, Lee Stemkoski, and 
Erik Tou has made the originals of almost all of these writings available 
on the Internet.” One result of the scope and depth of Euler’s research is 
that most scholarship on him is fragmentary, centering on one or another 
particular subject. The thorough investigation of Euler’s correspondence 
and the subjects and reliability of his notebooks is at an early stage. 

Euler publications and letters span five languages. Most are in Latin 
and French, some are in German and Russian, and Euler himself trans- 
lated one book from English into German. Recent Euler scholarship, 
especially that published by the Mathematical Association of America, 
includes many articles and books in English. Research on Euler requires 
expertise ideally in at least the first three of these five languages and col- 
laboration among scholars who together address all of them. The bibliog- 
raphy in the present work indicates that competence in Italian, Spanish, 
Chinese, and Japanese also helps. 

The range, depth, and volume of Euler’s work make it highly un- 
likely that any one scholar can master all the fields that he pursued. This 
comprehensive biography examines the known principal areas of Euler’s 
work. In describing, explaining, and summarizing what Euler achieved, 
the present book is a scientific biography, but it is not a scientific trea- 
tise exploring his central concepts at length. An exhaustive treatment 
of Euler’s accomplishments is not yet possible, for there is still much to 
learn about them. Instead, this book presents a synoptic study of the full 
scope of his research. It stresses the discovery of new information about 
contributions, the character of his colleagues and rivals, and the sources 
of problems. A future book might have a team of specialists with exper- 
tise from different fields write sections of essentially an anthology and be 
overseen by an editor to strengthen a coherent perspective. This initial 
comprehensive biography does not offer a social, cultural, political, or 
economic narrative. 

By paying greater attention to Euler’s correspondence and academic 
records than did earlier concise biographies, this volume hopes to begin 
to bring out Euler’s distinct personality, to remove myths (about, for ex- 
ample, his dealings with Denis Diderot), and to note his relations with 
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other great Enlightenment figures, particularly Jean-Baptiste le Rond 
d'Alembert and Frederick II. Each of these topics remains underdocu- 
mented and underexamined. 

Two other vital sources exist: the minutes of the Petersburg and Ber- 
lin Academies of Sciences, along with the anniversary or jubilee volumes 
for dates marking multiples of a full or half century since Euler’s birth 
or death—that is, 1907, 1957, 1983, and 2007. From 1897 to 1911, the 
minutes of the earlier Petersburg Academy of Sciences, mostly in Latin 
and French, were reprinted in four volumes; they were later annotated in 
the Chronicles of the Russian Academy of Sciences in another four volumes 
(2000-2004). The Trudy (Works), volume 17 (1962), describes all Euler 
documents in the Archives of the Russian Academy of Sciences. The 
present-day Berlin-Brandenburg Academy of Sciences and Humanities 
lacks minutes from the eighteenth century but in 1957 issued extracts, its 
Registres. These too merit more examination. The Euler jubilee anniver- 
sary volumes published in Basel, Berlin, and Saint Petersburg, along with 
recent critical studies published in Washington, DC, have added crucial 
information about Euler’s life and work. An excellent account of all these 
primary and secondary texts is Gleb K. Mikhailov’s “Euleriana: A Short 
Bibliographical Note.”* 

In the investigation of the intellectual, social, and personal odyssey 
of Leonhard Euler, this biography follows a chronological order, and its 
chapters are broken down into sections that follow episodes from his life 
and research.* Of the settings, cultures, and circumstances that influence 
his studies,° the institutional is the foremost, involving royal financing, 
programs, and administration at the Berlin and the Petersburg academies. 
These offered libraries, opportunities for publication, the safety of the 
laboratory, foreign connections, and a measure of freedom.*® The Royal 
Academy of Sciences in Paris, with its prestigious annual prizes, set out 
important topics and promoted competitions across Europe. 

The sections of this biography emphasize a few significant problems, 
innovative and daring computations, and proofs. These draw upon basic 
concepts; new methods; disciplinary intuition; symbols such as e, n, and i 
that Euler invented or made standard; and guesswork. Readers who do not 
wish to review the technical steps in computations and proofs may proceed 
directly to results. The time divisions for chapters largely follow Euler’s 
places of residence, major developments in his career, or times of war. The 
first Saint Petersburg period was when he laid the groundwork of his re- 
search; during his Berlin years, he attained the summit of his career when 
he presided over mathematical research and the transformation of the old 
geometric exact sciences into the modern mathematical sciences; his sec- 
ond Saint Petersburg stay, according to his grandson Paul Heinrich von 
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Fuss, was a time of “prodigious activity” when the degree of Euler’s writing 
increased.’ Although the preparation of many of Euler’s books and articles 
came years before their actual dates of publication, this biography will date 
them according to when they were printed but occasionally also give the 
times of composition. The book generally follows the Gregorian calendar. 

Biographies in the mathematical sciences have open and protean 
boundaries. In the development of mathematics, two principal interpre- 
tations exist: the Platonic, in which the subject advances independently 
of time and setting by the force of its interior logic; and the external, in 
which cultural, intellectual, political, social, and institutional forces shape 
and support the subject’s growth or impede it.*® But no such simple dichot- 
omy alone can capture the diversity and nuances of a vigorous discipline. 
Prominent among other sources are aesthetics or beauty and beginning 
studies with the final proofs, computations, and other results of mathema- 
ticians.° Mathematics is the most certain and exact of all the sciences, and 
studies of its history benefit greatly from an interpretation that centers 
on the close and critical reading of original written sources. The rigor- 
ous examination of these materials can elucidate the methods that guided 
Euler’s research and can identify persistent problems, the pattern of his 
breakthroughs, his orderly arrangement of fields, and the few errors that 
escaped his methods and near flawless intuition in mathematics. 

Since Ernst Mach’s Die Mechanik in ihrer Entwicklung historisch-kritisch 
dargestellt (The science of mechanics: a critical and historical account of its 
development), first published in 1883, it was often believed that Newton’s 
Principia mathematica had provided the complete framework for classical 
mechanics, with the eighteenth century adding little. But René Dugas, 
Craig Fraser, Walter Habicht, Thomas Hankins, Gleb K. Mikhailov, Ist- 
van Szabo, Stephen Timoshenko, Clifford Truesdell, Eduard Winter, and 
others have brought out the vigorous, inventive research during the En- 
lightenment. Upon Newton’s Principia mathematica Euler and his compet- 
itors built a coherent foundation for classical mechanics, proposed novel 
procedures for solving problems, and successfully applied differential 
calculus." 

Truesdell, a master of six languages, including Greek and Latin, skill- 
fully turned to a critical inquiry into Euler’s writings and especially rees- 
tablished the significance of Euler’s work in theoretical physics, editing 
five volumes of the Opera omnia." For these he provided exemplary his- 
torical and scientific introductions on rational mechanics, elasticity, and 
fluid mechanics. Truesdell has also written Essays in the History of Mechan- 
ics, published in 1968, and founded the journal Archive for History of Exact 
Sciences.” 
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Although the importance of what was called the progress of the sci- 
ences to the Enlightenment is recognized, the history of science scarcely 
appears in general histories of the period or biographies of Enlighten- 
ment leaders associated with Euler. Thorough studies of his correspon- 
dence and much of his Opera omnia could illuminate points in common 
with the French Enlightenment and ideas distinctive to Berlin and Saint 
Petersburg. Neither Tim Blanning’s impressive The Pursuit of Glory: Eu- 
rope 1648-1815 (2007) nor Robert Massie’s Catherine the Great: Portrait of 
a Woman (2011) mention Euler, while David Fraser’s Frederick the Great 
(2000) has only one sentence on him." Thus, the present study of the life 
of Euler and the importance of his research seeks to remove a major gap 
in the history of science and of the Enlightenment. 
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Leonhard Euler 


Introduction 


[ the 1720s the European Enlightenment began. This was to be an age 
of growth in all aspects of life at the time, including state centralization, 
industrialization, an expansion in overseas empires, population growth, 
larger military forces, increases in literacy, and expanded learning, notably 
with a passion for criticism and for major advances in mathematics and the 
natural sciences.' Historians generally date this period as lasting to 1789, 
the “short eighteenth century.” The previous century had brought what has 
been called the Scientific Revolution, in which mathematics and celestial 
mechanics were the sciences par excellence. Would they continue to be 
paramount and their subjects transformed? Where might this occur? How, 
and why? By late in the century a general assessment came from outside 
the groups of mathematicians. In the preface to his Critique of Pure Reason, 
published in 1781 with a second edition in 1787, Immanuel Kant expressed 
the belief that new ideas in mathematics and the natural sciences testified 
best to the depth of Enlightenment thought.” What had happened in the 
years prior to justify this assessment? The year 1727 marked an important 
historical moment when, shortly after Isaac Newton died, Leonhard Euler 
began his distinguished career in Saint Petersburg. 

In mathematics at the start of the Enlightenment, many expected few 
major new achievements or fundamental innovations. The seventeenth 
century—when most of the field’s practitioners came from the aristocracy 
or from positions in medicine, law, or religion—was considered a golden 
age of mathematics; at midcentury René Descartes and Pierre de Fermat 
had each separately created what we now call analytic geometry, and 
the period culminated in the beginnings of differential calculus in the 
“method of fluxions” of Newton and the work of Gottfried Wilhelm Leib- 
niz. Many thought that little of general importance was left to pursue.* 
But other scholars anticipated instead a fecund era not only in calculus, 
including the creation of its core branches, but also across mathematics in 
theory and application. Above all, the extensive research and writings of 
Leonhard Euler were to ensure that all of this would occur. 

Driven by enormous energy, a passion for mathematics and the exact 
sciences, a commitment to building a strong institutional base for these 
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fields, and an insistent defense of Reform Christianity, Euler diligently 
pursued an immense research, computational, and writing program 
across pure and applied mathematics and related technologies from his 
days in Basel onward except during a few bouts of severe fever. In cal- 
culus alone he provided hundreds of discoveries and proofs, along with 
many fearless computations to simplify and clarify techniques for dif- 
ferential calculus, infinite series, and integral calculus; he was the prin- 
cipal inventor of the core branches of differential equations, together 
with a semigeometric analytic form and later the analytic calculus of 
variations. In hundreds of articles and a calculus trilogy starting with 
the two-volume Introductio in analysin infinitorum (Introduction to analy- 
sis of the infinite, E101 and E102, 1748),* Euler identified foundations; 
methodically arranged, elaborated, and transmitted calculus; and set out 
the initial program for calculus’s development. As a primary result of his 
studies, analysis displaced synthetic Euclidean geometry from its two- 
millennium primacy in mathematics and was the exemplar for reason in 
the esprit géométrique of the period. In pure mathematics Euler did more: 
he substantially advanced number theory and made headway in algebra, 
combinatorics, graph theory, probability, topology, and geometry, which 
included pioneering the differential geometry of surfaces. Drawn deeply 
also to the exact sciences of mechanics, optics, and astronomy, Euler 
made contributions across applied mathematics that were unparalleled 
in combined scope and depth. 

Not since the second-century Alexandrian astronomer Claudius Ptol- 
emy had a single geometer so dominated all branches of the exact sciences. 
Euler was the first to systematically apply calculus to rational mechanics, 
beginning in 1736 with his two-volume Mechanica sive motus scientia analyt- 
ica exposita (Mechanics of the science of motion set forth analytically, E15 
and E16). Prior to the time of William Rowan Hamilton, it was Euler, not 
Newton, who formulated most of the differential equations in mechanics. 
Euler founded continuum mechanics and in both print and correspon- 
dence led a talented group of competitors and rivals, including Daniel 
Bernoulli, Alexis Claude Clairaut, Jean-Baptiste le Rond d’Alembert, and 
Joseph-Louis Lagrange, in transforming into the modern mathematical 
sciences based on calculus what were then called the mixed mathematics 
of mechanics, geometric astronomy, optics, dioptrics, acoustics, pneu- 
matics, and games of chance—along with two major fields of physics, 
physical astronomy and cosmology.® Building upon Clairaut’s research, 
Euler proved in theoretical astronomy that Newton’s inverse-square law of 
gravitation by itself accounts for all lunar motion, a major confirmation of 
Newtonian dynamics. In the mid-eighteenth century Euler was unique in 
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creating a mathematical language for the exact sciences that would stand 
for the next two centuries. 

During the Enlightenment, Euler was crucial in helping to build Eu- 
ropean reputations for the new royal academies of sciences in Berlin and 
Saint Petersburg. Together with the academy in Paris and the Royal Soci- 
ety of London, they now surpassed the universities in scientific research. 
At the academies in Saint Petersburg and Berlin, Euler interacted beyond 
mathematics and the exact sciences in culture, economics, law, politics, 
religion, and society.’ The transmission and refinement of his work often 
relied on correspondence, mostly transmitted through the postal ser- 
vice. Three of these academies were in the capitals of the rising powers 
of the eighteenth century at a time when France remained dominant. 
Frederick II of Prussia and Catherine II of imperial Russia assigned Euler 
royal tasks vital to the growth of commerce, trade, exploration, empire, 
and the centralizing state; these duties included developing a more exact 
astronomy, cartography, and geodesy. At the same time the goal was to 
advance the technologies of artillery, shipbuilding, bridge construction, 
and instrument building—especially that of clocks, thermometers, micro- 
scopes, and telescopes, all of which were essential to making discover- 
ies in the sciences.* In Berlin Euler criticized Wolffian philosophy before 
Kant, argued for improving science education on the university level, and 
devised plans for state lotteries and pensions. A devout Protestant, he 
defended traditional religion against the skepticism of the Encyclopédistes 
and freethinkers, but he did not experience a crisis of conscience. In the 
dispute over the principle of least action, Euler gave to Pierre Maupertuis 
credit that Euler himself deserved as he questioned the new public sphere 
that was growing in Europe. In journals and other print, the new pub- 
lic challenged old standards set by state officials, censors, churches, and 
universities.’ Euler’s influence and the Enlightenment were to extend be- 
yond Europe: he became one of the first foreign members of the American 
Academy of Arts and Sciences. 


Chapter 1 


The Swiss Years: 
1707 to April 1727 


| Dats Euler was born on 15 April 1707 in Basel, the third larg- 
est city in the Swiss Confederation.' He was the first child of Basler 
Evangelical-Reformed minister Paul III Euler and his wife Margaretha 
(née Brucker). On 17 April, the Sunday before Easter, Leonhard was bap- 
tized in Saint Martin’s Church as his father had been. The church’s bap- 
tismal registry for the years 1663-1762 lists for the child three godparents, 
who were not relatives but city officials. He was named Leonhard after 
one of these godparents, city privy councilor Leonhard Respinger, a close 
friend of the family. Exactly where in Basel Leonhard Euler was born is 
not known. Usually women gave birth at home, assisted by a midwife; 
pediatricians, gynecologists, and most pharmaceutical medicines were as 
yet unavailable. Many babies born in winter suffered from respiratory ill- 
nesses, and children born in summer from gastric problems, but the infant 
Euler was spared both. Whether his birth occurred at his parents’ home 
or possibly that of his maternal grandparents, the residence was likely 
located in Saint Martin’s Quarter, the picturesque center of Basel. Since 
this part of the city was extensively renovated later, it is doubtful that the 
house remains standing. 


“Das alte ehrwiirdige Basel” (Worthy Old Basel) 


In 1727, the year Euler left, Basel was a damp and misty city at the farthest 
point of navigation on the Rhine; it was the wealthiest in the German- 
speaking Swiss areas and known for its learning and piety.? The city was 
the capital of the Canton of Basel, one of the thirteen cantons that consti- 
tuted the Swiss Confederation, having joined in 1501 mainly for reasons 
of self-defense. It had separated from the Holy Roman Empire, in which 
it had held the status of Reichsstadt (free imperial city). In Reformation 
Europe urban population growth usually depended upon immigration. 
Except during a few periods of large losses from plagues, Basel had a 
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Figure 1.1. Basel in 1761 as viewed from the Rhine River. A copperplate engraving 
by David Herrligberger (1697-1777), following a pen-and-ink drawing by 
Emanuel Biichel (1705-1775). Saint Martin’s is the church on the right. 


restrictive policy on immigration and citizenship; as a result its popu- 
lation had decreased from about twenty thousand in 1500 to seventeen 
thousand in the early 1700s. Max Weber’s thesis that Protestant religions 
rose in parallel with capitalism and the modern sciences could look to 
Basel for reinforcement.’ Following its rejection of the Catholic faith in 
the 1520s, the city became a great center of northern humanism, publica- 
tion, and the book trade, principally through the efforts of its intellectu- 
ally inquisitive silversmiths, ribbon and fine paper makers, printers, and 
engravers. The printing presses developed there produced major works 
in the new sciences, publishing in 1566 the second edition of Nicolaus 
Copernicus’s De revolutionibus orbium coelestium (On the revolutions of the 
heavenly spheres). 

The year 1522 saw the beginning of the period known as the Herrschaft, 
when the city council came under the oversight of the two most power- 
ful groups in the city, the artisans in the eighteen Ziinfte (roughly, trade 
guilds organized by the merchants and manufacturers) and the Gnddige 
Herren (“gracious lords,” consisting of the old nobility and the church es- 
tablishment). Income distribution was quite uneven. The political leaders 
of the city, the Ratsherren, or senators, were the members of the council. 
The trade guilds opposed the liberum commercium, or freedom of trade 
across boundaries, which the Herren promoted. With city warehouses to 
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hold finished goods—particularly silk ribbons, passementerie (trimmings), 
and, to a lesser degree, fine printed cottons—the merchants made Basel 
a hub of what was termed the putting-out system of manufacturing. Tak- 
ing advantage of cheap labor in the countryside and acting essentially 
as middlemen, they provided rural weavers raw materials and the most 
advanced looms available. The weavers completed the textiles and took 
them to the new merchant warehouses in Basel, where the merchants 
bought the finished textiles at meager piecework prices. They were thus 
able to avoid the restrictions of the city’s guilds, and this greatly in- 
creased productivity and lowered costs. At the time, silk ribbons were a 
far more important item in the garment industry than they are today; the 
fortunes of the Bdndelherren, or ribbon lords, became the foundation for 
a private banking system in the region. Asa result, Basel had transformed 
itself from a medieval guild city into a commercial, manufacturing, and 
banking center. 

While its sister city of Zurich had Ulrich Zwingli as its hero and Ge- 
neva had John Calvin, early sixteenth-century Basel had the Christian hu- 
manists Oecolampadius (Johannes Heussgen) and Desiderius Erasmus.* 
At the time scholars customarily took as pseudonyms classical versions 
of their original appellations or names based on admired concepts; thus 
Oecolampadius, of Greek origin, which means “house shine.” Oecolam- 
padius had studied at Tubingen, Stuttgart, and Heidelberg, absorbing 
the theories of Johannes Reuchlin, Philipp Melanchthon, and Wolfgang 
Capito. In 1522 he moved to Basel as vicar of Saint Martin’s Church and, 
as a talented philologist of Greek, Hebrew, and Latin, was a proofreader 
for a translation of patristic literature. The next year he also became a 
reader of scripture at the university. Oecolampadius was among the first 
advocates in Europe for the movement away from Latin to the vernacular 
in churches and academia. In church services he preached in German, 
while another university faculty member in Basel, the cantankerous Para- 
celsus,* defied academic tradition by lecturing in German. 

The most abrasive of the reformers transforming natural philosophy, 
Paracelsus also sought to overturn Aristotelian philosophy and replace it 
with Christian Neoplatonism and with Hermetic mysticism.® Using these 
he worked to uncover truths in the two so-called divine books: the Bible 
and, metaphorically, the book of nature. For this enterprise he employed 
what was known as magia naturalis (natural magic) and cosmic sympathy, 
the latter being the influence of the stars on human life and also known 
as macrocosm-microcosm interpretation. In chemical science, Paracel- 
sus proposed that his three principles—ideal forms of salt, sulfur, and 
mercury—were not matter but fundamental states of it, and he accepted 
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quantification, though he adopted sidereal mathematics to indicate when 
to give medicines. 

Paracelsus objected to mathematical abstraction as a way of under- 
standing chemical science and based his research consistently on ob- 
servation and experiment. His thought was a mixture of the mystical 
and the evolving modern scientific during this time when the meaning 
of science was shifting. He attacked the dominant Galenic and Arabic 
herbal medicine traditions retained from antiquity and the Middle Ages 
and argued for the superiority of medical chemistry, especially the use 
of mercury. 

In the early 1500s the printer and publisher Johannes Froben asked 
Oecolampadius to assist Erasmus in translating the New Testament. 
From 1522 on, Oecolampadius—who, like Froben, protested ecclesiastical 
abuses in the Catholic Church—demanded in Basel a complete reforma- 
tion, a total Protestant break with the church. A series of riots ensued, 
with mobs seeking to remove images from churches. Fearing that change 
of any sort might escalate to revolution in concert with the peasant revolt 
that was sweeping the central and southern German states and the Alpine 
region of imperial Austria in 1524 and 1525, the city council hesitated to 
act. But in 1529 it forced out the Catholic bishop and instituted a new 
Protestant church order. 

From the time of the Reformation, Basel offered a place of refuge for 
well-to-do religious dissidents from northern Italian city-states, France, 
Alsace, Holland, the Spanish Netherlands, and neighboring German- 
speaking lands. The government in Basel did not accept the poor and the 
indigent; only immigrants having the kunstreiche und wohlhabende (skills 
and capital) to expand commerce and craft in their adopted home were 
welcomed as citizens, albeit for a substantial fee. Most of the new Basler 
Herren were widely traveled, spoke several languages, and were shrewd 
businessmen. Basler merchants bought, sold, and speculated in every 
major European market; they had contacts that by the early eighteenth 
century reached to Amsterdam, Bordeaux, Le Havre, London, Paris, Saint 
Petersburg, and Vienna. This network provided critical information about 
commercial conditions and opportunities. 

During the seventeenth century the Euler family members were 
Baslers, citizens of the city-republic of Basel, the regio basiliensis (as Lati- 
nists termed it). The regions of the Swiss Confederation were highly inde- 
pendent; no federal Swiss state existed before the nineteenth century, and 
loyalties were to cities and cantons. Its geographic, economic, linguistic, 
and cultural connections made cosmopolitan Basel more a European city 
than a Swiss one. 
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Lineage and Early Childhood 


Over time the Euler family name has had a variety of spellings, with Owler 
and Aweler in the fourteenth and fifteenth centuries and Owbler, Ewbler, 
and Ouwler in the sixteenth.’ Since at least 1287, when the first written 
record of an earlier form of the name Euler appeared, family members had 
lived on the far side of what is today known as the northern Swiss Alps, in 
Lindau on the Bodensee (Lake Constance) in Bavaria.* But a continuous 
residence for them did not begin there until 1458. The family bore a double 
name, today often written as Euler-Schélpi. The name Euler refers not to 
an owl but to Aule, meaning a modest wet field or swampy meadow. In 
German regions, an Auler (pronounced “oyler”) was a land proprietor. This 
suggests that some of Euler’s ancestors were landowners and tillers of the 
soil. Aw, shorthand for Auler, is part of the name of many small towns, such 
as Lindau, Dessau, and Nassau. The belief that the family name comes 
from the word for small pottery from Roman times (ol/a in Latin) trans- 
formed into the middle-high German Au/ and then to Aulner and Tiler is 
incorrect. Schdélpi, which derives from the words schelb and schief, related 
to schielen, signifies squint-eyed, cross-eyed, or crooked. (Figuratively it can 
also refer to a small-time cheat or rascal.) The epithet, which became the 
second part of the family name and had been spelled in different ways, 
seems to suggest that the Eulers had a susceptibility to an eye malady. 

As a Reichsstadt in the Holy Roman Empire, Lindau had for a long 
time enjoyed close economic, political, diplomatic, and religious ties 
with Basel, and the two are two hundred kilometers apart. In 1594 Hans- 
Georg (or Jorg) Euler, the great-great-grandfather of Leonhard, moved to 
Basel and became a full citizen at the age of twenty-one. The reasons for 
his move are unclear, but the death of his mother was possibly a factor. 
There were also earlier family contacts, among them the Basel shoemaker 
Martin Frisschmann, who died before 1582. Hans-Georg had trained to 
become a brush- and combmaker. As the youngest son he had to seek a 
new profession, because his oldest brother would succeed to his father’s 
position in the guild, and only one place was available. In Basel Hans- 
Georg pursued the combmaking occupation and became a tradesman 
belonging to the hospitality or public house guild. He now dropped the 
second part of the family’s double name and was to become the scion 
of its Basel branch. Hans-Georg married twice, fathering nine children 
in the first marriage and six in the second.’ Only four of his eleven sons 
would continue the family name: Remund II, Hans-Georg II, Paul I, and 
Johann Jakob." Hans-Georg the elder lived to be ninety. In Lindau most 
of his ancestors had been small landowners and vintners. Hans-Georg’s 
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oldest son, Remund II, broke with him in 1631, when the father would 
not surrender to him his master’s position in the guild. Remund, whose 
father-in-law was a book dealer, may have been the first Euler in Basel to 
send his sons to school. Not Paul I but Hans Georg IT the Younger was 
the great-grandfather of Leonhard Euler; Hans’s son Paul II was Leon- 
hard’s grandfather. 

Most male members of the first three Basler generations engaged in 
brush- and combmaking. None achieved distinction beyond the confines 
of his community, but each built a modest financial base. In the fourth 
generation in Basel, two of the fourteen male cousins became comb- 
makers, but it was now possible for five of the others, including Paul III, 
to study to be Basler Evangelical-Reformed ministers. 

The Basler Evangelical-Reformed Church adhered to a blend of Prot- 
estant beliefs, distinct from the Calvinist, Lutheran, and Zwinglian faiths, 
which in the eighteenth century developed into Pietism. It was thus to 
be a dissident current in Protestant faiths that often conflicted with state 
churches. Although he was not a prominent theologian, as other found- 
ing reformers were, Oecolampadius excelled in public disputations, and 
he briefly assisted Zwingli. He was the first to want congregations, not 
an episcopal hierarchy or clergy, to constitute a secular magistracy rep- 
resenting their church—a position that initially distressed the Basel city 
council and Martin Luther, but won through the efforts of Calvin in Ge- 
neva. Oecolampadius professed the primacy of the Gospel and defended 
the view held by Zwingli and Luther of the metaphorical nature of the 
Eucharist. Rather than stress salvation through Christian faith alone, as 
Luther did, Oecolampadius emphasized the working of the Holy Spirit. 
Nor did he examine in depth the concept of predestination. He agreed 
with Zwingli, who was called the Cicero of his age, on esteeming humane 
learning but in one respect went further, rejecting Zwingli’s ban on organ 
music in church services. Oecolampadius also stressed the education of 
youth; children had to receive Sunday school teaching from the Wochen- 
kinderlehre (weekly children’s instruction) booklet. By the time of Leon- 
hard Euler, religious education would be based on the catechism of the 
Basler theologian Samuel Werenfels, the Nachtmahibiichlein (Nighttime 
pamphlet), which included prayers and referred to those who had come 
before in Holy Communion and had left a rich legacy. 

Paul III Euler, the father of Leonhard, bore the same name as his fa- 
ther. The name Paul II Euler appears in the registers of students matricu- 
lating into the University of Basel in 1654, but no record of his studies has 
survived. Like his forebears, Paul II was a brush- and combmaker. In 1669 
he married Anna-Maria Gassner, the daughter of a pastry baker, who had 
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emigrated from Vécklabruck in Upper Austria near Lake Constance; the 
next year Paul III was born. 

In 1685 Paul III moved away from the artisanal profession of his fa- 
ther, entering the University of Basel for general studies in the philosophi- 
cal faculty preparatory to a major in Protestant theology. The university 
had existed since 1460. Two years earlier its founder, a lowly clerk in Basel, 
had been elected the humanistic Pope Pius II." 

During his first semesters Paul III had to study mathematics. In 
October 1688 he defended, in a debate chaired by Jakob (Jacques) Ber- 
noulli, Bernoulli’s thesis “Positiones mathematicae de rationibus et pro- 
portionibus” (Mathematical positions on ratios and proportions), which 
contained fifteen theorems and postulates. The thesis was published in 
1688 and again in the posthumous collection edited by Jakob Bernoulli’s 
nephew Nikolaus II in 1744. It begins with algebra, rather than geom- 
etry, as basic to mathematics and stresses general methods; both were ap- 
proaches Paul III was subsequently to convey to his young son. By 1769 
the subject of this debate would be a section (or chapter) 3 of Leonhard 
Euler’s Vollstandige Anleitung zur Algebra (Complete elements of algebra). 
In addition to Jakob Bernoulli, Paul likely knew his younger brother, fel- 
low student Johann I Bernoulli. 

After defending his senior thesis, Paul III Euler turned to theology 
and in 1688 received his master of arts degree. In 1693 at the age of twenty- 
three, he completed theological studies at the University of Basel, becom- 
ing Sacri Ministerii Candidatus, the requisite for entry into the ministry. 
Yet, perhaps because of an excess of pastors, he did not take up his first 
position until 1701, at the Basel orphanage; two years later he became 
pastor at Saint Jakob’s Church on the River Birs. That position was an 
improvement, but both posts came with only a meager salary and no par- 
sonage. The small Saint Jakob’s Church still exists today. 

Possibly owing to a lack of income, Paul did not marry Margaretha 
Brucker, the daughter of the local hospital’s minister, Johann Heinrich 
Brucker, until April 1706. About her we know almost nothing. In the 
Basler Protestant faith, the ability to read was essential, especially to study 
the Bible. Margaretha was thus taught to read, and she studied Greek and 
Roman classics. While Paul Euler was a homo novus, a new man lacking a 
pedigree of notable academic predecessors, his wife’s family stemmed from 
a distinguished line of humanistic scholars. These included the Latinist 
Celio Secondo Curione (d. 1569), the jurist Bernhard Brand (d. 1594), the 
Hebraist Johannes Buxtorf (d. 1629), and members of the learned Zwinger 
dynasty, including Theodore and his son Jakob (d. 1588). A year after Paul 
and Margaretha’s marriage, the first of their four children was born. 
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Leonhard Euler was to spend his beginning youth not in Basel but in 
the nearby Swiss countryside. In early June 1708 Bonifacius Burckhardt, 
the pastor at Saint Martin’s Church in nearby Richen, died after a three- 
year illness following a stroke. Three weeks later Paul III Euler was named 
pastor of Riehen-Bettingen, a position that he held until his death in 
March 1745. During his pastorate the congregation developed Richen Pi- 
etism, stressing not the main current in Protestant thought, obedience to 
orthodox theology, but the Christian inner life of rebirth, brotherly love, 
and living belief.’* The small community, the collegia pietatis, centered on 
Bible study and group prayer. Along with the improvement of catechism 
came church music, prayer, and mission—especially service on behalf of 
youth expressed through the establishment of schools and orphanages. 
To supplement his nominal income as pastor, Paul taught lessons at the 
religious school for children. That was part of a pastor’s normal duties. 
Until his death he was active in multiple pastoral duties and was loved by 
his congregation. 

Riehen was a small village located near the valley of the Wiese, a trib- 
utary of the Rhine, about 5.4 kilometers northeast of Basel and halfway 
to Lérrach. Located closer to the smaller Wiese, it is today a residential 
suburb of Basel. Supported by a more temperate, sub-Mediterranean cli- 
mate, the region had rich vegetation appearing as early as February and 
lasting through the fall. It was especially known for the striking white 
blossoms of its cherry trees and the leaves of gold and red on a variety of 
grapes in the vineyards, as well as for its plum trees and wines. It is here 
that Leonhard Euler probably developed his interest in plants and trees, 
as evidenced later in Berlin and Charlottenburg in his gardening and the 
task he assumed of ordering trees for the Royal Prussian Academy of Sci- 
ences in Berlin. In 1693, Riehen and Bettingen combined had about four- 
teen hundred inhabitants and two hundred households. 

In November 1708, when Paul was installed as pastor, the Euler family, 
including Paul’s mother Anna Maria, moved to Riehen. Domestic condi- 
tions were modest: the family of six lived in a cramped two-room parson- 
age .’° One room served as a study, the other as general living quarters. The 
parsonage exists to the present day; it was enlarged in 1712 for the Euler 
family and further expanded with the addition of a third floor in 1851. 

Leonhard grew up with two younger sisters; Anna Maria was born in 
1708 and Maria Magdalena in 1711." His paternal grandmother remained 
with the family until her death in 1712. Most likely there were other births 
and infant mortality. The fourth surviving child, Johann Heinrich, named 
for his deceased maternal grandfather, was born in 1719 after Leonhard 
departed for studies at the Gymnasium in Basel; he would later live with 
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Leonhard in Saint Petersburg. The walk from Richen to Basel took about 
an hour;"’ as Euler grew, he likely accompanied his mother on visits to 
relatives, and perhaps he occasionally went on foot from the village to 
school in the city. 

An eighteenth-century contemporary told a rather charming story, 
first put in print by Johann Wernhard Herzog in his Adumbratio erudito- 
rum basiliensium (Sketch of Basel scholars) of 1780. Clearly completely 
fabricated, it claims to involve Euler at about age four, and is not unlike 
generic stories of curious boys that can be found in folklore. As the story 
goes, in the late afternoon Leonhard’s parents gave him the task of col- 
lecting eggs. When he had been gone for hours and failed to appear for 
dinner, they became worried. After searching, they found him in the cor- 
ner of the chicken coop. He had observed the hens laying eggs and sitting 
on them to hatch chicks. So he supposedly gathered from the nests the 
eggs for the day, placed them in the corner of the coop, and was sitting 
next to them. Asked what he was doing, he replied that he wanted to pro- 
duce young chickens. The Adumbratio included outlines of the lives and 
achievements of Euler and his sons;'* in correspondence with his father in 
1781, Nicholas Fuss, who was then living with Euler, related that Herzog’s 
work also included other made-up “facts.” 

On the character of Euler his biographers agree. A talented child, he 
was open, cheerful, and sociable. Fuss’s eulogy declares that the simplic- 
ity of rural life and the example of his parents contributed greatly to the 
forthright nature and generally even disposition for which the adult Euler 
was known." His biirgerliche (lesser bourgeois) family was not wanting 
materially, and instilled in him the values of family closeness, individual 
freedom, and attention to financial security. These were the virtues of 
a free burgher in the remarkable Swiss Confederation in which—while 
disparities in wealth were great—no absolute monarch supported by the 
nobility ruled atop a people arranged in a hierarchical social pyramid. 
Even after he left Basel and went to Saint Petersburg and Berlin, Euler 
conducted himself as a middle-order professional rather than a courtier. 
This was crucial in the transition during the eighteenth century from the 
vagaries of patronage toward a professional status for the sciences. 

Occasionally young Euler could erupt in an argument, but when he 
calmed down he laughed at his own behavior. On one issue for him there 
was no room for debate—the question of Christian belief. From his par- 
ents, grandmothers, and reform Protestantism in Riehen and Basel, Euler 
imbibed religious convictions from which he never wavered. This explains 
the intensity of his opposition to such critics of traditional religion as the 
Wolffians as well as freethinkers and French Encyclopedists, notably in 
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his apologetic Rettung der géttlichen Offenbahrung (Rescue of divine revela- 
tion, E92) of 1747. 

At this time it was not only the nobility that had coats of arms or es- 
cutcheons; so did the lesser orders of society. It was probably only Leon- 
hard, not the entire family, who was later awarded an insignia of a unicorn 
in a field of blue.” He also had several others, including insignia bearing 
his initials under a crown, with a shield in the background reflecting the 
initials; a mythical beast; and the unicorn. The coats of arms were impor- 
tant for signet rings used to seal letters. 

Leonhard Euler’s parents were his first teachers. Although it is un- 
likely that she was versed in the Greek and Latin of the humanistic tra- 
dition, his mother, Margaretha, is thought to have instructed him in 
beginning reading.*! The elementary education that his father gave in- 
cluded mathematics. Like his teacher Jakob Bernoulli, Paul taught his 
young son mathematics not as an isolated discipline but as underlying all 
natural knowledge, thickly interrelated with other fields. To teach Leon- 
hard the first principles of mathematics, Paul selected an algebra rather 
than a geometry textbook: the leading sixteenth-century German cossist 
Michael Stifel’s second edition (in 1553) of the Silesian Christoph Ru- 
dolff’s Coss of 1525. (The German word Coss is the equivalent of the Ital- 
ian cosa, “thing,” here roughly indicating “something unknown.””) Euler 
was to have a copy of the 1553 edition into the 1740s that was possibly 
a 1615 reprint. German cossists had undertaken to explain arithmetical 
laws in some generality, to solve equations still largely in verbal form, and 
to apply appropriate methods to resolve such problems as finding square 
roots. While Rudolff improved upon notation, using for example the plus 
(+) and minus (—) signs, he still represented powers to nine by special 
symbols, such as z for zensus (2) and c for cubus (3), without indicating the 
relationship x? and x*. 

Stifel’s enlarged second edition of Rudolff’s Coss, the first comprehen- 
sive text on algebra in German, included many annotations from Stifel, 
who had expanded the two-part text from 208 to 484 pages. His addi- 
tions included replacing a number of rules for special cases with a general 
method. At Leonhard’s age, the Stifel book was extremely difficult. The 
twelve chapters of part 1 cover materials to be mastered before studying 
algebra, including place-value notation, the basic arithmetical operations, 
root extraction, and summation formulas for arithmetic and geometric 
progressions, along with the three types of roots of equations that the 
book recognizes—rational, irrational, and communicant (the third of 
these being two roots sharing a common rational factor). In his Arith- 
metica Integra of 1544 Stifel, who was skilled in computing with irrational 
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numbers, had stated that “an irrational number is not a true number”; he 
operated with them, but did not offer an exact definition.” Part 2 of the 
Coss gives rules for solving first- and second-degree equations and then 
sets out 434 problems. It closes with three cubic equations but not their 
solutions, which were unknown to Rudolff. These three equations were 
intended to promote further research on their solution. Euler’s short, in- 
complete autobiography, dictated in 1767 to his oldest son, recalls how 
he diligently studied the entire Coss for several years before he entered the 
Gymnasium in Basel, which was a Latin school, and making progress in 
solving its problems. Possibly a few solutions were added to his copy by 
his father or others. Still, at just seven years of age, only an exceptional 
child could have hoped to make it through such a difficult text. 

After Simon Stevin and Francois Viéte’s new notation and John Napi- 
er’s invention of logarithms surpassed its knowledge, Rudolff’s book had 
limited use. Young Euler seems to have been demonstrating himself to be 
a child prodigy, although the term was not applied to him as it was later 
in the century to Wolfgang Amadeus Mozart in music and Carl Fried- 
rich Gauss in mathematics. Yet while young Leonhard’s problem solving 
was limited to elementary algebra, Paul Euler must have recognized his 
son’s unusual aptitude for mathematics more generally, though he pos- 
sibly considered it mainly a diversion. Despite having introduced math- 
ematical reflection to Leonhard’s fertile mind, he wanted his son to study 
Evangelical-Reformed theology and become a rural pastor. 


Formal Education in Basel 


With Leonhard’s required instructional preparation completed, his par- 
ents—seeing that he had extraordinary intellectual ability—sent him to 
Basel, perhaps as early as the age of eight, where he lodged at the home 
of his widowed maternal grandmother, Maria Magdalena Brucker-Faber. 
This eliminated the need for daily travel from Riehen. Initially this was 
probably only during the week. Euler must have been delighted to be out 
of the cramped one-room family living quarters and to have a room to 
himself, or perhaps with a cousin. A few Brucker grandchildren likely also 
resided with their grandmother; the parents would likely have contrib- 
uted eggs, vegetables and fruits from their gardens, and meats. 

By the second decade of the 1700s Basel was long past its golden pe- 
riod, but the work of Jakob and Johann Bernoulli nonetheless made it a 
center for scientific and mathematical research. Reform Protestant faiths 
and the verniinftige Orthodoxie (enlightened orthodoxy) movement that 
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combined Calvinism, biblical humanism, and Erasmian criticism were 
familiar to many of its well-educated citizens. At the start of the seven- 
teenth century, the Calvinist Bernoulli family of merchants had moved 
from Amsterdam to Antwerp. During the Thirty Years’ War, they then had 
to flee Antwerp to avoid persecution by Catholic Spanish forces, and the 
Bernoullis reached Basel by 1622. After Louis XIV of France revoked in 
1685 the Edict of Nantes supporting religious toleration, the influx of Cal- 
vinist immigrants to Basel again briefly increased. Yet even though these 
immigrants helped to revitalize the city, it banned immigration after 1706 
except for that of a few very wealthy individuals. 

Euler began his formal education at the Basel Gymnasium. ‘The cul- 
tural and intellectual energies of Basel seem to have bypassed the school. 
Documents of the time depict it as being in a pitiful state; students could 
learn little more than the Latin language and selections from its classical 
literature as well as optional Greek. Teaching was conventional; the peda- 
gogical reforms of Johann Pestalozzi and the increase of mathematics and 
sciences in the curriculum promoted by Christoph Bernoulli were not to 
come until early in the nineteenth century.” In Euler’s day, the rod was not 
spared: schoolboys were sometimes beaten or knocked about until they 
bled.* At other times the teacher might find himself dragged by the hair 
by an enraged father making an unannounced visit to the class. Fistfights 
broke out in the classroom. There is no reason to suppose that Euler’s intel- 
ligence and demeanor saved him from routine indignities and brutalities. 

Many parents engaged private tutors for further instruction. Most 
of these were students from the university, and many of them combined 
enthusiasm for learning with a sensitivity toward students. In 1715 Paul 
Euler hired as a private tutor Johannes (Johann Jakob) Burckhardt, a 
twenty-four-year-old theologian with a tolerable background in mathe- 
matics. At the time Burckhardt, who would become pastor in Kleinhiinin- 
gen in 1721 and Oltingen in 1732, was supporting Johann Bernoulli in 
arguments with Brook Taylor and other members of the Royal Society 
of London over which was superior, Gottfried Wilhelm Leibniz’s differ- 
ential calculus or Isaac Newton’s method of fluxions. This was also the 
time of the controversy over whether Leibniz or Newton deserved priority 
for the invention of calculus. Bernoulli publicly refused to engage in the 
priority dispute but was deeply involved to the point of faking evidence. 
In 1713 Leibniz had released a letter from Bernoulli, without giving his 
name, that argued against Newton’s interpretation of the higher differen- 
tial. Bernoulli despised the “scurvy English” and “English buffoons” for 
accusing Leibniz of plagiarism. Afterward Bernoulli demonstrated that 
for finding ballistic curves Leibnizian differential calculus was better than 
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Figure 1.2. The University of Basel in the seventeenth century. 
The numeral 1 indicates the lower college. 


Newton’s fluxions. Burckhardt must have influenced Euler’s education, 
but exactly how is not clear. Reporting his death, Daniel Bernoulli, who 
became Euler’s closest friend for many years, referred to him simply as 
“magni Euleri praeceptor in mathematicis” (teacher of the great Euler in 
mathematics). Young Euler displayed diverse interests; his concentra- 
tion on mathematics still lay in the future. Yet to have taught mathematics 
to Euler remains Burckhardt’s greatest achievement. 


The University of Basel in the Seventeenth Century 


After completing his gymnasium education, in October 1720 Leonhard 
registered at the University of Basel for courses in the philosophical fac- 
ulty, which covered fields of learning outside recognized professions. It 
was the equivalent of the modern secondary school.”’ The new student 
was thirteen. To enter a university at that age was not unusual for the 
time, and admission was a civic right of the citizens of Basel. Long in 
decline, the university was little more than a benevolent institution for 
townsmen. Its deterioration had culminated in the election of professors 
by lots, a system initially instituted to reduce corruption in the selection 
process and give candidates from nonpatrician clans a better chance at 
employment. But it was still often difficult for the best candidates to win, 
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and through this lottery system able younger candidates could be passed 
over in favor of older, less-qualified ones. Having enrolled more than a 
thousand students a year in the early seventeenth century, by the start of 
the eighteenth the university’s higher faculties—religion, medicine, and 
law—matriculated twenty to forty students per year. In 1720 the higher 
faculties numbered only nineteen professors and a little over a hundred 
students.” No foreign medical students matriculated, and not enough 
law students (generally under six) attended to necessitate the scheduling 
of bar examinations. Except for Johann Bernoulli, who had succeeded 
his brother Jakob in 1705, the university’s badly underpaid faculty was 
mediocre and instruction was poor.”’ Bernoulli single-handedly made the 
university a European center for mathematics. In general, the professors 
and the university officials, who with few exceptions were viewed as less 
dogmatic, sought to inculcate religious precepts and morals as a matter of 
state policy. At the university, the seat of learning in the generally open- 
minded Basel, deviation from orthodoxy led to dismissal. 

The philosophical faculty imparted a general education to a student 
before he chose a specialty for a higher degree. Through hard work and 
an astonishing memory, Euler mastered all of his subjects. During his first 
two years he was enrolled in Johann Bernoulli’s class for beginners in 
geometry as well as practical and theoretical arithmetic. Before his fellow 
students, the fourteen-year-old gave a speech in Latin titled “Declamatio: 
De arithmetica et geometria” (Rhetoric: On arithmetic and geometry) in 
which he presented a treatment of the two branches of arithmetic, the 
practical and the theoretical. In practical applications and the fine arts, he 
commended the superiority of geometry. 

Euler spent two years earning his prima laurea, roughly equivalent 
to a bachelor’s degree, receiving it in June 1722 at the age of fifteen after 
presenting in a public speech in Latin, the ad lectiones publicas, his un- 
dergraduate thesis, “De temperantia,” extolling moderation. In conversa- 
tions and intellectual debates Euler began to display to a wider public 
his substantial learning and his command of Latin. As a result, the preco- 
cious youth was appointed three times in 1722 to exchange views publicly 
about papers, twice by candidates for a professorship at the university, 
in logic in January and in jurisprudence rooted in the history of Roman 
law in November. The candidate authors of the first paper, “Positiones 
logicae... ,” are listed as J. J. Battier, J. Burckhardt, and J. R. Iselin.*° The 
third instance was for a student earning a master’s degree. 

Euler was to remember for life the subjects that he studied in the clas- 
sical humanities, and his correspondence suggests that until he became 
blind in his later years he continued reading in them. 
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Figure 1.3. The first page of fourteen-year old Euler’s Latin speech “Declamatio 
de Arithmetica et Geometria” presented before other university students. 


While he advanced rapidly in lower-level mathematics courses, Euler 
did not quickly gain the attention of his teacher Johann Bernoulli. En- 
gaged in substantial research, disputes, and school reform in Basel, the 
fractious Bernoulli, witty when at ease but as a younger adult known for 
his Flemish pugnacity, devoted little time to students in undergraduate 
classes, though he did offer public lectures for beginners each workday 
at two in the afternoon. The course topic for 1720-21 was geometry; for 
1721-22, theoretical and practical arithmetic; for 1722-24, selected sub- 
jects in the applications of geometry; and for 1724-25, astronomy. 

A report on Bernoulli as a teacher in these courses comes from later 
in the summer of 1733, when Johann Jakob Ritter of Bern and Johann 
Samuel K6nig enrolled in his course on theoretical and practical arith- 
metic. Apparently it had changed little from Euler’s time; although Ritter 
and Konig were not novices in mathematics, Ritter relied upon the assis- 
tance of K6nig in order to follow Bernoulli’s concise lectures.*' In order 
to benefit most from Bernoulli’s class, students needed some grounding 
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in algebra,” yet as Bernoulli grew older he displayed an increasing un- 
willingness to teach courses in elementary algebra and geometry, offering 
them “with the greatest resentment”; he instead spent his time immersed 
in the new calculus. Yet even the painful onset of gout did not keep him 
from his teaching. According to Ritter, Bernoulli “could entertain a crowd 
in class with his clever ideas” and “was very generous, often giving needy 
auditors funds from his own lecture fees.”** Confronted by Bernoulli’s way 
of teaching, Euler probably tended to skip algebra and geometry lectures 
soon after the first few and deplored the poor level of course offerings. 
His reaction to dry lectures was not unlike that of Charles Darwin, Albert 
Einstein, and Bertrand Russell.** 

In the autumn of 1723 Euler passed the examination of the philosophi- 
cal faculty for the Magister Artium (master of arts) degree, and he officially 
received it on 8 June 1724 at the age of seventeen. His classmate Johann II 
(Jean IT) Bernoulli, who was three years younger, also earned his master’s 
degree. At the graduation session on that day, Euler gave a public lecture 
in Latin comparing the natural philosophy of René Descartes with that of 
Isaac Newton and indicating the consequences of each. It was probably in 
consultation with Burckhardt and Johann I Bernoulli that he had chosen 
this important and timely topic for his master’s lecture. An intense rivalry, 
centering at the Royal Academy of Sciences in Paris, was newly under way 
between the Cartesians and the Newtonians for supremacy in the sciences in 
Continental Europe. Against criticism from both Catholics and Protestants 
that its animate automatons and mechanistic philosophy led to fatalism, 
Cartesian science had come, late in the seventeenth century, to dominate at 
European universities, supplanting varieties of Aristotelian thought. 

Descartes’s Discours de la méthode of 1637 set forth a rationalism, 
founded in radical, exhaustive doubt, that he intended as a program for 
pruning away unfounded beliefs and discovering new and reliable knowl- 
edge. As a truth invulnerable to doubt, he posited “Je pense, donc je suis,” 
which was expressed in Latin as “Cogito, [ergo] sum” and is generally 
translated as “I think, therefore I am.” From that one assurance, Descartes 
held that he could proceed to expand the range of factual knowledge, 
achieving results that would stand up to even the most severe doubting. 
His new epistemology had revolutionary implications; the Cartesian ra- 
tional method surpassed the Aristotelian syllogism designed as a means 
of confirming knowledge. Descartes freely used deduction but drew little 
from mathematics. 

Descartes’s Le monde, with its section titled Traité de l’homme, was com- 
pleted by 1633, and his Principia philosophiae followed in 1644; together 
the two works gave a comprehensive account of his mechanistic natural 
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philosophy. In his universe, the essence of matter was extension, and the 
fundamental phenomenon was matter in motion. He posited that motion 
imparted by God breaks matter into three gradations: agglomerates of 
the largest size form the planets; the middle size comprises liquids, fire, 
and gases, including the atmosphere; and the smallest, the most minute 
pieces found in the interstices, are components of heat and light. These 
most subtle pieces fill the ether throughout space, making his universe a 
plenum. His corpuscles of matter differed from the atoms of the ancient 
Greeks by being infinitely divisible. Rejecting the occult qualities of the 
scholastics, Descartes held that a change in motion could be caused only 
by a direct mechanical contact between bodies, which demands estab- 
lishing the laws of collision. He maintained that the quantity of matter 
multiplied by velocity, his measure of force or momentum, was conserved. 
Central to his science is the theory of impact. Descartes’s refusal to accept 
the vacuum, and action at a distance, put him at odds with the mechanics 
of Galileo Galilei and Johannes Kepler. Largely because he denied any 
void, Descartes rejected absolute time and space. Like his predecessors, 
he separated terrestrial from celestial physics. In his theory, vortices— 
whirlpools of ether—of different sizes and speeds filled the heavens, ac- 
counting for celestial motions including, with difficulty, Kepler’s three 
laws of planetary motion. In his books Descartes’s physics was largely 
qualitative, but his correspondence, particularly with Marin Mersenne, 
was directed toward an emerging mathematical physics.* His main il- 
lustrations for his method in the Discours had been mathematical in di- 
optrics and meteorology as well as employing analytic geometry. Within 
Descartes’s natural philosophy, dualism meant that mind and matter were 
separate, only connected in the pineal gland. 

Newtonian science is based primarily on the Principia mathematica of 
1687, along with the Opticks of 1704. Newton’s Principia gave his three 
laws of motion and incorporated into a general dynamics—a science that 
he systematized—Kepler’s three planetary laws and Galileo’s law of free 
fall. For the force that was in opposition to Christiaan Huygens’s cen- 
trifugal force (pulling away from the center), Newton coined the word 
centripetal (moving toward the center). While Aristotelians defined rest 
as the only natural state, Newton added the preservation of motion in 
a straight line; he rejected the Cartesian concepts that space and time 
are relative, positing instead that they are absolute. Newton’s Principia 
was the first work to unify on a theoretical level celestial and terrestrial 
physics, which he accomplished under the inverse-square law of gravita- 
tional attraction, and his dynamics provided the first physical basis for 
Copernican astronomy. Although the Principia made use of a Euclidean 
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geometrical format, Newton employed his new fluxional calculus to reach 
some results.*° In methodology, he and John Locke propounded critical 
empiricism. Newton’s Principia marks the apex of what has been called 
the Scientific Revolution. 

Newton’s Opticks gave a corpuscular theory of light, accepted the ex- 
istence of the vacuum, and posited that the universe is almost entirely 
a void. In the theory of matter, Newton accepted atomism from the an- 
cients, holding that matter is ultimately composed of hard, indivisible, 
and passive atoms. The Opticks had almost as great an impact as had the 
Principia. After the 1720s, Newton’s theories of optics dominated in west- 
ern Europe. His “Tractatus de quadratura curvarum” (Treatise on the 
quadrature of curves), one of two appendixes to the Opticks, presented 
an exposition of the fluxional calculus that Newton had invented but 
that lacked satisfactory foundations; these were developed by others over 
the next two centuries. Newton had set aside the use of infinitesimals for 
fluxions. Two essential terms of his new calculus were fluent and _fluxion. 
Having a strong sense of continuous motion and time, Newton assumed 
that such motion propagates mathematical quantities analogous to a 
moving point tracing a curve. Each of the flowing quantities or variables 
he called a fluent. The velocity or rate of change of a fluent is the fluxion 
of the fluent and is represented by x. Acting over an infinitely brief time 
or moment 9, it is ox. This is Newton’s dot notation for differentiation. 
The fluxion is the original term for what is today called a derivative and 
remains dependent on time. Euler probably had not yet examined the 
higher mathematics of the “Tractatus” and did not know Newton’s exten- 
sive studies of alchemy. 

His master’s lecture located Euler within the chief current in the de- 
velopment of eighteenth-century science—the diffusion, confirmation or 
criticism, and mathematical articulation of Newton’s dynamics and op- 
tics; he was to spend the rest of his life contributing to these subjects. 
In the 1720s Newtonian science was encountering opposition on the 
Continent, primarily at the Paris Academy. There was a continuing de- 
bate over whether attraction was an occult quality or a general law of 
nature, and the precision of Newtonian dynamics was challenged on the 
tides, the shape of the planet Earth, the orbits of comets, planetary and 
lunar motion, and fluid dynamics. Until the mid-1730s Paris Academy 
astronomer Jacques Cassini’s geodetic measurements were said to refute 
Newton’s proof of the shape of Earth. Cassini, Johann Bernoulli, and the 
Cartesians now questioned and found fault with Newtonian science, im- 
peding its general acceptance for at least a decade. But on the Continent 
the Dutch physicist Willem ’sGravesande, the author of the two-volume 
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Physices elementa mathematica, experimentis confirmata: Sive introductio ad 
philosophiam Newtonianam (Mathematical elements of natural philosophy, 
confirmed by experiments; or an introduction to Newtonian philosophy, 
1720-21), was essential to making the University of Leiden in Holland a 
citadel of Newtonian science. 

Euler’s master’s lecture did not review the methodology, mathemat- 
ics, and natural philosophy of Leibniz; the comparison of Cartesian with 
Newtonian science was in itself an imposing subject. But in universities in 
German-speaking Europe, Leibnizian thought was to be the main com- 
petitor to that of Newton. Johann I Bernoulli had likely begun to convey 
Leibnizian doctrines, two of which Euler described in his “Dissertatio 
physica de sono” (Dissertation on the physics of sound). Euler’s response 
to Leibniz’s thought was to be selective, accepting some aspects and re- 
jecting others. Likely he wanted more time to develop a view that partly 
differed from the position of Johann Bernoulli and accorded with his own 
religious beliefs. 

Leonhard’s increasing attention to mathematics and natural philos- 
ophy did not please his father, who obliged him to register in the the- 
ology faculty in October 1723 in preparation for taking holy orders. In 
the theology division Euler studied under Samuel Werenfels, a professor 
of theology and the dean of the school, and Samuel Battier, who taught 
Greek. Werenfels had also been among Paul’s professors. In 1696 Johann 
Wettstein, a professor of Greek, had moved to the law faculty, so he did 
not teach Euler; his nephew or younger cousin, Johann Kaspar Wettstein, 
was to become a friend of the adult Euler through correspondence, but 
the two never met. The theology curriculum included Protestant theol- 
ogy and classical humanities but no longer Hebrew and ancient Greek. 
Euler was later to confess in his autobiography that he did not make much 
progress in any of these subjects. He now displayed his eidetic memory 
by reciting long passages from Virgil’s Aeneid, which contains more than 
ninety-five hundred verses and which he knew entirely by heart. Even at 
the age of seventy, he could cite the beginning and closing words on each 
page of the text he had read as a young man. 

The theology curriculum allowed Euler to continue to study math- 
ematics, an opportunity that he eagerly seized. Despite his discourage- 
ments in his early mathematics classes, Euler’s interest in the subject and 
in theoretical natural knowledge in general had deepened, and his “Decla- 
matio” expressed that; Euler’s failure to advance in other subjects may be 
traced to his turning “most of my time to mathematical studies.” He felt 
fortunate to continue Saturday meetings with the stern Johann Bernoulli. 
Since Leibniz was dead and Newton old and less active, Bernoulli was 


1707 to April 1727 23 


the leading mathematical preceptor in all of Europe. The previous year 
Euler’s friend and classmate Johann II, the youngest Bernoulli son, had 
helped gain him access to a possible tutorial with the difficult Johann I. 

If his autobiography is accurate, Euler had begun meeting with the 
elder Bernoulli before October 1723. Bernoulli gave able students private 
lessons, privatissima, in mathematics and physics on a sliding scale; for 
those who could not afford to pay, the course was free. But Bernoulli 
was busy, and flatly refused to give Euler such private lessons. Instead he 
advised Euler “to start reading some more difficult mathematical books 
and work through them on my own as diligently as I could, and if I came 
across some obstacle or difficulty, I could visit him every Saturday after- 
noon.”*” Bernoulli, who must have negotiated these Saturday tutorials, 
would then show him how to overcome the unsolved problems. These 
tutorials, which covered astronomy and physics along with mathematics, 
were most fruitful. They examined conceptual roots along with problems 
and exercises. 

While a complete account of the readings for the tutorials is not avail- 
able, a plausible reconstruction of some principal titles could be deduced 
from Euler’s conviction, which he shared with the Bernoullis, that whereas 
the universe is God’s creation, fundamental connections exist between the- 
ology and the mathematical sciences. This belief and later research proj- 
ects suggest that Euler examined such classics as the second edition of 
Copernicus’s De revolutionibus orbium coelestium from 1566 as well as Jo- 
hannes Kepler’s Astronomia nova of 1610 and Galileo’s Dialogo sopra i due 
massimi sistemi del mondo (Dialogue concerning the two chief world sys- 
tems), published in Florence in 1632. Euler’s master’s lecture shows that he 
was studying Descartes’s Principia philosophiae, which contains the author’s 
mechanistic physics, and La géométrie, which presents Descartes’s inven- 
tion of analytical geometry, as given in the fourth of Franz van Schooten’s 
Latin editions, Geometria, or Jakob Bernoulli’s edition published in 1695. 
He possibly also read Jacques Rohault’s masterful Traité de physique, the 
major physics text of the late seventeenth century, which appeared in 1671. 
While arbitrating between Aristotle and Descartes, Rohault’s Traité accepts 
and explains the Cartesian mechanistic philosophy and its laws. For the 
science of Newton, Euler must have read the Opticks with its appendix on 
the method of fluxions and the second edition of the Principia mathematica, 
which appeared in 1713. By increasing the value of resistance by three 
halves, Newton had—in proposition 10, book 2—arrived at the correct an- 
swer, three-fourths of the amount given in the first edition.** 

The interests of Euler’s teacher, together with Basler publications in 
the mathematical sciences and notes to his first articles supplied by editors 
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of his Opera omnia, make it probable that he read a range of works relat- 
ing to the new calculus and its applications, beginning with the Analyse des 
infiniment petits pour l’intelligence des lignes courbes (Analysis of the infinitely 
small in order to understand curves), published in 1696 in Paris, with a 
second edition following in 1715. The Analyse des infiniment petits, the first 
textbook on differential calculus in print, is an influential introduction to 
the Leibnizian version of it. Though issued anonymously and sometimes 
attributed to Guillaume-Francois-Antoine, Marquis de L'Ho6pital, it was 
based mainly on the lectures of Johann I Bernoulli. Euler possibly exam- 
ined two texts of Pierre Varignon, a correspondent, disciple, and close 
friend of Bernoulli: the Projet d’une nouvelle méchanique (Project of a new 
mechanics), published in 1687, and Nouvelles conjectures sur la pesanteur 
(New conjectures on gravity) from 1690. Varignon’s two-volume Nouvelle 
méchanique ou statique (New mechanics or statistics) and Eclaircissemens sur 
Vanalyse des infiniment petits (Explanations of the analysis of the infinitely 
small), both from 1725, may also have been available. His Eclaircissemens, a 
favorable commentary on L’Ho6pital’s Analyse, joined with advocates of the 
new calculus in their battle with the partisans of Euclidean synthetic ge- 
ometry. More precise than L H6pital, Varignon defended the new calculus, 
defining the differential as a variable and warning that the use of infinite 
series must consider the remainder term. Euler must have studied Jakob 
Bernoulli’s articles on the theory of infinite series, published from 1682 to 
1704 and reprinted in 1713; his Ars conjectandi (The art of conjecturing) on 
probability, with a preface by Nikolaus I, published posthumously in 1713; 
and Jakob Hermann’s Phoronomia, sive de viribus et motibus corporum solido- 
rum et fluidorum (Phoronomis, or the forces and motions of bodies solid 
and fluid) of 1716. Other books to which Euler referred are John Wallis’s 
Arithmetica infinitorum (1656), volume 2 of his Opera Mathematica (1693), 
and Brook Taylor’s Methodus incrementorum directa et inversa (Method of 
direct and inverse increments, 1715), which Bernoulli criticized. 

No confirming evidence exists on whether Euler saw Johann Bernoulli’s 
pioneering article on what would become the calculus of variations for the 
Paris Academy in 1718. Bernoulli recognized that many of his earlier at- 
tempts to solve isoperimetric problems had been unsuccessful. He did not 
at first see that the number of free variables needed to solve these problems 
depends upon the number of side conditions, with one more free variable 
than their total. He had one variable, which suffices only when there is 
no side condition. But the isoperimetric problem has one side condition, 
which requires two free variables, as his late brother Jakob argued. For this 
reason, Johann initially failed to solve the problem. The emerging field was 
quickly to gain Euler’s attention. 
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In order “not to bother [his teacher] unnecessarily,” Euler expended 
his full energy to reduce to as few as possible his questions about the 
concepts, methods of solution, and challenging problems introduced in 
the readings.*” This was a very small number. Efforts to solve the many 
problems, some of which Euler found intractable, did not exhaust him, 
and he recognized that in the search for solutions the methods then pre- 
vailing offered him promising routes and deterred him from unproductive 
approaches. Bernoulli must have posed a few queries to be sure that Euler 
had mastered the materials. Whenever Bernoulli “resolved one obstacle 
for me,” noted Euler, “ten others disappeared right away, which is cer- 
tainly the way to make happy advances in the mathematical sciences.”™ 
He benefited immensely from this demanding tutorial, which deepened 
his commitment to the mathematical sciences. In it Bernoulli discovered 
his student’s genius. Throughout his career Euler would continue to be- 
lieve that for a bright, untiring student, working from master writings in 
a tutorial with an able teacher was “a splendid way to succeed in learning 
mathematical subjects.” His eulogist Nicholas Fuss called it “eine herr- 
liche Methode” that had exceptional results, at least with so talented a 
student as Euler, who possessed a vast genius bound with a nearly inex- 
haustible diligence.” 

Euler found the tutorial work exhilarating, and appreciated the free- 
dom of the study and the close association in the sciences with Johann I]; 
he felt less of a connection with the other two brothers, Daniel and Niko- 
laus II, however.** Devoting most of his time to mathematical studies after 
1723, Euler had decided that he wanted to become a mathematician and 
natural philosopher or physicist rather than a rural Evangelical-Reformed 
pastor. To make this case to his father, he asked the help of Johann I 
Bernoulli, who possibly traveled to Riehen in 1725 to meet with his col- 
lege friend Paul III Euler, though there is no actual record of this. Ber- 
noulli, now nearly sixty, had adjudged his eighteen-year-old student to be 
a genius who—alone among his contemporaries, including the Bernoulli 
sons—was worthy to be his successor. In an article in the supplemental 
volume 9 of Leipzig’s Acta eruditorum in the late 1720s and republished in 
volume 2 of his Opera omnia in 1742, Bernoulli described Euler as possess- 
ing the highest acumen, together with the mental agility and ingenuity, to 
be able to penetrate the most profound secrets of higher mathematics.“ In 
the hypothetical meeting Bernoulli is believed to have argued that young 
Euler was not cut out to be a rural pastor. While likely concerned about 
employment for his genial son, Paul Euler accepted Bernoulli’s request 
for Leonhard’s shift out of theology. Although there were no graduate 
programs in mathematics and the exact sciences, once his father’s consent 
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was obtained Euler redoubled his efforts in their study. No record exists 
of his father’s response to Leonhard’s change, but it seems he was sup- 
portive of his son. 

The shift in courses was not a break with religion; Euler did not set un- 
fettered reason against revealed religion, as did the Enlightenment French 
philosophes Denis Diderot and Voltaire. As they applied Newtonian dynam- 
ics and the new calculus to reduce imprecision in describing physical phe- 
nomena, the partisans of reason largely desacralized the world. Euler, like 
Kepler, Newton, and the Bernoullis, assumed that intimate connections 
existed between religion and the mathematical sciences. From his college 
days on, both reason and religious faith inspired Euler’s research. 

In 1725, after recovering from a near fatal fever, Daniel Bernoulli 
returned to Basel from Venice and announced his intention to accept a 
post in the new Petersburg Academy of Sciences. His highly regarded Ex- 
ercitationes mathematicae (Mathematical exercises) had appeared in print 
the previous year, and he now won the Royal Academy of Sciences’ Prix 
de Paris for a paper on perfecting clepsydras for use as more accurate 
timepieces on ships. The three Bernoulli brothers became closer friends 
with Euler, and perhaps through discussions with the father and sons 
Euler completed a remarkable first “notebook” projecting an ambitious 
research program for himself in mechanics and hydrodynamics. Through 
their clarity, frankness, and mature genius, these notes compare favorably 
with Jakob Bernoulli’s ponderous Meditationes and Gauss’s terse Notizen- 
journal, whose 121 entries are almost entirely limited to his research to age 
twenty-four. Among the problems that Euler now studied was the outflow 
of water from a vessel. This early work was lost until 1965, but it and 
later significant contributions supporting Daniel Bernoulli in founding 
hydrodynamics are now available. 

While declining a position in Saint Petersburg because of his age, 
Johann I had helped persuade Christian Wolff and academy officials to 
offer it to his son Daniel. But he neatly indicated that unless the nearly in- 
separable Daniel and Nikolaus IT were invited and could travel together, 
neither would go. In June 1725 Wolff wrote to the man who became the 
first president of the Petersburg Academy, Laurentius (Lavrentii) Blumen- 
trost, the royal physician to Peter the Great, “Ich praefirire diesen [ Daniel] 
seinem Bruder Nicolao, weil er dem Vater naher kommt, als der andere” (I 
prefer this one [Daniel] to his brother Nikolaus, because he comes nearer 
to his father than the other).“* Daniel was offered an annual pension of six 
hundred rubles and free housing, along with sufficient wood and candles 
for heating and lighting, but he wanted to also include a position for his 
brother. In response to these entreaties and confusion over which brother 
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had been initially invited, academy president Blumentrost proposed to 
raise Daniel’s salary to eight hundred rubles and include a place for Niko- 
laus IT; the brothers accepted the new offer. Euler noted in his diary that 
he was pleased that the brothers were leaving for the academy and he 
hoped to go with them.*’ He apparently asked them to recommend him to 
fill the first suitable vacancy there, and they promised to do so. 


Initial Publications and the Search for a Position 


By the age of seventeen in 1724, after completing his university studies 
but earning no degree, Euler remained in Basel to seek employment. Ap- 
parently he continued to live with his maternal grandmother; as his se- 
lection of a graduate major indicates, there may have been some tension 
with his father. In the early eighteenth century, conditions for beginning a 
career in mathematics were difficult; it was not yet a profession with regu- 
lar positions, and it was struggling for recognition in the academic world. 
The Swiss had no journals dedicated to the field, and there were almost 
none elsewhere in Europe, though Swiss geometers could submit papers 
to Leipzig’s more general scholarly Acta eruditorum.* The Paris Academy’s 
Mémoires de lAcadémie Royale des Sciences, the Journal des Scavans, and the 
Philosophical Transactions of the Royal Society of London treated the sci- 
ences in general. The financial risk made publishers reluctant to publish 
articles on theoretical mathematics. Swiss universities had few chairs in 
mathematics and salaries were poor; they were graduating more students 
in the mathematical sciences than could be hired in the field. The Baslers 
were exporting this talent chiefly to northern Italian cities and the new 
Petersburg Academy of Sciences. The lottery system of choosing profes- 
sors in Basel was another problem, often making it difficult for the best 
candidates to win. Daniel Bernoulli, for example, had been rejected three 
times in applications for a professorship there. Before departing from the 
city, Euler had begun to make his scholarly reputation by publishing two 
articles and an essay in addition to having another essay in press. 

At the age of eighteen Euler had written a three-page paper titled 
“Constructio linearum isochronarum in medio quocunque resistente” 
(Construction of isochronal curves in any forms of resistant media, E01), 
which appeared in 1726 in Acta eruditorum as his first publication.” He 
may have written another paper earlier, but that seems unlikely. The “Con- 
structio” was in Latin, as would be four-fifths of his publications. Ob- 
taining isochronal curves (for the fastest descent) in a resistant fluid was 
a difficult mathematical problem; long competitions over isoperimetric 
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problems and ballistics, in which Johann I Bernoulli participated, gener- 
ated the search for these. To reach the lowest point on an isochronous 
curve, a weighted body sliding along it forced by gravity must take equal 
time of descent regardless of where the object begins on the curve. Euler 
began by observing that in a nonresistant medium the ordinary cycloid is 
an isochrone or tautochrone, which requires finding the curve a weighted 
particle follows to reach a given point of the curve in equal time no matter 
what the starting point is. During that era, the catenary or hanging chain 
was also being studied as a means of finding the lowest center of gravity. 

In his background studies Euler apparently drew upon proposition 
17 of Brook Taylor’s Methodus incrementorum directa et inversa, possibly the 
first edition from 1715, which solves an isoperimetric problem. He likely 
also drew on Johann I Bernoulli’s article of 1718 for the Paris Academy, 
which demonstrates that among curves of the same length the cycloid 
suffices to answer the brachistochrone problem. That is, it determines 
the curve of quickest descent by a weighted particle, free from friction 
and resistance, falling in a gravitational field from one point to another 
not directly under it in a vacuum. In Acta eruditorum for June 1696, Ber- 
noulli had initiated the challenge to mathematicians to solve the brachis- 
tochrone problem. He and more generally his brother Jakob, as well as 
Leibniz, Newton, and LHépital, had each solved it. Galileo had con- 
jectured in the Discorsi of 1638 that the solution is a semicircle; but the 
cycloid is the correct curve, which Leibniz called the apple of Eve. The 
cycloid was generally known as the Helen of Geometers, the answer to 
several challenge problems. Through his study of the pendulum prob- 
lem, for example, Huygens had found that a pendulum bob traversing a 
cycloid takes exactly the same time to complete swings however small or 
large the amplitude. Thus, the cycloid was called the tautochrone. When 
Johann I Bernoulli received a solution in a paper without the name of 
the writer, he knew by its authority and skill that the author was Newton 
“ex ungue leonem” (“as the lion is recognized by its claw”). “You will be 
astonished,” wrote Bernoulli in Acta eruditorum for May 1697, “when I 
say that this same cycloid, the tautochrone of Huygens, is the brachis- 
tochrone we are secking.” He called the cycloid “the fateful curve of the 
seventeenth century.”°° 

Thoroughly scrutinizing Henri Sully’s system of the pendulum tau- 
tochrone, Euler’s “Constructio linearum isochronarum” confirms that its 
solution is a cycloid. This seems surprising, for the brachistochrone curve 
involves the least time, while an isochronal curve involves equal time. In 
any case, Euler did not yet have a formula for it. Newton, he observed, 
had shown the isochrone to be a cycloid. Euler’s paper generalizes, 
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shortens, and improves upon Bernoulli’s resolution; it refers to Huygens 
and Newton on the nature of the cycloid and shows that a particle act- 
ing under uniform gravity in this case gives a brachistochrone. Others 
who surpassed Bernoulli usually aroused the master’s jealousy, but Euler 
remained his favorite, and Bernoulli praised the higher mathematical dex- 
terity and ingenuity of the young student.*' Euler’s first paper contains 
one of his rare errors, posing and solving the wrong differential equation. 
He discovered that mistake and corrected it within two years, giving the 
right differential equation in the article “Curva tautochrona in fluido re- 
sistentiam faciente secundum quadrata celeritatum” (Tautochrone curves 
in a fluid offering resistance according to the square of the speed, E13) 
in 1735 in the Commentarit Academiae Scientiarum Imperialis Petropolitanae, 
the journal of the Petersburg Academy.” His first paper cites but leaves 
for several years in the future a problem raised by Bernoulli on the bra- 
chistochrone in a resistant medium.” 

In this and other work of determining extremals for isoperimetric 
problems, the Bernoulli brothers along with Taylor and Euler pioneered 
the calculus of variations in its semigeometric phase. In 1700 and 1701 
Jakob had employed differential equations to attack isoperimetric prob- 
lems, finding that they require a second degree of freedom. Only after 
Jakob died in 1705 did Johann accept the requirement. Apparently he set 
this work aside for nearly a decade, for not until the Paris Academy paper 
of 1718 did he elaborate his isoperimetric condition in which the abscissa 
is the independent variable. After 1715 Johann was also engaged in a quar- 
rel with the British over ballistics problems. In the article “Exertatio geo- 
metrica de traiectoriis orthogonalibus” (Geometric probe of orthagonal 
trajectories) in Acta eruditorum for 1720, his favorite son Nikolaus II had 
proposed the problem of determining reciprocal trajectories—that is, con- 
structing curves and their reflections, which fall between two parallel axes 
and constantly cut each other at right angles. Johann Bernoulli, Euler 
explained, had given him this problem principally as a brain teaser for 
the new calculus rather than as a search for physical applications. Johann 
bested Henry Pemberton, a Briton who at that time remained anonymous, 
by devising a better and simpler general geometric solution for arriving at 
curves that satisfy the condition that the trajectories must be reciprocal. 
The reciprocal curve is the reflection intersecting with the original curve, 
either at right angles or more generally at a constant angle. 

Euler’s second published paper, “Methodus inveniendi trajectorias 
reciprocas algebraicas” (A method for finding algebraic reciprocal trajec- 
tories, E03), is on the construction of such trajectories derived from alge- 
braic curves.** His mentor, “the celebrated master Johann Bernoulli, my 
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teacher and patron” had assigned this as a homework problem.” These 
trajectories are curves, which are reflections between parallel lines, also 
known as parallel axes. They cut each other at right angles, and they grow 
steeper in one direction as their angle, not slope, increases and become 
less steep in the other. Euler’s article appeared in Acta eruditorum in Sep- 
tember 1727, but this paper had undoubtedly been completed before he 
departed from Basel. Finding reciprocal trajectories seems to have been a 
challenge problem mostly involving the new calculus rather than physi- 
cal application. The main aim was to obtain trajectories that could be 
expressed in a simple form. Euler quickly and acutely found solutions 
written as arc length formulas. Once he had these rectifiable algebraic 
curves, he verified that trajectories constructed from them were recipro- 
cal. The lack of modern notation and Euler’s failure to explain all of his 
assumptions detract from the article. Three more papers continued to ex- 
amine the problem of reciprocal trajectories, including instances in which 
it could be expressed in the less complicated polynomial functions, bet- 
tering Euler’s presentation each time and exhausting the subject, which 
would soon be forgotten. He lacked the notation needed to present his 
work more clearly. Since more algebraic functions exist for this problem, 
it was easier to resolve the algebraic case. Euler also resolved questions of 
the still anonymous Pemberton about inverse tangents. Bernoulli praised 
his student’s “most fortunate talents” and “the ease and adroitness with 
which he penetrated the most secret fields of higher mathematics.”*” 

In 1727 Euler competed for the Royal Academy of Sciences’ annual 
Prix de Paris. The nautical problem posed was “what is the best manner 
to mast [sailing] ships, with respect to the situation, number, and height 
of masts?” The goal was to maximize speed. 

In 1715 Jean Baptiste Rouillé de Meslay had provided funds for that 
academy to create prizes in two categories: theory and application. The 
academy was to propose problems to the republic of letters generally in 
the form of questions that had eluded solution and then award the best 
answers.” The greater prize, given in even years for theory, was to be for 
the best treatise on astronomy, matter theory, mechanics, optics, or phys- 
ics; it carried a handsome financial award of at least 2,500 livres. The other 
prize, given in odd years, was for discoveries that more accurately deter- 
mined longitude, which was a famous problem, or provided useful infor- 
mation for improving navigation and ship construction; the winner of this 
prize received 2,000 livres. The financial awards were roughly a Petersburg 
academician’s annual salary, or one-tenth to one-fifth of the annual income 
of a prosperous bourgeois in Paris.® No prize was solely in mathematics, 
but the competitions indirectly broadened the field’s range. Occasionally 
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a question was continued and a double prize awarded two years later; 
in a few instances the academy split the prize. Usually it published only 
the winning essay, but sometimes it included another explaining or ex- 
panding upon it; accessit or honorable mention papers were almost never 
printed. Each year the Paris Academy assembled a prize report, and the 
reports were subsequently published in its prize volumes, Piéces qui ont 
remporté le prix de Vacadémie royale des sciences de Paris (Papers that have 
won the prize of royal academy of sciences in Paris).°' To prevent the se- 
lection of favored authors, the process did not allow names to appear on 
the papers. A sealed envelope accompanied each paper, and the two had 
matching numbers. Only after the winning paper was selected did the 
academy director publicly open the appropriate envelope and announce 
the name. From the initial competition for it in 1720 through most of the 
eighteenth century, the Prix de Paris was the most distinguished scientific 
award in Europe. 

After moving as a child to his grandmother’s, Euler had observed 
the boats—mainly ferry boats, freighters, and canoes—at the nearby dock 
and on the Rhine. But in 1727 when he completed “Meditationes super 
problemate nautico, de implantatione malorum, quae proxime accessere” 
(Thoughts about a nautical problem on the positioning of masts, E04), 
Euler had yet to see a large oceangoing ship. The rule for writing papers 
was cosmopolitan: they could be in French or Latin, the ubiquitous lan- 
guage of learning in Europe.® Since Euler had not yet learned French, he 
wrote his paper in Latin. The “Meditationes” followed Johann Bernoulli’s 
Théorie de la manoeuvre des vaisseaux (Theory of the maneuver of ships) of 
1714 and specifically his solution of the velaria problem, which required 
determining the shape of a sail under the pressure of wind. Its solution 
took a second-order differential equation.“ Euler generalized and short- 
ened Bernoulli’s solution by reducing sailing to problems of statics and 
dynamics; his paper reflects a powerful intuition as regards physics. 

Occasionally the prize topic was designed for a favored scholar to win. 
For several years the royal hydrographer and geodesist Pierre Bouguer, 
France’s foremost authority on all nautical matters and a leading natural 
philosopher, had been composing a treatise on finding the optimal way to 
set up masts on a ship. He submitted the entire manuscript, which won 
first prize—the first of three for him—and the treatise would quickly be- 
come the standard publication on the topic. The excellence of Bouguer’s 
paper merited its victory, but Euler’s entry did what few earlier winning 
papers had done: it solved a problem.” His paper placed third, sharing the 
accessit from the Paris Academy for 1727 with a paper by the French math- 
ematician and mechanist Charles Etienne Louis Camus.” There was clearly 
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high regard for the work of the young newcomer, for only about half the 
annual prize competitions were awarded the accessit, and Euler’s was one 
of the few such papers to be published by the academy. Over the next three 
decades, Euler and Bouguer would become intense rivals in naval science. 

When in a first draft of the Paris paper Euler described his own exper- 
iments with a ship model, he did not yet express an absolute faith in his 
theory.” In the last section (number 100) of the final version of the paper, 
he apparently shifted, proudly declaring himself a formalist and following 
a strictly rational methodology.® That draft cites experiments, but Euler 
did not believe it necessary to confirm his theory empirically, since he 
based it on certain and impregnable principles of mechanics: “Haud opus 
esse existimavi istam meam theoriam experientia confirmare, cum integra 
et ex certissimis et irrepugnabilibus principiis mechanicis deducta, atque 
adeo de illa dubitari minime possit” (I have judged it not to be necessary 
to confirm this theory of mine by experiment, for it is sound and has been 
deduced from the most certain and indisputable principles of mechanics, 
and on this account there can be scarcely any doubt about it). Through- 
out his career Euler was to excel in a priori proofs. But after recording 
astronomical observations, conducting physical experiments, and carry- 
ing out water projects in Saint Petersburg that in part addressed possible 
flooding, he would insist on the necessity of quantitative experience in the 
form of experiments and systematic observations for confirming scientific 
theories and refining differential equations. 

Upon the death in September 1726 of Johann R. Beck, the professor 
of physics at Basel, Bernoulli urged Euler to apply to fill the vacancy. 
Each applicant had to submit a specimen essay, and Euler presented a 
sixteen-page in-quarto essay on acoustics titled “Dissertatio physica de 
sono” (Dissertation on the theory of sound, E02).” By late 1726 he had 
decided on its content and wrote to Daniel Bernoulli describing it. In De- 
cember Bernoulli responded, “Not without pleasure have I learned that 
you intend to write a dissertation on sound; thus you will show very well 
how necessary is the joining of physics to higher mathematics. I doubt 
that anything can be said regarding the speed of sound, since there is no 
right explanation of its propagation.”” On the morning of 18 February 
in the law auditorium, Euler defended the essay in a public disputation. 

Written in a clear and direct style that came quickly to be Euler’s signa- 
ture, the essay summarizes without any calculations all existing knowledge 
about producing and propagating sound, adds some details of his own, and 
closes with a page containing six brief annexa—essentially, appendixes. For 
the speed of sound, Euler showed a diversity of existing results. Later he 
would work to obtain more accurate measures for the speeds of sound and 
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Figure 1.4. The title page of Euler’s Habilitationschrift, 
“Dissertatio Physica de Sono.” 


light. The paper showed its author to be an original thinker who was able to 
identify and organize a synthesis of elements from divergent scientific tradi- 
tions and transmute them. What Euler extracted from Aristotelian, Carte- 
sian, Leibnizian, and Newtonian thought had to be logically consistent and 
contribute to the construction of his general theory. Reprinted in 1751 ina 
collection of important scientific works edited by the Berner anatomist Al- 
brecht von Haller, a professor at the new University of Géttingen, the essay 
became a classic that was cited for over a hundred years, offering a program 
for research in acoustics. Subsequently Euler wrote more than fifty papers 
directly or indirectly related to solving its problems. 

The six appendixes grafted to the end of the paper address ideas 
that Euler was pursuing. They themselves offer sufficient illustration of 
their author’s critical, selective, and independent mind while placing him 
within the main scientific currents of his time. 

The first two depart from the thought of Johann I Bernoulli, which is 
surprising for any student of his. The opening appendix rejects the Leib- 
nizian doctrine of the preestablished harmony between body and soul in 
which each is depicted as independent but the two are arranged to act as 
synchronized clocks. It is not known whether Bernoulli ever discussed 
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this concept, but for religious—not scientific—reasons Euler opposed it. A 
preestablished harmony, he argued, would limit the freedom of the spirit 
and so contradict fundamental Christian belief. In later battles with Wolff- 
ian freethinkers in Berlin, Euler was to add the argument of Calvinist cler- 
ics who condemned the doctrine as harmful to the Christian concept of 
original sin. Contrary to Cartesian thought, the second appendix asserts 
that Newton’s gravitational attraction gives the most satisfactory expla- 
nation of all celestial motions. Although Euler asserted that the mutual 
attraction of bodies is beyond doubt, like Newton he would search for a 
mechanical explanation and he later thought that a slight revision might 
be needed in celestial mechanics. 

The third appendix involves a thought experiment: if a shaft is drilled 
through the center of the Earth, what happens to a stone that falls down 
through it? Euler was not proposing that the Earth was hollow, an idea 
first set forth by Edmond Halley in 1681. Newton and others had unsuc- 
cessfully grappled with the shaft problem. Euler rejected the commonly 
accepted theory that the stone would pass beyond the center and reach 
the other side of Earth, then return to the center again. He had it turn 
suddenly at the center and rebound along the same path to the starting 
point on the surface. For this unexpected position he received a literary 
rap on the knuckles twenty-five years later from Voltaire,” who had read 
“De sono” in 1751 as reprinted in the Haller collection. Euler’s corrected 
explanation of his position would come later, in numbers 49 and 50 of his 
Lettres a une Princesse dAllemagne, sur divers sujets de physique et de philosophie 
(Letters to a German princess on diverse subjects of physics and philoso- 
phy), published from 1768 to 1772.” 

The next appendix places Euler within the vis viva controversy. Accept- 
ing the idea of vis viva advanced by Huygens and Leibniz, it gives as the 
true measure of their force the quantity of matter of moving bodies multi- 
plied by the square of their speeds, mv’—that is, living force or twice kinetic 
energy. Quantity of matter was not yet defined as mass; the Cartesians and 
Newtonians measured force by quantitas motus (essentially, momentum, or 
mv). The vis viva controversy was ardently pursued for twenty more years 
until Jean-Baptiste le Rond d’Alembert in his Traité de dynamique of 1743 
used two different ways of calculating force and concluded that both quan- 
tities are correct. He called the quarrel “une dispute de mots” (a battle of 
words).” Still, not everyone was ready to consign the question to seman- 
tics. Measurements of centripetal force, for example, seemed to produce 
contradictions. Thus the dispute persisted for another decade. 

The last two appendixes, like the third, address problems of oscilla- 
tion. The fifth determines that the speed of a sphere rolling frictionless 
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along an inclined plane compared to another falling perpendicularly is v5 
to v7. The sixth repeats Euler’s solution to the velaria problem. 

With “De sono” Euler had entered the fields of mechanics and philos- 
ophy. Often described wrongly as his doctoral dissertation, it was essen- 
tially his Habilitationsschrift, a postdoctoral thesis based on independent 
scholarship of a higher quality than that for a doctorate (which, in fact, 
he did not have); the Habilitationsschrift was a thesis that was required for 
qualifying and gaining permission to be a professor. In “De sono” Euler 
embarked on the course of mastering all of physics that was known at the 
time, a goal that he was to achieve, and he began to display his extraordi- 
nary ability to solve special problems computationally. 

Although the University of Basel gave “De sono” a good reception 
and Johann I Bernoulli strongly supported him, Euler’s name was not in- 
cluded among the final three selected for the chance drawing by lots after 
a review of the candidates. The selection committee probably considered 
him too young, for he was not yet twenty. The most prominent candidate 
on the list was Jakob Hermann of the Petersburg Academy of Sciences, 
but neither would he win. Instead the position went to Benedict Stahelin, 
an alumnus of the Universities of Basel and Paris who knew less physics 
than anatomy and botany but had a modest reputation for scholarship; he 
was also a corresponding member of the Paris Academy of Sciences. Al- 
though he was selected by lot, the fact that the Stahelins were a patrician 
family in Basel may have strengthened his candidacy. University positions 
were becoming sinecures for the sons of Basler Herren who did not enter 
the family business.” 

Around 1725 Euler began to sketch in notebooks a substantial re- 
search program for himself.” His first notebook contains his proposal to 
write a major treatise on all of mechanics and outlines in three sections a 
book on a new mathematical theory of music composition.” For this proj- 
ect he gave the titles of all but one of its fifty-eight chapters and sections. 
His initial study of the important vibrating string problem also appears in 
the first notebook. Brook Taylor had published his research on this prob- 
lem in 1713, and Euler must have consulted with Johann I Bernoulli, who 
was also studying it.”* The goal was to discover the center of oscillation 
in the curve formed by the fundamental mode of a vibrating string. Since 
a vibrating string is flexible, the initial task was to determine its shape; 
then Euler needed to integrate the differential equation for its motion. He 
would complete each of these projects impressively in the decades after 
his departure from Basel. 

Euler’s failure to obtain the Basel professorship is generally thought 
of as fortunate. Although mathematics can be a singularly internal subject, 
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and thereby chiefly separate from its surrounding environment, it cannot 
be created without mathematicians. The social, institutional, and intellec- 
tual setting throws light on the intensity of collaboration and debate, and 
it is a principal factor in determining what questions and problems will be 
central. The rejection at Basel forced Euler to move from a small republic. 
A broader political setting and an institutional base more appropriate to 
his brilliant research and technological contributions lay ahead. 

Leonhard Euler’s future began in the Russian colossus. Even be- 
fore the death of Nikolaus IT Bernoulli after a lengthy illness, a position 
had opened at the Petersburg Academy of Sciences. True to his prom- 
ise, Daniel Bernoulli, along with his father, recommended Euler to Presi- 
dent Blumentrost;’? Christian Goldbach may also have supported Euler’s 
candidacy, and Euler was selected for a post in physiology; a vacancy 
in mathematics was not considered at that time. In the summer of 1726, 
Blumentrost sent a letter inviting Euler to accept the position of adjunct 
in physiology with an annual pension of two hundred rubles. The Euro- 
pean postal service was evolving, and in Russia it was not yet reliable, so 
the letter was lost. At the end of September Daniel wrote to Euler that 
Blumentrost had sent a letter of appointment a few months earlier; Daniel 
explained that he found the pension no match for Euler’s worth, but that 
he believed the president would increase it. While he urged Euler to sub- 
mit quickly a letter of acceptance, it was not until 9 November that Euler 
wrote that he was honored to be admitted to the Petersburg Academy of 
Sciences. His hesitation in responding may be partly explained by his 
continuing effort to win the physics professorship in Basel. His unstated 
plan was that if he was not successful in Basel he would travel to Russia 
when the weather cleared in the spring. 

Daniel Bernoulli advised Euler to use the intervening time to get ready 
for the position by taking courses in anatomy and physiology that the 
University of Basel offered as preparation for a medical degree. The spring 
term did not end until June. But on 5 April 1727, three days after enrolling 
at the university with dean Johann Rudolf Zwinger for beginning medical 
courses during the summer semester, Euler boarded a boat on the Rhine 
and left Basel. He would never return. Although he was to retain his Basel 
citizenship for life, the timing of his leaving seemed to involve more than 
the excitement of moving from a small republic to the capital city of a 
great empire; Euler’s departure, only ten days before his twentieth birth- 
day, may suggest some disagreement with his father’s wishes concerning 
the beginning of his new career. Yet he maintained toward his father a re- 
spect that is reflected in his lifelong familial adherence to the prayers and 
scriptural readings that the senior Euler favored. Having lived apart from 
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the family for ten years may have made less difficult Euler’s decision to 
leave. While Daniel Bernoulli wanted to return to Basel, Euler was not so 
inclined, but he nonetheless was to maintain lifelong contact with the city 
via correspondence, and once he was well established in Saint Petersburg 
he hired Baslers as household staff. 


Chapter 2 


“Into the Paradise of Scholars”: 
April 1727 to 1730 


LL Euler’s second “notebook” details in its first seventeen 
pages the stations on his seven-week-long journey to Saint Peters- 
burg. It is among the twelve notebooks listed in the inventory of the 
Rukopisnye materialy, published in 1962 (RM 397-408), at the Peters- 
burg Academy Archive.’ It indicates that at 9:00 a.m. on 5 April 1727, 
he boarded a boat in Basel that sailed down the Rhine to Mainz.’ Via 
stage coach, Euler proceeded through Giessen and Kassel to nearby 
Frankfurt am Main. At 8:00 a.m. on 11 April he departed Frankfurt, 
passing through Friedberg and Butzbach before arriving in Marburg in 
Hesse-Kassel. The next day, as Johann I (Jean I) Bernoulli must have 
recommended, Euler met Christian Wolff, whose religious views he 
opposed. An exile from the cameralist University of Halle, Wolff had 
counseled Czar Peter I, also known as Peter the Great, on the selec- 
tion of most of the Petersburg Imperial Academy of Sciences’ original 
members.* 

Euler stayed only briefly at Marburg. He probably next spent a night 
at Wetzlar before continuing north on land through Hannover to Ham- 
burg, where he received a hundred rubles sent from the Petersburg Acad- 
emy of Sciences to cover his travel expenses. From there he traveled to 
the Hanseatic port city of Libeck. 

In a letter sent through Hamburg and dated 20 April, Wolff ex- 
pressed deep regret that Euler’s haste had left insufficient time for a 
full discussion of various matters or to show Wolff's high regard for the 
Academy of Sciences and the friendship of Johann I Bernoulli. “You 
are now entering into the paradise of scholars,”* Wolff declared, and he 
wished that God would grant Euler good health and years of good for- 
tune in Saint Petersburg; he asked Euler to convey his “humble respects 
to the academy’s President,” Laurentius (Lavrentii) Blumentrost, and 
its members “Mr. Bilfinger, Hermann, Daniel Bernoulli, Martini, and 
Leutmann, and... remember me kindly. .. .”° 
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Figure 2.1. Euler’s trip from Basel to Saint Petersburg, 
in a drawing based on a map of Europe from about 1740. 


With no ship in Liibeck ready to sail to Saint Petersburg, Euler was 
forced to take a boat to Rostock. On 30 April, the boat was severely 
rocked by storms in Liibeck Bay and all passengers, including Euler, be- 
came seasick. The boat landed to the east on the Baltic at Wismar before 
reaching Rostock. From Rostock Euler traveled along the coastal waters 
of the Baltic to Reval, the modern Tallinn in Estonia. The trip to this point 
had taken almost four weeks. From Reval Euler crossed the Gulf of Fin- 
land to the citadel island of Kotlin, with the city and fortress of Kronstadt 
that Peter I had taken from the Swedes in 1710; Euler’s boat must have 
landed at its large western or merchant harbor. After a short ferry trip 
from Kotlin, Euler reached the mainland and proceeded on foot around 
Saint Petersburg on 24 May 1727. 

On his journey, Euler carried a few personal belongings, along with 
items that Daniel Bernoulli had requested: “fifteen pounds of coffee, one 
pound of the best green tea, a half dozen bottles of good Danzig brandy, 
twelve dozen fine tobacco pipes, and several dozen packs of playing 
cards.” The number of pipes suggests that Bernoulli, like Euler later, was 
a heavy smoker. On this trip Euler possibly traveled with the Basel mecha- 
nist and geographer Isaac Bruckner (Brucker).’ 
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Founding Saint Petersburg and 
the Imperial Academy of Sciences 


Located on the Gulf of Finland, the easternmost arm of the Baltic Sea, 
Saint Petersburg was founded on 29 June 1703, the feast day of Saints 
Peter and Paul, as a crude log-and-earth fort under construction on Hare 
Island that was intended to guard the mouth of the River Neva. In begin- 
ning this city on the periphery of his empire, Peter I aimed to increase 
his influence on the Baltic region, to provide an opening to central and 
western Europe, and probably to have a place to test his reforms.® It was 
initially to be a city located on seven islands connected by bridges. In 
1706, Peter recruited the Swiss-born architect Domenico Andrea Trezzini 
to transform the crude fort into the Peter and Paul Fortress. The settle- 
ment that grew around it had various names, such as Petropolis, the exact 
Greek translation of Petersburg, but the name that gained wide accep- 
tance was Saint Petersburg (Sankt Piter Burkh). The czar’s commitment 
to building the metropolitan center, even while he was engaged in the 
Great Northern War against Sweden from 1700 to 1721, was a daunting 
task that some other European rulers thought a reckless gambit. A site 
selected for military and trade reasons rather than its climate and terrain 


Figure 2.2. Portrait of Peter the Great (1672-1725) by Jean-Marc Nattier. 
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Figure 2.3. A view of Saint Petersburg upstream on the River Neva from the admiralty. 
An engraving by Yefim Vinogradov, taken from a 1749 drawing by Mikhail Makhayev. 


(it had very cold winters, as well as bogs and moss), the city was to suf- 
fer from two main dangers: floods and fires. At this time, fireplaces were 
essential for heating and cooking; difficulties with them and the lack of 
adequate firefighting equipment produced large fires in most major cities. 

Trezzini, the first chief architect, made plans for the city and designed 
buildings, among them Peter and Paul Cathedral and the Summer Palace. 
In 1714 the French architect Jean-Baptiste Alexandre Le Blond succeeded 
Trezzini. The flamboyant style, the theatrical religiosity, the irregular 
church ornamentation, and the monumental size of the city’s major struc- 
tures characterized the Age of the Baroque. Since it was built on the banks 
and islands where the Neva has two main tributaries, the Greater and Lit- 
tle Neva, Saint Petersburg soon had an integrated network of canals and 
bridges for transportation and communication and beautiful water vistas; 
some called it the Venice of the North. This was almost a cliché, for a few 
other northern European cities with similar characteristics also gained the 
accolade, but in fact Peter desired another Amsterdam. 

After the defeat of the Swedish monarch Charles XII at the Battle of 
Poltava in 1709, Saint Petersburg was deemed secure and Peter moved 
quickly to make it into more than a military outpost;’ he wanted it to be 
Russia’s capital. While he issued no official decree, the process of moving 
the governmental bodies that began in 1710 made the city two years later 
the effective capital. The czar ordered a thousand aristocrats, hundreds of 
merchants and traders, and two thousands artisans, together with their 
families, to move there. A large body of soldiers accompanied them. To 
accelerate the growth of Saint Petersburg, the czar dedicated almost 5 
percent of the royal budget to government buildings, and aristocrats had 
impressive palaces constructed. The population grew from around 8,000 
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in 1710, to 24,000 in 1717, to approximately 40,000 in 1725, already more 
than twice the size of Basel.'? By 1725 the city could boast of being the 
focal point of Russia’s export trade with the West as well as the center of 
the Enlightenment in Russia and of pursuing a growing fleet modeled 
after the British Navy. Rapid increases over the next three decades would 
bring the population of Saint Petersburg to about 150,000." 

An essential component in Peter’s ambitious modernizing plan was 
to introduce Russia to the Enlightenment along with Western science and 
scientific methods; his first visit to the West had stimulated if not initi- 
ated his interest in the sciences. In Holland in 1697 he met Nicolaas Hart- 
soeker, who guided him in observations of the planets and stars; and he 
visited hospitals and botanical gardens and attended lectures on medicine 
at the University of Leiden, where he spoke with the physician Hermann 
Boerhaave. Acquiring and cultivating medical skills was among Peter’s 
major ambitions for an academy. In 1698 he recruited fifty surgeons for 
the fledgling Russian navy. Later that year he visited the Royal Society of 
London and probably met with Isaac Newton there.” 

To the Petrine reforms, which caused upheaval in the ranks of Russia’s 
culturally reactionary church and aristocracy, the Petersburg Academy of 
Sciences was central. In the eighteenth century chartered, royal scientific 
institutions were to complement and in research surpass the universi- 
ties, whose main task was transmitting knowledge rather than advancing 
it. After 1700 the number of these institutions grew; by 1789 there were 
about seventy of them.’ Chief among them were those in London, Paris, 
Berlin, and Saint Petersburg. Charles II had chartered the Royal Society 
of London in 1662, and Louis XIV and his minister Jean-Baptiste Colbert 
had established the Royal Academy of Sciences in Paris in 1666. Primarily 
through Gottfried Wilhelm Leibniz, the Royal Brandenburg Society of 
Sciences was begun in Berlin in 1701. Leibniz was the intellectual founder 
of the Petersburg Academy as well. 

Peter named Leibniz a Russian privy counselor of justice, and in 1711 
invited him to meet in Karlsbad. The chief assignment was to promote 
mathematics and the sciences in Russia as well as to encourage the build- 
ing of a system of public schools and universities. Leibniz’s attempt to 
establish scientific academies across central and eastern Europe would 
fail in Dresden and Vienna, but the czar accepted Leibniz’s proposal for 
an academy, commencing communication with China to learn about its 
science and ordering observations of magnetic declination across his em- 
pire.'t The two maintained a correspondence, and in 1712 and 1716 met 
again. For the last meeting Leibniz prepared several memoranda that in- 
cluded outlining a series of studies to bring Western scientific standards to 
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Russia. His letters and memoranda recommended a systematic collection 
of chronicles and linguistic works from ancient and medieval Russian and 
Byzantine history and ethnography; encouragement of missionary activi- 
ties from western and central European Christian churches in Russia; what 
may be roughly defined as a distinctive school with shared faculty produc- 
tions and transmission of collective knowledge that would include artists 
and painters; observations of terrestrial magnetism and the incline of the 
compass to improve navigation; building a chemistry laboratory and an 
astronomical observatory; a survey of plants, animals, and ores of Rus- 
sia and its southern neighbors; and the translation into Russian of use- 
ful Western books on the sciences and technology, especially industrial 
technology.’ One memorandum included a call for founding a “college of 
sciences.”!° Shortly before his death in 1716, Leibniz urged Peter to accept 
as a scientific adviser Leibniz’s most prominent follower, Christian Wolff.” 
For his contributions to the evolution of the sciences in Russia, Bernard 
le Bovier de Fontenelle proclaimed in his éoge to Leibniz delivered to the 
Paris Academy, “In the history of science in Russia he can never be forgot- 
ten, and his name will be placed alongside that of the Czar.”"* 

In the sciences Peter I had predominantly practical and utilitarian 
purposes, broadly understood, that were tied closely to his mercantilist 
economy. According to mercantilist theory, states must protect the wealth 
of their economies through monopolies, restrictions, and tariffs; they 
need a favorable balance of trade as a means to attract and hoard gold and 
silver and prohibit their export, all of this falling under the term bullion- 
ism. Peter saw mechanics, mathematics, astronomy, and chemical science 
as tools in the construction of ships, canals, and docks and to provide 
for navigation, improve artillery, develop mining installations, and ben- 
efit public health. He wanted to expand Russia’s trade and make his em- 
pire a European power. Accurate Russian cartography, based on reliable 
geographic surveys and astronomical observations, was essential for an 
efficient government, and it offered a source of political unity. Peter rec- 
ognized the sciences as a compound of theory, experiment, and practical 
research, and he was open to a wide range of studies. He did “not damn 
the alchemist who seeks to transform metals into gold nor the student of 
mechanics who, in his search for perpetual motion, looks for the extraor- 
dinary, for he unexpectedly discovers many collateral things.”'® The Rus- 
sian word for science, nauka, which had referred to technical ingenuity 
and technique, was now taking on a meaning close to that of the German 
term Wissenschaft, which together with the natural and social sciences in- 
cluded history and philosophy. Though first drawn to the practical and 
utilitarian side of the Enlightenment, the czar also came to accept the 
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restlessly inquisitive spirit in theory that animated utilitarian accomplish- 
ments without subordinating itself to their demands. As the understand- 
ing of what comprised the natural sciences evolved, alchemy and magic 
were being displaced. And since the word mathematics carried a connota- 
tion of magic stemming from Alexandrian antiquity, the term geometer was 
now preferred over mathematician. 

On his second trip to the West, in 1717, Peter visited the Royal Acad- 
emy of Sciences in Paris. In addition to being elected an honorary mem- 
ber, he established contacts for gathering information on practical steps 
preliminary to establishing a science academy, such as building a library 
and collecting scientific instruments. The next year he wanted to begin to 
create an academy, but did not yet press the project;” it was debated over 
time both within and outside Russia.”! 

In 1719 the czar asked Blumentrost and the Alsatian librarian Johann 
Schumacher to learn in detail the functions, organization, and projects 
of the Royal Society of London and the Paris Academy of Sciences and 
to make recommendations to him; he also spoke with Iakov Vilimovich 
Brius (Jacob Daniel Bruce), the son of Scottish immigrants and a friend 
from childhood, who was the first Russian Newtonian and the president 
of the Russian College of Mines and Manufactures. Russia’s first histo- 
riographer, Vasilii Nikititch Tatishchev, a voracious reader of René Des- 
cartes, Robert Boyle, Thomas Hobbes, John Locke, Nicolas Malebranche, 
Gottfried Leibniz, and Wolff, recommended studies in mathematics, ge- 
ography, and natural history.” In 1714 the Royal Society of London had 
elected as a fellow Prince Aleksandr Menshikov, a supporter of the czar.” 

Disliking the independence of government that members of the Royal 
Society enjoyed and the limits to governmental control over its corporate 
activities, Peter rejected it as a model; he preferred instead the Paris Acad- 
emy of Sciences, for it was closely allied with the royal government and 
answered the questions the authorities posed. Through correspondence 
with Wolff, in the course of which Wolff compared himself to Aristotle, 
Blumentrost gained knowledge about the Royal Brandenburg Society. 
The Petersburg Academy, like the Brandenburg Society, was not to be 
limited to the natural sciences but would include historical and linguistic 
subjects. Since Russia lacked the corporate bodies and personnel to ad- 
vance the sciences, Peter extended governmental financial and moral sup- 
port; following the practices of the Paris Academy, he planned to provide 
pensions for academicians and funding for useful experiments, buildings, 
and equipment. For the maintenance of his own academy of sciences, 
Peter allocated an annual budget of 24,912 rubles collected from customs 
and licensing fees in several cities on the Baltic.™ 
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In the Russian Orthodox Church, the planned academy encountered 
some antagonism; church hierarchy considered Western science a new re- 
ligion that would contaminate the Russian soul. An antirational theology 
branded books and articles on the Western sciences as the work of the 
Antichrist, and church censors prohibited their publication. Attempting 
to subordinate the church to the state and to accommodate religious ide- 
ology with Continental rationalism and science, Peter issued the Eccle- 
siastical Regulation in 1721. The devout Russian Orthodox czar did not 
challenge the principal beliefs of the church but attacked antirational- 
ism as inconsonant with Christianity. Secularizing knowledge and dis- 
seminating the sciences were, Peter believed, the sole way to overcome the 
cultural inertia that the ultraconservative Russo-Byzantine intellectual 
tradition had imposed on his kingdom. 

His regulation had only a minor effect. The Orthodox censors, for 
example, continued their long-standing opposition to Copernican astron- 
omy. The Russian translation in 1661 of Willem and Johan Blaeu’s modest 
Atlas novus (1645), which spoke favorably of Copernicus and heliocentric 
astronomy, remained unprinted in manuscript form until around 1724. 

Meanwhile Wolff, the outspoken professor of mathematics and natu- 
ral science at the University of Halle, was encountering troubles. Under 
the leadership of August Hermann Francke, the Lutheran Pietists, who 
were themselves subjected to attack by orthodox Lutherans, criticized 
Wolff's Verniinftige Gedancken von Gott, der Welt, und der Seele des Menschen, 
auch allen Dingen tiberhaupt (Rational thoughts on God, the world, and 
the soul of man, and all things whatsoever, 1720) for its metaphysics, 
which they considered mechanistic and feared would lead, like Bene- 
dict de Spinoza’s metaphysics, to fatalism and atheism.” The next year 
Wolff, in his role as acting highest official of the university, delivered 
his inaugural lecture, “Oratorio de Sinarum philosophia practica” (On 
the practical philosophy of the Chinese), which praised Confucian moral 
precepts and the power of reason to obtain moral concepts in general. 
This work provoked an open break with the Pietists. In 1722 and 1723, 
Peter sent emissaries to offer Wolff the vice presidency of the projected 
Petersburg Academy of Sciences,” as Leibniz had advised several years 
earlier; preferring to remain at a university, Wolff declined all offers. Dis- 
illusioned at the poor state of the Royal Brandenburg Society of Sciences 
and considering universities a prerequisite to science academies, Wolff 
wrote to Blumentrost in June 1723 urging that instead of an academy the 
Russians found a university stressing scientific studies.” In advancing 
royal science academies, Euler was closer to Leibniz than was Leibniz’s 
disciple Wolff. The czar, who recognized that his capital’s geographical 
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remoteness, harsh winters, and intellectual provinciality would make re- 
cruitment difficult, received Wolff’s promise to supply a list of scholars 
more willing to accept nomination to the academy. Wolff took seriously 
the task of preparing his first list of names, which was submitted in April 
1723.78 As Count Aleksandr Gavrilovich Golovkin noted, Wolff “had in 
mind only a learned society and demanded great achievements and high 
reputations of those who wanted to join this institution; he did not seek 
out scholars who wanted to be only professors.””® None of Wolff’s choices 
were Russian scholars. 

Had Wolff decided to accept a position in Russia, his career there 
would have been stormy. To demean him in the eyes of the czar Francke 
had, through his acquaintances in the hierarchy of the Russian Orthodox 
Church, spread rumors that Wolff leaned toward atheism. But Wolff had 
on his side archbishop Feofan (Theophan) Prokopovich, one of Russia’s 
foremost intellectuals, who was an ideologist and Peter’s director of cleri- 
cal education. Prokopovich was a liaison with Protestant churches and 
worked to bring the Enlightenment to Russia. His library included the 
first of Wolff’s four-volume Institutiones mathematicae, published between 
1713 and 1737, together with works of Francke and Philipp Jacob Spener 
on Pietism.* Among the high sciences, mathematics and astronomy were 
particularly attractive to Prokopovich, who possessed Johannes Kepler’s 
Epitome astronomiae Copernicanae (1618-21) and who made his own tele- 
scopic observations. 

In 1723 the Lutheran Pietists at Halle gave a new argument against 
Wolff intended for the Prussian soldier-king Frederick William I, claim- 
ing that Wolff’s determinism would suggest that authorities did not have 
enough free will to chose to punish a soldier for a crime or disciplinary of- 
fense; the punishment would take place only if it was predetermined. ‘This 
would suggest an act of God, interpreted by state and religious officials. 
In the eighteenth century severe punishment, including public floggings 
and hangings, was considered fundamental to military discipline. 

Enraged, Frederick William I gave Wolff forty-eight hours to leave 
Prussia or be hanged. Wolff fled to Marburg in Hesse-Kassel, whose uni- 
versity quickly renewed its offer of a professorship. The expulsion made 
him a cause célébre; he was seen as standing against religious intolerance 
and arbitrary royal power. During the next five years, enrollment at the 
University of Marburg increased by 50 percent. 

With the basic arrangements for the academy now complete, in Janu- 
ary 1724 Peter I had Blumentrost and Schumacher submit a detailed plan 
for it, which he immediately accepted and sent to the senate. On 2 Febru- 
ary he corrected a draft of the status of the academy but did not sign any 
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decree. The academy was to consist of three classes or departments: math- 
ematics and physicomathematics in the related sciences of astronomy, ge- 
ography, and navigation; the whole of the physical sciences, including 
experimental and theoretical physics, anatomy, botany, and chemical sci- 
ence; and the humanities, embracing rhetoric, the study of antiquities, 
ancient and modern history, law, economics, and politics. In the eigh- 
teenth century physicomathematics had different meanings. But at the 
early Petersburg Academy of Sciences, it generally entailed going beyond 
the older mixed mathematics toward a mathematical physics. Following 
Wolff, Blumentrost and Schumacher proposed that a university be part of 
the academy and consist of three faculties: law, medicine, and philosophy. 
An academic gymnasium was to prepare young men for university studies. 
The purpose of the new academy was not merely to transmit knowledge 
but to invent and expand it. 

In 1724, when Peter set about recruiting members, he commissioned 
Tatishchev to go on a trading mission to Sweden to enroll twenty-two 
Russian students in mining and metallurgy courses in schools and fac- 
tories there. He was also to obtain members for the academy, but this 
effort garnered no one.*' Tatishchev had instructions as well to study the 
Swedish currency. The persistent czar had Golovkin write on 21 October 
1724 to Wolff in exile, and he sent a legation headed by the Russian of- 
ficial Berndisz that once more invited him to come to Saint Petersburg to 
be vice president of the academy. Again Wolff declined, but he sent a list 
of eighteen recommended men, all but two of whom would be chosen as 
founding members. 

To make his offers more appealing, Peter provided higher salaries, 
and he ordered construction along the Neva of a spacious, comfortable 
building, the Kunstkammer (in Latin, Kunstkamera), to house the acad- 
emy on Vasilievsky Island. Mostly finished and occupied by 1727, the 
Kunstkammer contained—in addition to a three-story observatory in its 
dome—a museum for Peter’s collection of monstrosities and curiosities in 
natural history and ethnography, a library on the second and third floors, 
an anatomical dissecting theater, a conference room, faculty offices, and 
service rooms. The academy did not gain jurisdiction over it until 1728, 
and work finishing it took until 1734—that is, the government did not 
release its control over the building for a few years. The library began 
by acquiring the personal library of Peter I, rich in geography and mili- 
tary science, and that of his deceased son Alexis, which was filled with 
religious books, as well as several other private noble libraries. Peter’s 
collection of technical instruments for the study of physics also went to 
the academy, forming the nucleus of its Museum Physicum. Technical 
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Figure 2.4. The Kunstkammer, the location of Euler’s office. Image © Dimos/ 
Shutterstock.com. Image used under license from Shutterstock.com. 


workshops in which academicians designed and helped produce optical 
and precision instruments, along with drafting tools, were auxiliary to 
the enterprise. 

After Peter died on 8 February 1725, his successor and widow Cath- 
erine I acted rapidly to make the academy functional. The claim that she 
granted its members an audience with her on 26 August is unlikely be- 
cause from the start she made it clear that the institution was under her 
control, not theirs. At a reception the European nature of the academy 
was displayed when the Basler mathematician Jakob Hermann greeted 
the empress in French and Georg Bernhardt Bilfinger did so in German. 
Catherine I put the finishing touches on Peter’s plans by ratifying these 
as the Project of 1724, formally nominating Blumentrost to be president 
(to the approbation of assembled members) and confirming Schumacher 
as its first secretary and librarian.” When she assumed power Catherine 
could not write her name; as such, Menshikov acted as regent. Menshi- 
kov, beginning as Peter’s drinking buddy and then becoming governor of 
Saint Petersburg, had assisted with Peter’s reforms. Throughout the sum- 
mer and fall of 1725 the academy members arrived in Saint Petersburg. By 
November, seventeen of the eighteen members—comprising fourteen Ger- 
mans (seven of them from the University of Tibingen), three Swiss, and 
one Frenchman—were present; only the German Sinologist and classical 
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historian Gottlob (Theophilus) Siegfried Bayer from Konigsberg had not 
yet arrived.* The dual responsibilities in research and the transmission of 
knowledge included institutional duties outlined in Peter’s Project of 1724. 
Members were to meet weekly to present and discuss scientific topics, as- 
sembling at 4:00 p.m. on Thursdays and Fridays. Annually there would 
be three public meetings of the academy with scholars speaking on their 
sciences, and each member had a joint appointment with the title of pro- 
fessor at the academic university. 

Among the academicians at Saint Petersburg who investigated the 
chief currents of scientific thought, the most distinguished was Her- 
mann, who received the largest pension, at two thousand rubles per year, 
and held the wise counselor designation, Nestor, of the Basel delegation 
of three. A student of Jakob Bernoulli and defender of Leibniz’s differ- 
ential calculus, Hermann had on Leibniz’s recommendation been elected 
a member of the Royal Brandenburg Society in 1701 and had taught 
at the Universities of Padua and Frankfurt an der Oder. His magnum 
opus, Phoronomia, sive de viribus et motibus corporum solidorum et fluidorum 
(Phoronomis, or the forces and motions of bodies solid and fluid), pub- 
lished in 1716 in Amsterdam, attempted to apply the new calculus to the 
mechanics of solid bodies and fluids. Primarily because of his age (he 
was fifty-seven) Hermann received from his colleagues the lofty title of 
professor primarius et matheseos sublimioris. The other Baslers were Daniel 
Bernoulli, who worked among the first rank of physicists for eight years 
at the academy, and his brother Nikolaus II Bernoulli, his father Johann’s 
favorite son; their father was named a distinguished foreign member. 

The oldest academician (by one year over Hermann) was the coun- 
try pastor Johann Georg Leutmann, a theologian and archaeologist from 
Wittenberg. On Hermann’s recommendation, Leutmann shifted to the 
study of practical mechanics, physics, and optics. A skilled technologist, 
he improved clocks, calligraphy, and glass grinding. The contract of an- 
other natural philosopher, Christian Martini, stipulated that he would 
advance physics according to Wolff’s principles; at the fourth meeting 
of the academy he claimed to have found a way to a perpetuum mobile. 
Afterward Martini was considered incompetent in physics and moved 
to logic, metaphysics, and ethics. At the academy’s second meeting the 
Swabian pastor Georg Bernhardt Bilfinger (or Bilfinger, whose twelve 
fingers were perhaps hereditary), a noted Wolffian philosopher who had 
also studied mathematics, physics, and botany with Wolff, moved from 
logic to complement Martini in metaphysics and replace him in experi- 
mental and theoretical physics. Bilfinger had introduced Wolff’s ideas 
at the University of Tubingen, which provoked hostility over questions 
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of his orthodoxy and set back his academic career, so he enthusiasti- 
cally accepted the Russian invitation. The academy resolved that Bilfin- 
ger should start lecturing four times a week on physics, using as a text 
Willem ’sGravesande’s Philosophiae Newtonianae Institutiones, published 
in 1723, which drew principally upon Newton’s Principia and Opticks 
and recommended giving experimental proofs of scientific principles. 
Schumacher had met ’sGravesande in Leiden and had come to admire 
his work. Schumacher likely influenced the choice of texts. The French 
astronomer Joseph-Nicholas Delisle brought from Paris scientific instru- 
ments and equipment ordered by Peter I, made the three-story observa- 
tory on Vasilievsky Island one of the finest in Europe, and founded the 
Saint Petersburg astronomical school. 

Of the remaining academy members, all of them from German lands, 
the diplomat and mathematician Christian Goldbach, the son of a pastor 
from K6nigsberg, was the only German who came to Saint Petersburg 
without a recommendation from Wolff or anyone else; in fact, he came 
uninvited. Citing his knowledge of ballistics and medicine as well as pub- 
lications in Leipzig’s Acta eruditorum, in July 1725 Goldbach requested by 
mail an academic position from Blumentrost. He was at first refused, but 
eventually gained a five-year appointment after his arrival in September. 
Since his knowledge of mathematics was still limited,** Goldbach was un- 
easy with the title of professor. He wanted instead to be chief of proto- 
col. After studying law at the University of Groningen in Holland, where 
he earned a licentiate in 1712, and then a brief stint at the University of 
Konigsberg, Goldbach had undertaken the life of a wandering scholar, 
traveling widely across Europe; he had been introduced to Leibniz, at- 
tended Oxford University in 1713, and gained a rudimentary knowledge 
of the mathematical work of John Wallis and Isaac Newton. During these 
and later sojourns, he developed an impressive proficiency in languages. 
Goldbach next met Nikolaus II and later Daniel Bernoulli in Venice, and 
began corresponding with them in 1721 and 1723, respectively. The three 
examined Diophantine problems, Fibonacci numbers, Newton’s method 
of fluxions, and the nonlinear ordinary differential equation to be subse- 
quently named after Jacopo Riccati by Jean-Baptiste le Rond d’Alembert, 
in modern notation dy/dx = py + qy + r, when p, g, and r are given func- 
tions of x. Having declined a professorship at the University of Padua, 
the noble Riccati had through his private studies introduced Newton’s 
fluxions into northern Italian city-states, and as the number of differential 
equations increased he sought to solve them by replacing special tech- 
niques with general rules. He reduced second-order ordinary differential 
equations to first order and later, with Euler and Alexis Claude Clairaut, 
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developed criteria for integrability. Riccati received considerable atten- 
tion for being the first to integrate his own nonlinear differential equation 
for several cases. 

Other academy members were Johann Simon Beckenstein in juris- 
prudence, Michael Birger in chemistry and practical medicine, Johann 
Kohl in church history, and in mathematics the philosopher Friedrich 
Christoph Mayer, who worked with Goldbach and along with Christian 
Friedrich Gross in moral philosophy was part of the Bilfinger retinue. The 
outstanding Wurttemberg anatomist Johann Georg Duvernoy (or Duver- 
nois) had studied medicine in Basel and Paris, and had been Albrecht von 
Haller’s doctoral adviser at the University of Tubingen; he was named 
professor of anatomy, surgery, and zoology. The Saint Petersburg police 
force provided him with corpses for study, and he received such exotic 
animals as an elephant, lions, leopards, and once—so he claimed—an ani- 
mal hermaphrodite. During the winter of 1726, it is presumed, he gave 
a public lecture on the elephant and its dissection. Duvernoy brought 
with him two talented young mathematicians: Josias Weitbrecht, who 
quickly switched to anatomy and physiology and became an authority 
on them, and Georg Wolfgang Krafft, who would in time become a close 
friend and collaborator of Euler’s. Weitbrecht and Krafft were appointed 
adjuncts, as was the historian and geographer Gerhard Friedrich Miller 
from Wiurrtemberg. Until 1728 Miller taught Latin, geography, and his- 
tory at the academic gymnasium. 

Not counting Hermann, Leutmann, and Delisle, more than half the 
new academicians were under the age of thirty. This meant that the insti- 
tution was not overburdened with a strong hierarchy of seating by ranks, 
as in the Paris Academy of Sciences, or with stressing experimental phi- 
losophy, to the near exclusion of speculation, as was advocated by most 
senior fellows at the early Royal Society of London. The opportunities for 
the younger academicians were most promising, and they would write let- 
ters declaring rosy expectations.” 

With the arrival in Saint Petersburg of all but Bayer, on 13 November 
1725 the academy held its initial—though unofficial—mecting. For the 
first time the scientific ideas of Newton and Descartes were formally in- 
troduced into Russia ina learned setting, but the discussion was in Latin, 
not Russian, and no Russians attended the meeting. Cartesian science 
remained preeminent on the Continent, but Newtonian dynamics and 
optics were beginning to challenge it; studies of the tides, the nature and 
orbits of comets, and planetary and lunar motion were under way, with 
steadily improving telescopes and more accurate surveyor’s instruments 
now available to determine which system was superior. At the meeting, 
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which was essentially a panel discussion, the academy had as its problem 
the shape of Earth taken from book 3, problem 19 of Newton’s Principia. 
Newton had demonstrated that because gravity diminishes at the poles 
from the diurnal motion of Earth, the planet’s circumference had to be 
larger at the equator and flattened at the poles; it would be not a perfect 
sphere, but an oblate spheroid. But along with centrifugal force and rec- 
tilinear inertia, the Cartesian tourbillons or vortices—whirlpools of ether 
of differing density in the heavens—were supposed to explain celestial 
motions and project instead an elongated ellipsoid caused by Earth’s ro- 
tation in the ether. A passage from Voltaire’s Philosophical Letters of 1734 
states the crux of the continuing dispute: “In Paris you picture the earth 
as shaped like a melon; in London it is flattened on both sides.”* Resolv- 
ing the issue took almost another two decades; at that time it was princi- 
pally members of the Paris Academy who sufficiently gathered globally 
separated, precise measurements of arcs of meridian. Beginning with a 
globe shape for Earth, they computed the complete circle for meridians 
based on the arc measures at different latitudes to determine the size of 
Earth in each; the arc sizes near the equator and north pole were cru- 
cial. Euler would later begin with a fluid Earth and make computations 
with new differential equations in fluid mechanics to determine the shape 
more exactly. 

Delighted at the arrival with Delisle of more powerful telescopes, at 
the 13 November meeting the genial Hermann did not oppose Newton’s 
position, though he indicated that the related computations in Phorono- 
mia were more accurate, while Bilfinger rejected the shape of Earth as 
Newton had calculated it. Hermann’s interest in Delisle’s telescopes ex- 
tended to another question that intrigued him: whether they could con- 
firm the Cartesian, Newtonian, and Wolffian belief that there was human 
life on the moon. The debate over extraterrestrial life was long standing; 
even before Johannes Kepler spoke of men on the moon belief in a plu- 
rality of human worlds had existed and had gained increased support in 
scientific circles through Fontenelle’s Entretiens sur la pluralité des mondes 
(Conversations on the plurality of worlds, 1686, commonly referred to as 
Mondes at that time), which marked the high tide of Cartesian thought 
in the sciences, and Christiaan Huygens’s posthumous Cosmotheoros: sive 
de Terris Coelestibus, earumque ornatu, conjecturae (Cosmotheory: or, con- 
jectures concerning the inhabitants of the planets, 1698). Fontenelle’s 
Mondes intended to make the discoveries in science intelligible to the 
small but growing reading public, and it was an inspiration to Huygens.*’ 
The Cosmotheoros, an apologia of an eminent man of science, is chiefly a 
fantasy speculating on the existence of life on other planets in our solar 


April 1727 to 1730 53 


system and around other stars, a notion that seized the popular imagina- 
tion; it was soon translated from its original Latin into English, French, 
German, and Russian. Czar Peter I had ordered the Russian translation, 
completed by Bruce in 1717. The 128-page work touches upon Coperni- 
can astronomy, the research of Tycho Brahe and Johannes Kepler, and 
Descartes’s theory of vortices along with Newton’s inverse-square law of 
gravitational attraction for explaining the elliptical orbits of planets and 
the paths of comets. Huygens advanced a theory of vortices differing 
from that of Descartes, holding that the planets swim in an ether at rest; 
the czar may have helped write the introduction to the book. On sci- 
entific grounds and the religious belief in the uniqueness of humanity, 
the dispute over the existence of extraterrestrial life remained popular 
throughout the Enlightenment.* 


A Fledgling Camp Divided 


On 7 December 1725, Catherine I sent a decree to the Russian senate 
confirming the establishment of the academy following Peter’s plan from 
1724; oddly, however, she did not ratify the decree. Catherine named Blu- 
mentrost the academy’s president; born in Moscow to a German physician 
in Russian service, he was an excellent choice, because he spoke flawless 
Russian and read adequate Latin and Greek. Blumentrost had studied 
medicine at the Universities of Halle, Oxford, and Leiden, had supervised 
the imperial library, and had been indispensable in planning the academy. 
His background indicated that he could work well with foreign scholars, 
and he was influential at the imperial court. 

At their first official public meeting on 7 January 1727, the academi- 
cians met in a conference room of Baron Peter Pavlovich Shafirov’s palace. 
The renovation of their official building, the palace of Peter I’s widowed 
sister-in-law Princess Praskovea, which was to be for meetings and typog- 
raphy, would not be completed until 1728, nor was the Kunstkammer 
ready in 1726. (The Princess’s palace contained the library and observa- 
tory until the Kunstkammer was completed.) At this opening meeting the 
members discussed the physics theories of Leibniz and Wolff, a subject 
that was to be a continuing preoccupation among the academicians. 

The academy normally met on Tuesdays and Fridays at 4:00 p.m.; 
these conferences were lively, sometimes heated. Although all members 
accepted the great potential of the calculus invented independently by 
Newton and Leibniz, the academy split into opposing factions in mechan- 
ics, with neither party uncritically and entirely accepting its own theory. 
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Cultural nationalism among French and German savants opposed to the 
British contributed to the quarrel, as did personal intellectual rivalries. 
Bilfinger headed the Wolffian majority; Hermann, who endorsed much of 
Leibniz and the work of Jakob (Jacques) and Johann I Bernoulli in Basel, 
generally opposed Newton and allied with the Wolffians, while Daniel 
Bernoulli led the Newtonians. The issues were the validity and precision 
of each science; the animated debate between the partisans of Wolff and 
the champions of Newton was doubtless in a bewildering jumble of Latin 
and German dialects.** Hermann and Bilfinger resided together, and 
Goldbach attributed the alliance between them to the persuasiveness of 
the younger man in discussions that extended beyond the academy. The 
debate generally showed that physics, previously experimental and specu- 
lative, was becoming a more modern mathematical science. 

Bilfinger was not new to the polemic and its distinctive character 
in central Europe and Russia. His Commentatio hypothetica of 1723 had 
supported Leibniz’s doctrines of monadology and a preestablished har- 
mony. Addressing the question of how the mind knows the body or mat- 
ter and thus enables learning, Leibniz had rejected the Cartesian doctrine 
of occasionalism in which the communication nexus between them was 
thought to occur in the pineal gland and God alone was responsible for 
all fundamental causal activity. The notion that all events were a con- 
tinual miracle, God using mind and body simply as an occasion for cause 
and effect, Leibniz had found untenable. To explain the concomitance 
between mind and body he posited instead a divine clockmaker who cre- 
ates two perfectly synchronized components and then steps aside. Leib- 
niz rejected the idea of God as a perpetually tinkering clockmaker for 
this contradicts the idea that God is a perfect artificer. Here he was to 
draw the ire of Newton, who believed in providence or bienfaisance. The 
Commentatio hypothetica was put on the Roman inquisition’s Index libro- 
rium prohibitorum (Index of prohibited books), a catalog of books that 
Catholics were forbidden to read. Bilfinger, who also endorsed Leibniz’s 
view that space, time, and motion are relative, saw himself as the leader 
in defending and disseminating Leibniz’s ideas. He compared his role 
to that of the English theologian and metaphysician Samuel Clarke, a 
major supporter of Newton’s dynamics, notably in Clarke’s addenda to 
Jacques Rohault’s Traité de physique and correspondence with Leibniz. 
Shortly after arriving in Saint Petersburg, Bilfinger wrote to Clarke, po- 
litely defending Leibnizian science. By this time Bilfinger had in his Di- 
lucidationes philosophicae already begun modifying his Leibnizian views 
but still opposed Newton’s; he shrewdly coined the term Wolff-Leibnizian 
succession to proclaim the durability of Leibnizian thought. Yet Wolff 
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Figure 2.5. Gottfried Wilhelm Leibniz. 


appropriately opposed the equivalent phrase Leibnizo-Wolffian that his 
Halle critics proposed, feeling that his dogmatic rational methodology 
and science, now in a formative stage, were not simply an extension of 
Leibniz’s ideas; there were to be substantial modifications. 

From the late seventeenth century through the Enlightenment, schol- 
ars debated whether faith in written revelation or trust in reason was the 
superior path to truth. Generally the literate community believed in a 
providential order of nature with periodic divine interventions that, taken 
together, explained the creation of the physical universe and certain phe- 
nomena in it such as comets and earthquakes. It was thought that God 
continuously supervised the universe, providing occasional infusions of 
energy and mending it. Leibniz’s physicotheology conceived the universe 
as a natural machine created by God and thereafter operating without 
need for further divine intervention. The belief in an interceding deity in 
nature did not diminish in the physical sciences until the development of 
Newtonian dynamics by the end of the Enlightenment, when Newton’s 
God became indistinguishable from Leibniz’s. 

At the close of the seventeenth century, Leibniz and the French Hu- 
guenot refugee Pierre Bayle had been the principal figures in the dispute 
between faith and reason. Bayle’s Dictionnaire Historique et Critique of 1697, 
considered the summa of Pyrrhonism or skepticism, argues that while 
both faith and reason must lead to the same truths, in the case of incon- 
gruities faith is the higher arbiter. That same year, Leibniz’s De Rerum 
Originatione (Ultimate origination of the universe) depicted a Platonic 
universe in which God geometrizes. His Théodicée (Theodicy, 1710) again 
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claims that the laws of nature emanating from the mind of God must be 
rational; the truths of faith and the truths of reason must agree, but when 
they do not, reason is supreme in resolving all problems, including di- 
lemmas in theology. The Theodicy was published anonymously, a practice 
common at the time for works on controversial topics, but the reading 
public knew who the author was. 

After Descartes, Leibniz was the foremost contributor to continental 
rationalism. The concept of unity pervades his work: the sciences are not 
isolated but part of a universal science, including the mathematical and 
physical sciences, metaphysics, and jurisprudence. The universal science 
has a single method of demonstration and of discovery or invention, which 
is capable of either pursuing deductive certainty or estimating probabili- 
ties. Leibniz rejected the methodological break with the past undertaken 
by Descartes and Francis Bacon. His philosophia perennis (the name given 
by Leibniz scholars to his concept) proposed a new rationalism, a general 
logic founded on three axiomatic principles: predicate-in-notion, sufficient 
reason, and contradiction, the last two of which stemmed from Plato’s 
Timaeus. Leibniz assumed that the concepts of the subject of every true 
proposition were more sweeping than the concepts of the predicate; they 
independently expressed the whole universe and thus contained all possi- 
ble predicate concepts. Leibniz’s principle of predicate-in-notion reversed 
the traditional Aristotelian syllogism, which sought to confirm the truth of 
propositions, instead making the mind an engine for discovery. Extending 
the Latin statement nihil est sine ratione (nothing is without a reason), the 
principle of sufficient reason covered physical causality, relations between 
antecedent and consequence, and teleology. Leibniz coupled sufficient rea- 
son with the principle of greatest perfection, borrowed from Aristotle’s 
summum bonum (the highest good) and leading to the metaphysical law of 
the “the best of all possible worlds.” This law did not refer to what the Brit- 
ish historian Edward Gibbon would describe in 1781 at the end of the third 
volume of his Decline and Fall of the Roman Empire, that “every age of the 
world has increased and still increases the real wealth, the happiness, the 
knowledge, and perhaps the virtue of the human race.”” Rather, Leibniz 
posited that in each passing instant God selects the best from an infinite 
number of possible worlds for gaining the greatest perfection and har- 
mony; perfection requires a maximum of variety and a superior order that 
fosters this diversity. Elaborated by Johann I Bernoulli and Isaac Newton, 
sufficient reason became the guiding principle of classical physics: if predi- 
cate notions repeat subject notions, propositions are identical; applying 
appropriate substitutions in proofs and arriving at noncontradiction in a 
finite number of steps establish consistency and identity. 
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At the core of Leibniz’s metaphysics and science was the distinction 
between the two levels of truths: the necessary truths of reason and the 
contingent truths of fact. The necessary or absolute truths of reason ap- 
plied to the deeper world of the monads and were independent of tes- 
timony deriving from the senses, while contingent laws of nature could 
be discovered by observation, experiment, and induction in the physical 
world, but they had a rational foundation. Contra Locke, who adopted 
the Aristotelian view that the mind is a passive tabula rasa, a blank tablet 
upon which the senses write, Leibniz followed Plato in believing that the 
mind is active and filled with necessary truths. The source of contingent 
truths is sensation, while necessary truths derive from reflection. Leibniz 
presented these ideas in his Nouveaux essais sur l’entendement humain (New 
essays concerning human understanding), which was completed in 1704, 
but he refused to publish it when he learned that Locke had died. To his 
conscience, an argument against a recently deceased opponent was an 
unworthy one. 

Leibniz’s science was founded on the doctrine of monads, his the- 
ory of energy underlying matter. Leibniz rejected the hard, indivisible, 
passive atoms of the ancient Greeks as the ultimate, smallest particle of 
matter and disagreed with Descartes’s equating of matter with extension. 
These could not resolve Zeno’s paradox on the beginning of motion, vali- 
date Leibniz’s belief in an organic continuum in nature, or bridge the 
chasm between the metaphysical and physical worlds. The monads are 
percipient, elastic, geometric points endowed with an entelechy—a primal 
dynamic. Following Thomas Hobbes, Leibniz assumed that they possess a 
conatus or tendency to motion, which provides for a continuum of motion. 
The concept of continuity deriving from the medieval law that nature does 
not leap and the reality of a preestablished harmony were essential to the 
monadic doctrine: monads are well ordered by the degree of clarity in 
their rational perception of the world, receding from the absolute clarity— 
God—to the basest element. Since the monads are windowless, mind and 
matter are attuned to each other by the parsimonious preestablished har- 
mony. Reason may go awry, however, in examining two labyrinths: the 
continuum and the human freedom to choose. 

Leibniz believed the study of the world at large to fall preeminently to 
the field of physics, and he began to apply the calculus to solve its prob- 
lems. He accepted generally the Cartesian mechanistic explanations— 
impulsion by contact and by the ether in the heavens—and came to reject 
Newton’s concept of gravitational attraction occurring among bodies over 
a distance without any intervening medium. Since Newton did not give an 
underlying mechanical explanation of action at a distance, Leibniz charged 
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that attraction belonged to the discredited Scholastic concept of occult qual- 
ity. At the foundation of physical phenomena, Leibniz proposed a principle 
of conservation. For the correct measure of force, he rejected the Cartesian 
and Newtonian concept of momentum (quantity of matter multiplied by 
velocity, mv), and accepted Huygens’s vis viva (in modern notation roughly 
twice kinetic energy, mv’), but he exceeded Huygens in asserting its general 
conservation. Derived from different old ways for determining vis viva, it 
could also be written in modern notation as mv’/2.*' This all suggests that 
Leibniz was groping toward an intuitive conception of the energetic princi- 
ple, the conservation of energy. His principle of conservation went against 
the Newtonian belief in occasional divine interventions in the universe. In 
correspondence with Samuel Clarke, Leibniz found erroneous Newton’s 
view that space, time, and motion are absolute and proposed instead that 
they are entirely relative and relational, a position difficult to defend be- 
fore the separate inventions of non-Euclidean geometries. Leibniz rejected 
Newton’s position that space is the sensorium of God, contending in part 
that God does not need this organ to order the universe. 

For its breadth and extensive applications, Leibniz exalted mathemat- 
ics and made seminal contributions to it. Among these, he posited math- 
ematics to be the universal language of the sciences and to have a dual 
role: it reduced the imprecision in the sciences and provided a technique 
for discovering new facts from a body of knowledge. His emphasis on the 
algorithmic nature of method made him a founder of formalism in math- 
ematics as opposed to intuitionism. Leibniz is chiefly known in the field 
for being, like Newton, an inventor of the powerful differential calculus 
that includes the use of infinite series to compute tangent slopes, trigono- 
metric lines and their inverses, and the quadrature of curves. His superior 
notation includes the integral sign from the first letter of the word summa 
as well as dy and dx. His research advanced algebraic analysis against the 
dominant geometric synthesis; this continued the tension between analy- 
sis and synthesis that had existed since Euclid. 

Leibniz never presented a coherent and comprehensive account of his 
complete philosophy. He was a baroque philosopher in a baroque world, 
and most of his extensive collection of letters, articles, and books long 
went unpublished. Leibniz’s only major book printed during his lifetime 
was the Theodicy. His Discours de métaphysique of 1686 was not published 
until the nineteenth century; his Nouveaux essais sur Ventendement humain 
appeared in print in 1765; and his Monadologia from 1714 and the Leibniz- 
Clarke letters from 1715-16 were published posthumously in 1717. Many 
of Leibniz’s private papers were unknown, and his articles in Acta erudi- 
torum on calculus were too difficult for readers other than a select few, 
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Figure 2.6. Christian Wolff. 


including Jakob and Johann I Bernoulli;” outside their circle and except- 
ing Paris academicians, scholars of this time knew him mainly as the Leib- 
niz of the Theodicy. Few within the European republic of letters in the early 
eighteenth century grasped the full scope and profundity of his contribu- 
tions to mathematics and natural philosophy. 

The task of systematizing Leibniz’s thought, transmitting it to a wider 
public, and articulating or modifying it fell primarily to his disciple Wolff, a 
father of the German Aufkldrung (Enlightenment). According to Immanuel 
Kant, Wolff introduced into German philosophy the spirit of exactness and 
rigor—that is, Griindlichkeit (thoroughness)—in covering the detail of a sub- 
ject and provided an impetus for clarity and the precision that became the 
chief pursuit of the Aufkldrung. Writing most of the forty quarto volumes 
of his books in German created a vocabulary for German philosophy, and 
it urged that in instruction and research at German universities the secular 
language replace Latin. During the 1720s, Wolff’s philosophy began to dis- 
place the Peripatetic thought of the Wittenberg professor Philipp Melanch- 
thon that had been preponderant at German universities since the sixteenth 
century. From 1713 to 1725, Wolff’s seven volumes of Verniinftige Gedanken 
gave a comprehensive exposition of his thought. Prominent among these 
were Verniinftige Gedanken von Gott, der Welt und der Seele des Menschen, auch 
allen Dingen (Rational thoughts on God, the world, and the soul of man, 
and all things whatsoever, 1720), which offered a German metaphysics, and 
Verniinftige Gedanken von den Wirkung der Natur (Rational thoughts on the 
operation of nature, 1723), which was a German cosmology. 

Yet by 1725 two essential Wolff works, both in Latin, had not yet ap- 
peared: the Philosophia prima rationalis sive Logica (Preliminary discourse 
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on philosophy in general, 1728), giving a systematic account of Wolff's 
philosophy, Philosophia prima sive ontologia (First philosophy or ontology, 
1730), and the Cosmologia generalis (Universal cosmology, 1731), which de- 
scribes the visible world as a perfect machine and gives the laws of motion 
by which it operates. 

Wolff altered and vulgarized Leibniz’s ideas and made these a foun- 
dation for his philosophy. In methodology, Wolff was a strict rational- 
ist, but he centered rationality in the principle of contradiction instead 
of in sufficient reason and attempted to prove it. In mathematics Wolff 
stressed Euclidean deductive synthesis over Leibniz’s infinitary analy- 
sis or calculus; his method was one of neo-Scholastic formalism. In the 
theory of matter, Wolff replaced Leibniz’s inanimate category of monads 
with passive ultimate corpuscles. His indivisible and nonextended atomi 
naturae followed the laws of mechanics; Wolff’s corpuscular theory was 
thus strictly mechanistic and deterministic, though he retained an ele- 
ment from Leibniz’s search for designs in nature constructed to benefit 
humankind. Wolff accepted a preestablished harmony but revised Leib- 
niz’s concepts of relative space and time: space, he posited, is an order of 
things, whereas time is the order of successive events within a continu- 
ous series. 

Until the second edition of Kant’s Kritik der reinen Vernunft (Critique 
of pure reason) in 1787, the Wolffians dominated philosophy at German 
universities. At midcentury, Leonhard Euler was to be their major critic 
in religion, mathematics, and physics. Over time, Wolffian philosophy 
would prove unsatisfactory. 

At the academy’s meeting on 5 March 1726, during an opening year 
that was characterized by disputes that tested the civility and decorum of 
the members, Bilfinger criticized a report by Daniel Bernoulli. Ten days 
later Bernoulli found fault with Hermann’s Phoronomia, pointing out an 
“erroneous” proof in it and expounding what he thought to be a better 
version. Departing from his generally calm demeanor, Hermann stoutly 
defended his result. The debate became so heated that President Blumen- 
trost ordered both parties to calm down and asked Bernoulli to apologize 
to Hermann. The principal controversy involved Huygens’s and Leibniz’s 
law of the conservation of vis viva. The argument had already defined the 
1724 Paris Academy’s Prix competition on the communication of motion 
in hard bodies as the accurate measure of force. There Johann I Bernoulli 
submitted a paper that was disqualified for rejecting the existence of ul- 
timate hard bodies and holding hardness to pertain to perfectly elastic 
bodies under infinite pressure, while the Scottish mathematician Colin 
Maclaurin won, not only basing physical laws on momentum but also 
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criticizing the use of vis viva to resolve the question; Bernoulli was in- 
stead awarded an accessit (honorable mention). 

In the 1726 Paris Academy competition on the perfect or imperfect im- 
pact of elastic bodies, Bernoulli resubmitted his paper with an addendum 
on the physical cause of elasticity; he again took an accessit, losing this 
time to the Cartesian Pierre Mazieére, a priest of the Oratory who based 
the laws of collision of elastic and hard bodies strictly on momentum.* 
The virulence of the March 1726 meeting of the Petersburg Academy of 
Sciences bespoke the reach and intensity of the vis viva controversy there. 

At the meeting on 10 May, just as Bilfinger began to read his paper 
“De viribus corpori moto insitis et illarum mensura” (On the essential 
forces of bodily motion and their measure), which discounted Huygens’s 
view of equal proportion between actual downward motion and poten- 
tial upward motion, where force equals mv’, Daniel Bernoulli angrily ex- 
claimed “Errasti! Errasti!” (False! False!). In the Journal des Sgavans in 
1669, Huygens had presented his thesis that only the elevating force and 
not the entire amount of energy is conserved. In this, Bernoulli consid- 
ered Huygens more accurate than Leibniz.” It took three meetings for Bil- 
finger to complete reading his paper. When Duvernoy tried to lessen the 
row by changing the subject, Nikolaus II Bernoulli brusquely declared 
that Duvernoy did not understand the matter under discussion. 

At the 14 June meeting, another clash setting Daniel Bernoulli against 
Hermann and Bilfinger brought a reprimand from the president; at this 
assembly Hermann read a paper, “De calculo integrali,” claiming that Jo- 
hann I Bernoulli had alone invented integral calculus. Nikolaus II Ber- 
noulli, who knew the work of Newton, declared this account to be biased. 
The sudden death of Nikolaus on 9 August robbed Daniel of his most 
potent ally and best friend. At the academy, he succeeded Nikolaus as a 
professor of mechanics. 

In “De mensura virium corporum” (Estimate of the force of bodies), 
which appeared in the first volume of the Commentarii for 1726, Her- 
mann presented a standard defense of the concept of vis viva. It began 
with a review of the contributions by Galileo Galilei, Evangelista Tor- 
ricelli, Giovanni Alfonso Borelli, Marin Mersenne, Johann I Bernoulli, 
’sGravesande, Huygens, Edme Mariotte, Wallis, Christopher Wren, and 
the Cartesians Francois de Catelan and Denis Papin, and followed with 
the position of Newton as expressed in the correspondence between Leib- 
niz and Clarke.“ Hermann concentrated on proving the validity of the 
conservation of wis viva by examining the collision of a perfectly elastic 
sphere A, having quantity of matter 1 and velocity 2, with a motionless 
globe C of quantity of matter 3. The impact repulses A with velocity of 
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Figures 2.7a—f. a) Laurentius Blumentrost, b) Georg Bernhardt Bilfinger, 
c) Daniel Bernoulli, d) Nikolaus II Bernoulli, e) Jakob Hermann, 
and f) Joseph-Nicholas Delisle. 
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1. If A then collides with a motionless globe D of quantity of matter 1, it 
communicates the velocity to D and comes to rest. This meant for Her- 
mann that force is 3 + 1, or 4. Thus, in this case, where m = 1 and v = 2, the 
amount of force imparted is 4 or mv”, 1 x 2”, and not the Cartesian momen- 
tum of mz, 1 x 2. But Hermann failed to keep straight the direction of the 
force vectors; the direction reverses at collision. In addition, the total 4 
can be 2?: 2 times 2. The paper proved nothing. 

In addition to papers by Hermann, Bilfinger, and Wolff defending the 
principle of the conservation of vis viva,” the first volume of the Commen- 
tarti contained Daniel Bernoulli’s article “Examen principorum mechani- 
cae et demonstrationes geometricae” (Examination of the mechanical 
principles and geometric demonstrations), which sought to show that 
Newton’s parallelogram theorem of forces could be proven analytically 
without further assumptions—that it is an a priori or necessary truth and 
not a contingent one. This theorem holds that a body acted upon simul- 
taneously by two forces that may be represented in magnitude and di- 
rection as two sides of a parallelogram will describe a diagonal of this 
parallelogram. The young Bernoulli’s leadership, and the time he spent 
on elaborating Newton’s dynamics—including solving difficult problems 
irresolvable with geometry but achievable with the new calculus—was to 
vex his father Johann I, who believed that his son was not only heading a 
competing camp but encroaching upon his own attainments. 

In 1727 the quarrel among Cartesian, Leibnizian, and Newtonian 
camps regarding mechanics intensified. After Daniel Bernoulli and Leon- 
hard Euler had reported on the water outflow from vessels, Johann I Ber- 
noulli’s article “Theoremata de conseruatione virium vivarum” (Theorems 
of the conservation of living forces) was presented in October to the acad- 
emy for the second volume of the Commentarii; it defended vis viva.” When 
Bernoulli supported the Newtonian theory of capillarity by using theorems 
from book 2 of Newton’s Principia Bilfinger rejected his argument, and af- 
terward he took issue with the Newtonian insistence that Cartesian vortices 
could not explain planetary motion.” Bilfinger’s Prix de Paris paper for 
1728, “De causa gravitatis physica generalis physica disquistio experimen- 
talis” (Inquiry into the general physical cause of gravity), published in Paris 
by Claude Jombert as a forty-page pamphlet, defined vortices as the cause 
of gravity, and hypothesized that the ether composing them is so rarified 
that it can penetrate ethers across different vortices without affecting the 
velocity of each. It is thus the vortices that account for planetary motion.” 
This paper, which also repeated the charge that attraction at a distance was 
an occult quality, won the Prix de Paris for 1728. It appeared in print one 
year after the Paris Academy’s Histoire containing Fontenelle’s “Eloge de 
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M. Newton.” The “Eloge” described Newton’s dynamics as building upon 
the work of Kepler and Galileo, and it destroyed the Cartesian system of 
vortices.*! Bilfinger’s paper was timely in the controversy but was soon 
forgotten. From England, Clarke worsened the debate by accusing his op- 
ponents of trying to besmirch the name of Newton.” 

At the Petersburg Academy Bilfinger referred to Newton’s law of grav- 
itational attraction as a “vulgar hypothesis,” and Bernoulli subsequently 
refused to speak to him. For his part, Bernoulli portrayed the Cartesian 
hypothesis of vortices as insufficient and not worth saving. Over the next 
three years, the rift between Bernoulli and Bilfinger widened, each seek- 
ing support for his science by conducting experiments on the capillarity 
of fluids in an array of vessels. The nub of their dispute was about more 
than gravitational attraction; it extended to the status of the sciences in 
the world of learning and approaches toward investigating them. Since 
Bilfinger lacked training in higher mathematics, Bernoulli believed that 
he could not comprehend anything about physical phenomena. Subse- 
quently Euler also insisted that preparation in higher mathematics was 
necessary for anybody wanting to make fundamental studies of physical 
phenomena. 

In 1727 the academy’s education branch consisted of the gymnasium 
and the university. Only the gymnasium had a good beginning, and it 
soon joined the rest in dire straits; it first enjoyed an enrollment of 112 
students, coming mainly from foreign families in Russia with a few from 
the Russian aristocracy. A combination of factors worked against continu- 
ing this promising start, however: the nobles wanted a faculty that could 
speak Russian; they resented the absence of a policy that would discrimi- 
nate among applicants by social order, disliked the emphasis on the sci- 
ences over the humanities, and found frustrating a haphazard curriculum 
responding to the interests of individual faculty members. All of these 
factors reduced the numbers of noble sons at the gymnasium. Instead the 
Russian aristocracy established “estate schools” exclusively for the nobil- 
ity. These schools, along with the death of Peter I, undercut the develop- 
ment of the relatively open gymnasium. By 1729 enrollment had fallen to 
seventy-four, and by 1737 it was only nineteen. 

The academy’s university quickly encountered problems. Lectures 
had to be in Latin and classes were required to have a minimum number 
of students. Russia lacked adequate preparatory schools: together with 
the engineering, artillery, and naval schools in Saint Petersburg, the Mos- 
cow school of mathematical and naval sciences stressed scientific subjects, 
but they were designed to prepare future officers for careers in military 
strategy, artillery, and fortifications.** Weak academically, they gave little 
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training in Latin, and seminaries opposed enrolling their students in a 
secular university. Eight students from Vienna represented almost the 
entire student body at the new university.“ To meet the minimum class 
size, some academicians attended the lectures of their colleagues. But the 
decline in enrollment at the university as well as the gymnasium freed aca- 
demicians of teaching duties and allowed them to devote their full time to 
scientific research. 

In 1726 and 1727, the poet, future diplomat, and prince Antiokh 
Kantemir was the principal student at the gymnasium and the university. 
Born in Constantinople and fluent in Greek, Latin, and Russian,” he was 
deeply interested in mathematics and philosophy and thus drawn to the 
academy. Mayer taught him algebra and geometry, while the Bernoulli 
brothers taught him in higher mathematics. Kantemir studied physics 
with Bilfinger, history with Bayer, and philosophy with Gross. By 1730 the 
university had no students, but in schooling Kantemir it had sent forth an 
important partisan of Western science. 

To enhance its prestige, the academy required its members to pub- 
lish. From its start it desired to have a modest publications program of its 
own that included printing its proceedings under the title Commentarii. 
It was to be divided into three classes: mathematica, physica, and historica. 
The mathematica section would contain articles in pure mathematics, at 
first emphasizing differential equations and infinite series, and in applied 
mathematics directing infinitary analysis to resolving problems in astron- 
omy and mechanics. The academy began without a printing press, and it 
needed one with Latin and German typefaces, but the proceedings were 
nonetheless edited for publication. 


The Entrance of Euler 


Euler arrived at the academy to begin his distinguished career in May 
1727 at the age of twenty; it was eleven years after the death of Leibniz 
and two months after that of the eighty-four-year-old Newton. Cathe- 
rine I, the benefactor of the academy, had died after a two-year reign at 
the age of forty-three a week earlier, and the struggle for succession was 
under way; Euler arrived on the day that her death was made known. 
The capital, wrote Euler, experienced “the greatest consternation, yet I 
had the pleasure of meeting not only Daniel Bernoulli... but also... 
Professor Hermann ... , who gave me every imaginable assistance. My 
[annual] pay was 300 rubles along with free lodging, [wood for] heat, 
and [candles for] light, and since my inclination lay altogether and only 
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toward mathematical studies, I was made adjunct in higher mathematics, 
and the proposal to busy me with medicine was completely dropped.”** 
Hermann and Bernoulli, perhaps along with Goldbach to a degree, had 
arranged for Euler to enter in mathematics. Euler spent his first morning 
there with Hermann; that evening he sought out Bernoulli. Euler’s initial 
position was listed as éléve (student), but it was quickly changed to ad- 
junct. Before Euler’s arrival, Daniel Bernoulli had successfully negotiated 
the financial terms, and Euler was free to engage in the meetings of the 
academy and give papers that went into the Commentarii, which started 
publication the following year.’ Until his marriage six years later, Euler, 
Bernoulli, and others lodged at the quarters the academy provided for all 
the younger, unmarried academicians; the two fruitfully collaborated on 
some research in mathematics and physics. Despite small and temporary 
misunderstandings, Euler’s presence pleased Daniel Bernoulli, who fol- 
lowing the death of his brother Nikolaus had no other close colleague in 
Saint Petersburg. 

Since nearly half the members of the initial academy were in math- 
ematics and mechanics, these were the principal research subjects. As 
the first eight volumes of the Commentarii for the years 1726-41 show, in 
mathematics the areas were portioned among members: Mayer covered 
algebra, geometry, and spherical trigonometry, the last of which Euler 
would later put in its near modern form. Hermann studied integral calcu- 
lus, differential equations, elliptical conics, and solid loci in a Cartesian 
framework, while Bernoulli wrote articles on infinite series, recurrent se- 
ries, and the integration of differential equations. Goldbach considered 
integration, transformation series, and limits of infinite series. With the 
addition of Euler, mathematics and mechanics were to become the acad- 
emy’s forte and continued to be until his departure in 1741. Aside from the 
academicians there were other Baslers in Saint Petersburg; among them 
was Isaak Bruckner, who had left his position as royal geographer in Paris 
to be a mechanical artist and manager of mathematical instruments for 
the Petersburg Academy. Knowledgeable in mechanics, applied mathe- 
matics, and geography, he specialized in constructing terrestrial globes 
and maps. Euler had known him in Basel. 

Euler encountered a dynamic science academy enjoying a splendid 
era that possibly made it the foremost in Europe in mechanics and math- 
ematics. In this setting his genius flowered, steadied by a temperament 
that Hermann quickly recognized as prudent, objective in scientific dis- 
cussions and, though impulsive, reluctant to quarrel. For the academy and 
associated enterprises, Euler flourished in a multitude of tasks. Applying 
his powerful memorization and talent for languages, he quickly learned 
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to speak and write in Russian, which many other foreign academicians 
had thus far failed to do; Euler’s “Notebook” for 1727 contains notes on 
Russian grammar. At the conferences of the academy, he lectured on aver- 
age ten times a year, while others spoke from one to five times. Because 
academicians had dual roles in research and instruction, for several years 
Euler also taught classes in mathematics, logic, and physics at the gymna- 
sium and the university; throughout his career he was an enthusiastic and 
talented teacher. 

Euler sought to advance the academy’s goal of building an imperial 
cadre of Russian scientists to fill the institution, an effort that initially met 
with almost no success. Unlike universities, the academy encouraged its 
members to engage in a range of research and practical projects. It also 
charged Euler with many other duties: the tireless young colleague was an 
examiner for the cadet corps, and he helped develop tests for the commer- 
cial college, the office of weights and measures, and the Saint Petersburg 
tariff system. He participated in the operation of the sawmill and the fire- 
works of Andrej Konstantinovich Nartov,” the head of the academic work- 
shop. Nartov was well-disposed toward Euler and the two became friends. 
Euler also drew up a plan for a single-cylinder steam engine according to 
Papin’s principle with water boiled and condensed beneath the piston. 

On 25 July 1727, Euler presented a paper to the academy for the first 
time. The topic given him was the motion of water in tubes bent and 
inclined. In August of that year Bernoulli wrote to his Paduan colleague 
Giovanni Marchese Poleni about having hit upon a new “theory of the 
motion of water, which is very general . . . [and] had been sought by the 
cleverest geometers, but in vain ...; but what is even more remarkable 
is that at the same time this theory was found by a different method by 
Mr. Euler of Basel, student of my father, who will do him much honor.” 
In September the Russian Privy Council received a report on the work 
of the academicians and their plans. That Euler, expanding upon this re- 
search, presented to the academy the paper “De effluxu aquae” (Of the 
flow of water) was not mentioned. Among Euler’s paper’s thirteen topics 
was a new theory of water outflow from vessels, upright and bent, that 
was based on experiments; other leading subjects were water motion in 
fountains and the theory of sounds,” and Bernoulli added sections on the 
principle of the conservation of vis viva and the motion of elastic fluids. 
‘The two were assigned a series of problems in hydraulics, which were to be 
prominent in their early studies. Other members were also pursuing what 
would later be called hydraulics and hydrodynamics. 

Euler’s extensive publications in the Commentarii began in 1727 
with its second volume, in which he had three articles: one on reciprocal 
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trajectories in differential geometry, as it is now termed; one on the tau- 
tochrone in the field of mechanics, and one on the elasticity of air in the 
study of physics. Hermann, astonished at the superior genius that Euler 
displayed in differential geometry, was immediately taken with the young 
recruit. After his report to the academy in August 1727, Euler generously 
set aside classical hydrodynamics so as not to compete in his friend Ber- 
noulli’s primary field; the two did not collaborate on the subject for the 
next decade while Bernoulli was preparing his Hydrodynamica of 1738, 
which was essential to the creation of the subject. In their research the two 
men complemented each other. Bernoulli’s thinking was principally in 
line with physics; when it was possible, he wanted to avoid mathematics, 
and after obtaining a mathematical method to solve a physical problem 
usually did not further develop it. In contrast, Euler, who was primarily a 
geometer in the wide Enlightenment sense of the term, began his study of 
a physical problem by drawing upon its nature to formulate the particular 
mathematical algorithms needed to solve it; he then would proceed sys- 
tematically to advance and generalize these algorithms. As twenty-nine of 
the seventy-four volumes in the first three series of his Opera omnia attest, 
Euler—unlike Bernoulli—was taken with the speculative hypotheses in 
mechanics, optics, and analysis as well as proofs in number theory. Their 
shared research on hydrodynamics, however, made for some acrimony, 
which may explain why Euler did not engage in research on the subject 
for almost twenty years. 

The unexpected death of Catherine I threw the academy into a time 
of insecurity. In a palace revolt her chief minister, “the Goliath” Men- 
shikov, fell before the reactionary Old Believer Russian nobility hostile 
to Petrine reforms and was sent into exile. By September the Dolgoruki 
clan controlled Catherine’s named successor, twelve-year-old Peter II, the 
grandson of Peter the Great.*' Considering the academy an intrusion into 
Russian culture on the part of German, Swiss, and French aliens, failing 
to understand the importance of scientific inquiry, and believing that it 
subverted traditional Russian culture and the Orthodox faith guarded by 
its priests, the Old Believer nobles treated the institution with indiffer- 
ence and sometimes hostility. Governmental ministers among them with- 
held payments for it, delayed paying salaries, and froze funding for new 
positions. 

It is often believed that Euler, having not yet established his repu- 
tation and lacking independent income, sought another reliable funded 
position. Many older secondary works repeat the claim that on the basis 
of his Paris Academy accessit prize on ships’ masts and courses in physiol- 
ogy, he became a medic in the Russian navy. There is no record of this or 
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of rear admiral Pieter de Sievers’s alleged praise for his work. The navy, 
at any rate, was not a small enterprise in Russia. Employing the British 
model, Peter I had built it from exactly one obsolete vessel to forty-eight 
major warships comparable to the best in the British fleet, along with 787 
minor and auxiliary craft. The navy grew to more than 28,000 men. Russia 
quickly became the chief naval power on the Baltic Sea, and Saint Peters- 
burg was at the center of an expanding Russian shipbuilding industry 
during what became the fully transatlantic Enlightenment. 

While closest to Bernoulli and soon Goldbach, Euler benefited from 
working with Hermann. Yet Hermann, while comfortable in his well-paid, 
prestigious position, wanted to return home to Basel. After failing to gain 
the professorial chair in ethics in Basel in 1706 and in physics in early 1727 
(the latter of which Euler had also sought), he finally succeeded in 1727 
in obtaining through the faculty lottery the chair of ethics. Petersburg 
Academy officials refused to release Hermann from his five-year contract, 
so the University of Basel allowed a vicar to substitute for him until its 
conclusion. Euler profited from Hermann’s extra years in Saint Peters- 
burg; the two collaborated in studying and better resolving significant 
calculus problems (though their solution for the brachistochrone was mis- 
taken) and they worked together in developing differential equations for 
mechanics. Hermann helped introduce Euler to studies of the nature of 
heat and fire, which—along with the investigation of electricity, magne- 
tism, light, and color—were prominent among topics to which Enlight- 
enment savants in the sciences turned. Hermann and the Bernoullis had 
questioned the dominant phlogiston theory of combustion formulated by 
the German physician Georg Ernest Stahl. Phlogiston was supposed to 
be one of three types of earth comprising all matter, and substances rich 
in it were said to burn readily; flames were believed to be the whirling of 
phlogiston as it escaped. In Western Europe the phlogiston theory was to 
prevail until the 1770s, when the French chemist Antoine Lavoisier discov- 
ered oxygen and its role in combustion. But the Petersburg academicians 
had earlier challenged it; Hermann and the Bernoullis had developed in- 
stead a rudimentary mechanical theory of heat in which the movement of 
the smallest particles of matter produced it. Meanwhile, during the sec- 
ond half of 1727, Goldbach had developed a close friendship with Euler 
that survived the former’s temporary assignment to Moscow; initially he 
wrote to Daniel Bernoulli, but in October 1729 a steady correspondence 
with Euler began that lasted until 1764.° The bulk of the two hundred 
letters exchanged with Goldbach delineate Euler’s research and results in 
number theory, and to a lesser degree they deal with differential calculus 
and the theory of infinite series. 
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Seeking to push back the modernizing reforms of Peter I, nobles 
among the Old Believers, the starovery or staroobriadtsy, returned the capi- 
tal to Moscow in January 1728. When they moved they took with them 
the academy’s president, Blumentrost, continuing him in the influential 
position of royal physician. Blumentrost sent a letter to academy mem- 
bers expressing his continuing highest hopes for its success. Goldbach, 
the conference secretary in deed though not officially, also left to be the 
czar’s tutor. Hermann was ordered to write volumes in the Abregé de mathé- 
matiques, a textbook on elementary arithmetic for the young monarch. 
Delisle was ordered to write an introduction to astronomy; while he could 
include the Copernican system, he treated it cautiously, not wishing at 
this time to provoke the ire of the Holy Synod. Blumentrost and Gold- 
bach would not return until 1732, when Saint Petersburg again became 
the capital. 

With the departure of Blumentrost the government granted his friend, 
the despotic and crude Schumacher, nearly unlimited authority over the 
academy as director of its chancery.* Except for being stripped of the 
position for a year in 1742-43 he served continuously until his retire- 
ment in 1759. Coming from Colmar in Alsace, Schumacher had studied 
in Strasbourg; he joined the service of Peter I, purchasing private librar- 
ies and equipment for the czar, and assisted Blumentrost in planning the 
academy—particularly its library. An assiduous and inventive bureaucrat, 
Schumacher now applied new methods to control academy members. Life 
was not secure even at the academy. Once, upon returning from travels, 
Schumacher found that his private cabinet of goods had been looted. 
He benefited from free postage, which was a privilege of the academy, 
but to strengthen his position over the academy Schumacher arranged 
to have intercepted and reviewed whatever foreign correspondence was 
sent through the chancery. To maintain control, Schumacher attempted 
to set leading members against one another; he plotted to put Bilfinger 
and Bernoulli to arguing, but later efforts to have Euler oppose Bernoulli 
failed. Schumacher’s scheming made senior members Hermann and Bil- 
finger eager to leave, but by employing tact and diplomacy Euler fended 
off Schumacher’s behavior toward him. 

In 1728 the academy, despite attempts by Old Believer nobles to ob- 
scure it, lost no members and recruited with a fellowship the nineteen- 
year-old German chemist, natural historian, and geographer Johann 
Georg Gmelin, who had studied under Bilfinger and Duvernoy at the Uni- 
versity of Tiibingen and received a medical degree. That year the academy 
finally acquired a printing press from Holland and started publishing its 
proceedings, the Commentarii. Its first volume, issued in 1728, consisted of 
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papers delivered two years earlier; that year Euler had submitted a paper 
on elastic curves, “Solutio problematis de invenienda curva, quam format 
lamina utcunque elastica insingulus punctis a potentiis quibuscunque sol- 
licitata” (Solution to the problem of finding curves which are formed by 
an elastic band when a force is applied to a single point, E08), and Bil- 
finger had won the Prix de Paris on the topic of the cause of gravity. Euler 
was apparently continuing research begun in Basel on treating several 
curves in a unified way; he presented differential equations for elastica 
and some mechanical curves then popular, together with the catenary (a 
cord hanging between two points having the lowest center of gravity), 
the velaria (the figure given by a perfectly flexible cord with a uniform 
normal pressure load), and the lintearia (the shape of a cylindrical cloth 
when filled with water). 

As part of the academy’s effort to reach a wider public, Euler gave 
open lectures on logic and mathematics. At the academy Schumacher 
also oversaw the founding of the Russian- and German-language newspa- 
per Sankt Peterburgskie Vedomosti (Saint Petersburg gazette), issued twice 
weekly and begun in 1728 to inform literate Russians about current events 
in Russia and the world; there was also a supplement, the first journal 
in Russian, the Primechaniya k Vedomostyam (Notes to the gazette), which 
covered various new scientific advances in Russia, including such Western 
ideas as gravitational attraction. Euler probably wrote some of the anony- 
mous articles for it, and he reviewed for acceptance papers submitted by 
others, including an article on the quadrature of the circle; Schumacher 
had recruited Miller to be the editor of the two new periodicals. The 
initial failure of both journals apparently led to a break in 1731 between 
Schumacher and Miller, the latter of whom had already become a mem- 
ber of Euler’s close circle of friends. 

With the academy now possessing a printing press, and with per- 
mission to include Copernican astronomy in teaching the young czar 
Peter II, Delisle, Bernoulli, and Hermann led an effort to spread the 
heliocentric theory in Russia. They were not the first to do so, but this 
course of action was dangerous, especially given their public stature. 
In seventeenth-century Russia even arithmetic and geometry had been 
branded as “magic” and excluded from school curricula. The first at- 
tempt to introduce Copernican heliocentric astronomy into Russia, a 
manuscript from 1661 of a translation of Johan Blaeu’s Atlas novus, re- 
mained unpublished until around 1724. Thus, the first book in Russian to 
describe Newtonian cosmology was the translation in 1717 of Huygens’s 
Cosmotheoros, which had appeared in French in 1702 under the title Nou- 
veau traité de la pluralité des mondes; it was superior to Fontenelle’s Mondes, 
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for it included Newtonian science. The Cosmotheoros began with the bold 
declaration that “our world is not the center of the universe. . . . [It is] like 
the other planets and revolves around the sun.”® Mikhail Avramov, the 
pious director of the Saint Petersburg printing office, along with other 
dogmatic Old Believers, considered author and translator Jacob Bruce 
to be an atheist and the book an invention of the devil. While the Old 
Believers were persecuted by the Holy Synod founded by Peter, it and 
censors of the Russian Orthodox Church, possessing a firm hold over 
publications, rebuffed Delisle, Bernoulli, and Hermann; they prohibited 
the printing of all articles by Bernoulli and Hermann as well as books 
on Copernican astronomy and writings by Delisle on the rotation of the 
Earth, even by the academic press, and attacked science as the work of 
the Antichrist. Nonetheless, the academy had its relentless champions; 
especially combative among them was Kantemir, whose Satira (Satire I, 
1729), circulated in manuscript form, ridiculed obscurantist opponents 
of Copernican astronomy. 

Although belonging to the camp of Delisle, Hermann, Bernoulli, 
and Kantemir, Euler differed sharply with many leading philosophes of 
the French Enlightenment led by Voltaire, who was a major opponent of 
the superstitious element in religion. In Euler’s Enlightenment stream, as 
was the case in the British North American colonies that would become 
the United States, piety and science were not at odds.*’ The Scriptures 
inspired the devout Euler, who perceived a harmony between written rev- 
elation and natural phenomena. He knew, of course, that the sciences had 
their own major contradictions and paradoxes and likely saw the opposi- 
tion to Copernican astronomy as such a case in religion; generally avoid- 
ing confrontation, he did not challenge the Orthodox clerics at this time. 
But as the debate over Copernican astronomy continued in Russia during 
the 1730s, he was to take a more public position regarding it. 

In November 1727 Euler had sent a letter to his old teacher Johann I 
Bernoulli beginning a correspondence of nearly two decades’ duration.™ 
To July 1730, the two exchanged nine letters; of these, six were from Euler. 
Most of the correspondence with his mentor was in Latin, which they con- 
sidered the language of learning. The Latin salutations by Bernoulli show 
a growing respect for his student, who is addressed in 1728 as “Doctissimo 
atque ingeniossimo Viro Juveni” (the most learned and ingenious young 
man of science), and in 1729 as “Viro Clarissimo ac Mathematico longe 
acutissimo” (the most famous and learned man of mathematics). 

Their letters begin with Euler’s reference to trajectories, the difficulty 
of the mathematical investigation of fluid motion, and his dissertation 
on sound. Only briefly does Euler mention, “By chance [I found myself] 
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struggling with the function y = (-1)*.” Determining its graph was “ex- 
tremely difficult .. . for it is sometimes positive, sometimes negative, and 
sometimes imaginary, so it seems to me that it does not make a steady line 
but rather infinitely many points spaced equally as 1 unit on either side 
of the axis.”® The function reappears in the second, third, and fifth letters 
between them. In January 1728 Johann I Bernoulli commented on Euler’s 
investigations of fluid mechanics and the velocity of sound before adding 
that the sum of the infinite series y = (-1)* is 1.” Bernoulli asked Daniel 
for a copy of the article by the Swiss engineer Nicolas Fatio de Duillier 
on centers of oscillation and percussion with projections of cannon shots, 
and announced that he had sent the Petersburg Academy of Sciences his 
paper on the conservation of vis viva. 

In December 1728 Euler revisited the controversial topic of loga- 
rithms of negative numbers. In a twelve-letter correspondence in 1712-13, 
Gottfried Leibniz and Johann I Bernoulli had debated what these were; 
Leibniz had argued that log (-1) does not exist, while Bernoulli had held 
that log (-x) = log (x). Euler was disinclined to accept Bernoulli’s position, 
which seemed to him contradictory; initially he thought the logarithms of 
negative numbers to be imaginary. His calculations led by December 1728 
to log (-1) = i, thus refuting both Leibniz and Bernoulli, though without 
proof.’’ Here the symbol z represents the ratio of the circumference of a 
circle to its diameter, and 7 is the imaginary unit /-1. Euler had not yet 
settled on the symbol 7 for this value. While the number -1 is a real num- 
ber, its square root takes us abruptly outside. Thus, for the square root op- 
eration, the real numbers are not complete. Imaginary numbers, a name 
given by Descartes in his Géométrie, refer to what we today call complex 
numbers, which are complete under the normal arithmetic operations of 
addition, subtraction, multiplication, division, or finding any root. When 
these operations are applied to complex numbers, the answer will always 
be a complex number. For Euler, who developed them in his imagination, 
the term imaginary was especially appropriate. 

In April 1729 Bernoulli promised to answer fully Euler’s objection 
to the claim that log (x) = log (-~). If this equality were true, Euler knew, 
log (-x) would equal 0, as it does when x = 1. Euler found unsatisfactory 
Bernoulli’s argument that log(-x) is in all cases real, while log /(-x) is 
imaginary, but he did not push the subject further since Bernoulli wanted 
to drop it. This was not the last Euler heard of logarithms of negative 
numbers, for d’Alembert later independently came to the same conclusion 
as Bernoulli. 

Euler was now also investigating problems in what became two cen- 
tral branches of calculus: differential equations and the classical calculus 
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of variations; he would come to be considered the principal inventor of 
both. At this point, though, he emphasized differential equations. Pos- 
sibly as early as 1727, but more likely in 1728-29, Euler wrote an undated 
thirty-page manuscript, titled “Calculus differentialis,”"” that outlined 
ideas to be fleshed out later in his Introductio in analysin infinitorum (Intro- 
duction to the analysis of the infinite, 2 vols., 1748) and Institutiones calculi 
differentialis (Foundations of differential calculus, 2 vols., 1755). Not to be 
confused with these books, his manuscript was probably for instruction in 
the academic university, where he lectured on the subject; he was not yet 
influential enough to have it published. He may have also considered it an 
unfinished text and would later see its rules and concepts change. Euler’s 
manuscript is not very satisfactory; its brevity possibly comes from his 
believing that his students were not adequately prepared. An important 
step in overcoming what was lacking in the education of students was for 
the academy to establish a translation office and print Russian versions 
of important mathematical texts. This would not come about until after 
Euler left the academy in 1740. 

“Calculus differentialis” recognized that developing a theoretical un- 
derpinning for the new calculus was under way. A crucial issue that Euler 
addressed for nearly thirty years following, if not longer, was defining ex- 
actly the relationship between infinitesimal, finite, and infinite quantities. 
The proper handling of infinitesimals in calculus would be a matter of dis- 
pute. The infinitely small gained less attention in “Calculus differentialis” 
than in Euler’s later books and was not generally treated, but the manu- 
script warned against errors that would arise if final, complete expressions 
incorrectly omitted these quantities. He discussed a first set of rules for re- 
moving higher order infinitesimals. Guillaume-Francois-Antoine, Marquis 
de L’H6pital’s Analyse des infiniment petits (Analysis of the infinitely small, 
1696) seems to have been Euler’s source of rules for operations with the 
infinitely small or differential by which a variable continuously changes. 
He closely followed Johann I Bernoulli’s definition from an article for 
the Paris Academy of Sciences in 1718, whose text opens by describing 
a function as “One quantity composed somehow from one or a greater 
number of quantities.”” Thus, from the start Euler’s functions had several 
variables; he represented these with the last letters of the alphabet, and 
constants with the beginning letters; this would become standard prac- 
tice. The phrase “composed somehow” embraces arithmetical operations, 
inversions, root extractions, the finding of logarithms, and combinations 
of these. Euler’s manuscript classifies functions as either algebraic or tran- 
scendental; within the transcendental class Euler put only logarithms and 
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exponentials, not yet trigonometric half chords and chords, as he would 
later do. Until he made them of equal status, he considered exponentials 
only as the inverse of logarithms. 

The years from 1727—44 were a transitional time for Euler as he moved 
from geometry to infinitary analysis, partly in developing a general con- 
cept of function based on additional operations.“ This was part of an 
ongoing dispute over the foundations of calculus. In accepting finite and 
infinite magnitudes as basic and following an intuitive approach, Euler 
was traditional. A sound treatment of arithmetical differences came only 
in the next century with the theory of sets. Throughout his efforts, Euler 
adapted methods and operations to problems that he faced. His stressing 
of functions and moving them to the heart of analysis clearly broke with 
ancient and medieval mathematics and represented the modern. Euler 
began to provide rules for the calculus of finite differences—rules that had 
been either mistaken in or largely absent from the writings of his prede- 
cessors. Developing a full set of rules would take almost thirty years. He 
sought an algorithm for applying the calculus of differences to simple 
classes of functions so that the field could serve as the basis for all of dif- 
ferential calculus. His manuscript “Calculus differentialis” proposes the 
sign 2 for summation, for differences the symbols Ay, A’y, and A¥y, ..., 
and for the increases in quantities a, b, c, ... the corresponding Greek 
letters, «, 8, y,..., while his article “De infinitis curvis eiusdem generis” 
(On infinitely many curves of a given kind, E44), written in 1734 but pub- 
lished six years later, almost accidentally expresses the function of a lin- 
ear expression x/a + b with parentheses as f(x/a + 6). He replaced Johann 
Bernoulli’s fof x with the symbol f(x);” it took decades for this notation 
to gain acceptance. 

A synthesis of ad hoc results from his collaboration in 1727 with Jo- 
hann I Bernoulli and Hermann and his own original ideas underlay the 
first phase of Euler’s contributing several fundamental concepts, compu- 
tations, and advances to the development of calculus. A second phase 
after 1740 transformed these into a semigeometric stage of the classical 
calculus of variations. Variational theory studies extrema; in David Hil- 
bert’s modern viewpoint, “Given a set of mathematical objects, a, b,c, .. . 
and a relation so that each element a is associated with a real number W,, 
then look for the element or elements which have a minimal or maximal 
associated number . . . if there is any.” As elements Euler had curves or 
functions—generally expressed by definite integrals—usually called func- 
tionals; he did not have modern abstract definitions. He had to find as- 
sociated maxima and minima values, and gave detailed explanations for 


76 Chapter 2 


these. Currently, the more appropriate title for this field is in the narrow 
sense the calculus of variations, because variations or differentials of func- 
tionals involve more than extrema. 

In perhaps his most famous homework assignment, Johann I Ber- 
noulli had asked Euler, probably in 1727, to find the general methods and 
differential equations giving the shortest line between two given points 
on any surface.”’ Bernoulli had only ad hoc solutions. Such problems in 
what became the calculus of variations had ancient origins. They have 
been traced to at least the Dido Isoperimetric Problem of finding the larg- 
est area enclosed by a given length for the perimeter. Virgil had stated 
this problem in the Aeneid; in the translation by John Dryden, it appears 
in book 1. As the story goes, Dido had fled Tyre to begin Carthage. She 
was given the problem of obtaining the largest possible area enclosed by a 
curve of given length; the answer is a circular curve. Since Carthage bor- 
ders on the sea, the original problem may have been to find a circular arc 
rather than a circle. Although it is not in Euler’s own handwriting, a copy 
of the eight-page manuscript containing his answer has been preserved in 
Moscow. 

Responding to Bernoulli’s request, Euler wrote his first published 
paper in this field, the twelve-page “De linea brevissima in superficie qua- 
cunque duo quaelibet puncta iungente” (Concerning the shortest line [or 
curve] on any surface by which any two given points can be joined to- 
gether, E09), which appears in volume 3 of the Commentarii (1728) and 
was printed in 1732.” Consisting of thirty-six paragraphs, it notes that 
Johann I Bernoulli had posed for Euler the project of constructing gen- 
eral methods for finding equations for the shortest lines or curves on any 
surface. The material from the fourteenth to the last paragraph reads like a 
worksheet showing how Euler reached his conclusions; the reader gets to 
see him at work.” The paper indicates that the shortest line between two 
points in a plane is a straight line and a great circle in a sphere. Euler de- 
rived the two second-order differential equations that furnish minimizing 
lines or curves on cylinders—conoidal, or cone-shaped—on surfaces, and 
on surfaces of revolution, providing solutions to equations that are inte- 
grable; he also discussed some special cases. “De linea brevissima” thus 
begins to set out the analytical foundations for the calculus of variations. 
For convex surfaces, Euler also described what he terms a “mechanical 
solution” by stretching a string or chord between the two points; another 
hand wrote on the manuscript the completion date, November 1728. In 
December, a letter from Bernoulli on geodesic curves again asked Euler 
to find a general equation giving the shortest curve on a surface.” The 
following February Euler supplied the differential equation being sought, 
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a development that supports the manuscript date given here." Solving 
these problems led to his founding of the semigeometric stage of the clas- 
sical calculus of variations. 

Euler had another reason for creating the field. In a paper of 1727 for 
volume 2 of the Commentarii titled “Theoria generalis motuum” (General 
theory of motions), Hermann had given a mechanical solution to prob- 
lems of shortest distances or times using three-dimensional coordinates 
and had attempted to improve upon the solutions by Jakob and Johann 
Bernoulli of the brachistochrone problem; Hermann’s solution was in- 
correct, a fact that Euler did not point out until 1731. Euler thought the 
problem important, and over the next decades devised new solutions, 
but he did not yet in 1728 display a continuing interest in inventing the 
semigeometric stage of the classical calculus of variations. In May 1729, 
Euler gave three ways to integrate second-order differential equations, 
while a letter in October gave findings on the tautochrone and isochrone 
curves with relations between second- and first-order differential equa- 
tions. In 1730 Euler provided a first-order differential equation for the 
tautochrone curve. 

Even before Euler arrived in Saint Petersburg, Daniel Bernoulli and 
Christian Goldbach had pursued problems of interpolating two particular 
sequences, that of the factorial numbers, 1, 2, 6, 24, 120, 720, ..., which 
they called the “hypergeometric progression,” and the question of partial 
sums of harmonic series 1, 3/2, 11/6, .... Probably motivated by efforts to 
develop a differential calculus of fractional order, they sought to general- 
ize factorial n!—that is, to provide an expression for nonintegral values of 
n, but these problems stumped them. Having fractional values of n well 
defined, Euler consequently interpolated the sequences. Making exten- 
sive computations with numerous identities, transformations, and daring 
integrations and following a process akin to interpolating the factorial 
progression led him to invent a mathematical object, later known as the 
gamma function, I'(n) = (n - 1)!, which extends the factorial to complex 
numbers. With this development the twenty-two-year-old Euler quickly 
solved both problems.” In October 1729 Euler wrote to Goldbach, “Most 
celebrated Sir, I have been thinking about the laws by which a series may 
be interpolated [that is, the sequence of values falling between its defined 
whole number sums]. ... [Daniel] Bernoulli suggested that I write to 
you” and reported that he had its solution.” That solution and his com- 
putations of n! for nonintegral values and integrals that produce it led to 
Euler’s invention that year of the gamma function.™ It appeared in his 
article “De progressionibus transcendentibus, seu quarum termini gene- 
rales algebraice dari nequeunt” (On transcendental progressions, or those 
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for which the general term is not given algebraically, E19) and developed 
it in the sequel “De summatione innumerabilium progressionum” (Con- 
cerning the summation of innumerable progressions, E20).* In December 
1729 Goldbach reviewed the gamma function, and in a letter the next year 
Euler outlined his integral methods in calculating it; he was roughly a 
century ahead of his time. Only in the nineteenth and twentieth centuries 
would the gamma function appear in many formulas and have extensive 
applications in solving problems in mathematics and mathematical phys- 
ics—among others, in complex variables, Laplace transforms, probability, 
and fractional derivatives, the last of which was another discovery that 
Euler had made at the end of the first of these three papers. 

Number theory, its connections with other fields of mathematics, and 
the aesthetic appeal its abstraction held for him—particularly the beauty 
he found in Pierre de Fermat’s conjectures—began by 1728 to produce in 
Euler a profound fascination with the subject. This appears to be mainly 
independent of the Bernoullis, for none after Jakob showed any great in- 
terest in number theory. Encouraging the recovery of Fermat’s conjectures 
and obtaining proofs for many of them, contributing to second-degree 
Diophantine equations, and formulating more important principles for 
the field than had all of his predecessors combined, Euler vitalized and 
essentially re-created number theory, preparing the way for Carl Friedrich 
Gauss. In later deriving without proofs the equivalences of the prime num- 
ber theorem and the law of quadratic reciprocity—the two fundamental 
theorems of the field—Euler glimpsed what he called its inner Herrlichkeit, 
or splendor. First, however—by early 1728 and probably at the instigation 
of Johann I Bernoulli—Euler had turned to investigating the challenging 
Basel Problem, summing exactly the infinite series of the reciprocals or 
inverse of square integers 1 + 1/2? + 1/3 + 1/47 +... , now known as (2); 
the zeta symbol was to come later from Bernhard Riemann. 

The Basel Problem was not new; the Bolognese mathematician Pietro 
Mengoli had posed it in his Novae quadraturae arithmeticae of 1650. Its name 
comes from Jakob Bernoulli’s Tractatus de seriebus infinitis (Treatise on infi- 
nite series), which in 1689 first made it widely known among mathemati- 
cians, though its solution long eluded them. Resolving the Basel Problem 
was thought as important as Leibniz’s summing in 1674 for the arctan x 
for x = 1, obtaining 1 - 1/3 + 1/5 - 1/7 +... = 7/4.% The connection with 7 
was a major achievement. The slow convergence of the infinite series of the 
reciprocals of the square integers was difficult to overcome. John Wallis’s 
Arithmetica infinitorum of 1656 had summed (2) to three decimal places as 
1.645. Through a term-by-term comparison of related series, Jakob Ber- 
noulli confirmed that (2) must be less than 2. Decomposing the infinite 
series in the Basel Problem, Bernoulli sought to improve upon Wallis’s 
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approximation. Among others, Huygens, Leibniz,*” and the older Ber- 
noulli brothers, along with Nikolaus I Bernoulli, James Stirling, and Abra- 
ham de Moivre, had failed to find an exact solution. In August 1728 Daniel 
Bernoulli wrote to Goldbach that he had approximated the sum to be “very 
nearly 8/5.” The next January Goldbach computed ¢(2) - 1 more closely, as 
falling between 16,223 = 25,200 and 30,197 = 46,800, or 0.6437 and 0.6453, 
respectively. Put into simpler fractions, his upper and lower bounds were 
1 16/25 = 1.64 < ¢(2) < 1 2/3 = 1.66... . Now it was Euler’s turn. 

By 1729 young Euler had reckoned the sum of the Basel series to ap- 
proach 1.644924, which is correct to six decimal places. He was thus more 
accurate than his colleagues and pretty nearly had the exact sum, which 
he soon found to be z’/6. But the sum had not yet been linked to z. To 
find a more precise answer, he recognized, he could not fruitfully attack 
the problem directly. Summing the first hundred terms of the reciprocals 
of the squares gives 1.63498, and the first thousand gives 1.64393. The 
first figure is accurate only to one decimal place and the second to two. 
Instead of conducting a direct assault, Euler ingeniously derived an al- 
ternative expression for the Basel series. In a 1730 letter to Goldbach, he 
reported that he had found the functional equation of ¢(2) = (log2)’+ Xf 1/ 
(n? 2”").® The formula was a breakthrough, for with the term 2”" in the 
denominator the new series converges far more rapidly than that of the 
inverse squares, though still slowly. Such transformations were employed 
principally to make divergent series with alternate signs and a regular 
progression turn into sluggishly convergent ones. As done here, the rule 
could also be applied to a convergent series to make it converge more 
swiftly. This was important in making summations, and this work sug- 
gests recognition of the importance of convergence and the rate of con- 
vergence. Notably, it encouraged Euler to compare integrals with infinite 
series. Responding to inquiries about the one-half place and the three-half 
place, Euler proceeded to interpolate partial sums of the harmonic series 
H, = 1, 1/2, 1/3, 1/4, 1/5, 1/6, .. . 1/n; this gives the total for the first, 1; 
the second, 3/2; and the third, 11/6. . . . This work deftly joins geometric 
and logarithmic series, improper integrals, and termwise integration, al- 
beit without proof of its existence, along with his skillful manipulation of 
symbols, seeking an alternative expression of the series. 

Euler’s work with Fermat’s conjectures, which was among the vital 
stimuli of his passion for number theory, first began in 1729 when he read 
Fermat’s Varia opera mathematica (1679), and perhaps John Wallis’s Com- 
mercium epistolicum (1658). In October 1729 Euler began his correspon- 
dence with Goldbach by asking questions leading to the achievement of 
Euler’s own beta and gamma functions with interpolations of infinite se- 
ries, including a slowly converging series whose product gives the sum 
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of the hypergeometric sequence 1, 2, 6, 24, 120, .. . for factorial numbers 
n!. He had not yet discovered lemmas connecting these series with loga- 
rithms. To this point, his reading of Fermat seemed only cursory. Then 
a postscript to a letter from Goldbach in early December 1729 further 
prompted Euler’s labors in number theory: 


Notae Tibi est Fermatii observatio omnes numeros hujus formulae 
21 + 1, nempe 3, 5, 17, etc. esse primos, quam tamen ipse fatebatur se 
demonstrare non posse, et post eum nemo, quod sciam, demonstravit. 


Is Fermat’s conjecture known to you, that all integers 27"! + 1 [for n = 1, 
2,3,4,...], that is 3, 5, 17, etc. are prime numbers, but he did not claim 
that he could demonstrate it, nor, as far as I know, has anyone else been 
able to prove it?” 


Goldbach asserted that by himself he too could not prove this; in his next 
letter, Euler admitted the same. 

After failing over the preceding decade to engage others in number 
theory—even Daniel Bernoulli, to whom he posed Diophantine prob- 
lems—Goldbach had turned to Euler.” His wish would be fulfilled beyond 
what he could have imagined; Euler’s profound work in number theory 
would fill four volumes of his Opera omnia, and these accomplishments 
alone are enough to make him significant in the history of mathematics. 
Responding to a query from Bernard Frénicle de Bessy sent through Mer- 
senne in 1640, Fermat had posited the preceding conjecture; lacking a 
proof, he asked Wallis and other English mathematicians to provide one. 
Euler’s terse reply to Goldbach in January 1730 gave little hint of what 
was to come; he remarked that Fermat had found this speculation by in- 
duction. Euler confirmed that 2” +1 is prime for n = 0, 1, 2, 3, and 4 and 
noted that a table of prime numbers extending beyond 100,000 has no 
case when a number has this form. But he observed that Fermat had not 
gone to n = 5. The closing statement of his letter, “I have been able to dis- 
cover nothing about the conjecture noticed by Fermat,”*' suggests that for 
the moment he considered the problem a distraction. In June of that year 
Goldbach stated that he had not yet read Fermat’s works but urged Euler 
to do so; Euler had already started on them. 

The two men were to correspond over the next thirty-five years, writ- 
ing almost two hundred letters. While not a leading mathematician, Gold- 
bach was the most influential within Euler’s circle in encouraging him 
to pursue number theory, persistently posing substantial problems that 
required difficult solutions and keeping him working steadily on the sub- 
ject. Euler’s responses would be among his first achievements. 


April 1727 to 1730 81 


Shortly after Euler arrived in Saint Petersburg, Delisle had recruited 
him to collaborate in work at the observatory but not to act as an ob- 
server until trained. Astronomy was to gain increasing attention from 
him.* From his first visits to the observatory, he noticed that clocks were 
running at different rates. He worked on their regulation and took at the 
start Huygens’s design for a pendulum clock as a model for an accurate 
chronometer. Reliable records of lunar and solar eclipses were important 
for checking the accuracy of measurements of longitude. The Sankt Peter- 
burgskie Vedomosti, reporting the latest information from the Petersburg 
Academy of Science observatory in August 1728, noted that the entire 
mathematical department witnessed a complete lunar eclipse. In Septem- 
ber the permanent members of the observatory—Delisle, Krafft, Meyer, 
and the French instrument maker P. Vignon—made more detailed observa- 
tions of a lunar eclipse. The next month Delisle observed the occultation, 
or conjunction, of Venus as it disappeared behind the disc of the moon. 
Having thirteen-, fifteen-, and twenty-three-foot telescopes, he employed 
the longest in an attempt to minimize optical defects; his chief purpose 
was to determine whether the moon had an atmosphere. The refraction 
of light in blues and reds from Venus and the absence of a vaporous sur- 
rounding for the moon blocking the view of Venus just before conjunc- 
tion suggested to Delisle that the moon in fact had no atmosphere. But 
his Parisian colleague Jacques Louville argued for the existence of a lunar 
atmosphere, which Euler accepted. In 1729 Euler studied different conjec- 
tures on the nature of polar aurora. 

As the astronomical findings of Euler, Gmelin, Krafft, and Weitbrecht 
were reported in the Primechantya k Vedomostyam and became more popu- 
lar, the academicians formed a society that met every Saturday evening at 
Schumacher’s house to decide on what themes their articles should take 
up; their topics included the ebb and flow of the tides, finding longitude 
at sea, and the rise and fall of the River Neva. Euler’s article on the tides in 
the November Primechaniya k Vedomostyam generally coincides with the ar- 
guments in numbers 62-67 of his Lettres d une princesse dAllemagne (Letters 
to a German princess). This article also contains his first criticism of Des- 
cartes’s ideas—in this case on a lunar whirlwind’s influence on the tides.” 
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Departures, and Euler in Love: 
1730 to 1734 


L ate in 1729 the Russian nobility officially announced the engagement 
of “the boy czar” Peter II to Princess Anastasia Dolgorukaia. But 
the succession to the throne would again change quickly. Early the next 
year while preparing for the wedding in Moscow, Peter died suddenly 
from smallpox; he was not yet fifteen. Peter II ended the line of the Ro- 
manovs through male succession. Anna of Courland was the daughter of 
Ivan, a half-brother of Peter the Great. When she succeeded the young 
czar, the Petersburg Academy of Sciences began to regain royal favor; 
she had ascended to the throne with the aid of the reformist Archbishop 
of Novgorod, Feofan (Theophan) Prokopovich, and the aristocratic poet 
Antiokh Kantemir. Powerful Russian magnates attempted to restrict her 
powers but failed, for she was popular with the imperial guard and the 
educated German lesser nobility. As Anna surrounded herself with for- 
eign nobles, especially Baltic Germans, the Russian boyars lost favor at 
court, and she continued Peter I’s modernizing efforts. 

For ten years the German Ernst Johann von Biron (or Biren, or Bith- 
ren), the empress’s lover, and his clique controlled the government in what 
became known as the Bironovschina. Police persecutions and thousands 
of executions darkened this period, known as the time of the German 
Yoke. In the academy, the arrogance of some German members provoked 
resentment among students and translators, but the material fortunes of 
the academy improved, and in 1732 Anna returned the capital to Saint 
Petersburg. One sign of her support for the academy came in 1730: when 
Jakob Hermann left, Anna awarded him a lifetime pension of two hun- 
dred rubles annually. 

Hermann returned to the University of Basel to take up the chair of eth- 
ics that had been offered him three years earlier. Hermann never attained 
the position that he desired in mathematics, the post that Johann I (Jean I) 
Bernoulli continued to hold, and two years after returning to Basel he suc- 
cumbed to a fever. In 1730 Georg Bernhardt Bilfinger went back to Tubin- 
gen; the new duke, Karl of Wirrtemberg, had invited him to be a military 
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and state council official. Shortly before leaving Saint Petersburg, he and 
Daniel Bernoulli made peace and the rift between them was mended.! 

In 1730, Daniel Bernoulli succeeded Hermann in the prestigious po- 
sition of professor of higher mathematics, although with a salary of only 
one thousand rubles (half what Hermann had received); Leonhard Euler, 
who was to replace Bilfinger, received a new four-year contract at four 
hundred rubles a year for the first two and six hundred yearly for the re- 
mainder. He was also granted sixty rubles annually for housing, wood for 
heat and cooking, and candles for light.? In 1731 the academy officially 
named Euler, now twenty-three years old, to fill Bilfinger’s professorial 
chair of physics and continue as a full-time member. 

One of Euler’s first tasks was to carry out assignments for the naval 
academy. An early job was to provide (in September 1731) an expert eval- 
uation of lieutenant Stepan Malygin’s booklet Navigation nach der Carte de 
Reduction (Navigation according to the small scale map). Euler found it 
rich in the ways it treated problems, and a “useful [work that] could serve 
as a textbook.’ The Petersburg academicians were expected to give a few 
reports annually at the twice-weekly conferences. Until his departure in 
1741, Euler averaged ten reports a year, double the highest number sub- 
mitted by any other scholar. Clearly Daniel Bernoulli and Euler surpassed 
their predecessors in scientific achievement, but the academy suffered 
from its inability to fill positions that opened when senior members, in- 
cluding Hermann and Bilfinger, and later Bernoulli, left. After 1731 a six- 
year break occurred in Euler’s documented correspondence with Johann 
I Bernoulli, which perhaps suggests his satisfaction in Saint Petersburg, 
an absorption in research and, after 1733, his shifting to a regular cor- 
respondence with Daniel Bernoulli, who had by then returned to Basel. 
Apparently, however, some letters to Johann I during this period were 
simply lost. 

In 1730 Euler continued his study of anomalous polar auroras. His 
articles that year in the Primechaniya k Vedomostyam (Notes to the gazette) 
of the Academy of Sciences in Saint Petersburg rejected the Aristotelian 
explanation, saying that it dealt “more with empty words than with reason 
and real concerns,” as well as the associated Cartesian description, which 
Euler declared to be “no longer considered of any significance.”* He also 
discarded the most popular idea of the time: that the polar lights reflected 
the eruptions of volcanoes upon the breaking up of ice. Euler examined 
all explanations for the lights and found none convincing; he proposed 
further investigation of their frequency in sharply changing weather con- 
ditions. These studies had to be anchored in recognizing the “universe for 
what it truly is . . . a real chemical laboratory.” In 1730, through its study 
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of auroras together with initial observations of sunspots, the academy in- 
creased its activity in exploring weather, the nature of the atmosphere, 
and interconnections with solar activity. 

At this time a combative facet of Euler’s personality began to emerge 
at the academy; the subject of the dispute was his salary. Throughout his 
career, he strenuously negotiated his income; in 1731 the genial Euler, 
who had always been known for his calm disposition, became angry with 
Laurentius (Lavrentii) Blumentrost and Johann Schumacher. That Jo- 
hann Georg Gmelin, Georg Wolfgang Krafft, Gerhard Friedrich Miller, 
and Josias Weitbrecht, who had received lesser salaries previously, were 
proposed for professorships, each with a salary of four hundred rubles— 
the same as his—upset Euler. His annual income, moreover, was frozen 
for two years. On 23 June 1731, Euler complained sharply to Schumacher, 
“Tt seems to me that it is very disgraceful for me, that I, who up to now 
have had more salary than the others, shall now be set equal to them... . 
I think that the number of those who have carried [mathematics] as far 
as I [have] is pretty small in the whole of Europe, and none of them will 
come for 1000 rubles.”’ 

Euler’s seven published articles had already begun to set him apart 
from the others, but on the basis of these alone, his argument was a bit 
bold. Because of his salary and other reasons, Euler had some strained 
relations with Schumacher, who advised Blumentrost not to make any 
concession to Euler lest he become impudent. By keeping the salary of all 
five at four hundred rubles, instead of offering Euler the five hundred that 
he requested, Schumacher won this round. But as Euler’s reputation grew 
he was to become a tougher salary negotiator, successfully arguing for 
raises in both 1735 and 1741. But in 1731 he avoided public disputes with 
Schumacher; young Euler attended parties given at the Schumachers’ 
house, and the invitations contributed to the forming of a research circle 
around Euler. 

The articles in the Petersburg Academy of Sciences’ Commentarii show 
Euler’s emerging primacy. Of the thirteen articles on mathematics in vol- 
ume 5 (for 1730-31, but not published until 1736), eleven are by Euler 
and two by Daniel Bernoulli. Krafft, who was central within the research 
group, grew closer to Euler. 

Throughout the 1730s Euler had teaching as a regular duty. The acad- 
emy’s course catalog for 1732 had Joseph-Nicholas Delisle teaching astron- 
omy, Daniel Bernoulli elementary geometry, and Leonhard Euler physics. 
These were only a few of the available courses. Euler lectured from ten to 
eleven on Monday, Wednesday, and Thursday, and on Saturday he added 
experiments demonstrating physical laws. Among the faculty, he alone 
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listed a textbook for his course, Willem ’sGravesande’s Physices elementa 
mathematica, an introduction to Newtonian science that had first appeared 
in two volumes in 1720 and 1721. Euler seems not to have known the 
author directly. ’sGravesande, the foremost expositor of Newtonian sci- 
ence on the Continent, made Leiden a citadel for it. His physics courses 
did not, for the most part, include mathematics. (Despite its title, Physices 
elementa mathematica, his text contained scant mathematics.) The courses, 
which were conducted much like salons, became popular, and among 
the attendees would eventually be Voltaire. In his lectures using ’sGrave- 
sande’s book, and in his experiments, Euler must have added mathemat- 
ics. Until Daniel Bernoulli left Russia in 1733, Euler taught only physics, 
but he then switched to two basic mathematics courses. 

As early as 1730 Daniel Bernoulli had wanted to leave Russia; its harsh 
climate buffeted his delicate health, and he regretted having come to Saint 
Petersburg, the city where his brother Nikolaus had died. The censorship, 
the hostility to the Germans, the constant intrigues of Schumacher at- 
tempting to pit others against Bernoulli, and the failure to pay his salary 
according to his contract upset him, as did the poor financial position 
of the academy and the political instability during the Bironovschina. To 
counter Bernoulli’s desire to leave, the imperial court in 1731 increased 
his duties and promised a retirement fund equal to half his salary, stat- 
ing that he could retire whenever he chose. Wishing to keep a friend and 
talented collaborator in research, Euler urged Bernoulli to stay in Rus- 
sia. But when University of Basel professor of botany and anatomy Em- 
manuel K6nig died in 1731 Bernoulli applied for the vacant position and 
won the lottery competition against Benedict Stahelin and Johann Jakob 
Huber—the latter a student of Albrecht von Haller. In the autumn of 
1732 Daniel’s younger brother Johann II (Jean IT), a university friend of 
Euler’s, arrived in Saint Petersburg; he was apparently seeking a position 
at the academy, having already made contributions to the mathematical 
sciences. Although Euler urged his appointment, Schumacher blocked it; 
controlling the first Basel trio had been difficult, and a new one would be 
daunting. 

To the great disappointment of Euler, Daniel and Johann II remained 
in Saint Petersburg only until the summer of 1733. Daniel would not 
often again achieve the level of research he had during his eight years in 
Saint Petersburg—six of these in close interaction and amicable competi- 
tion with Euler. When Daniel Bernoulli departed, the twenty-six-year-old 
Euler succeeded him as professor of higher mathematics, the premier post 
in the academy, but he had lost a gifted collaborator and good friend. 
The failure to fill the more junior vacancy created by his departure would 


86 Chapter 3 


weaken the academy. On their leisurely journey home, the Bernoulli 
brothers had stopped in Danzig; Stettin; Groningen, which was Daniel’s 
birthplace; Amsterdam; and Paris, where they met (among others) Ber- 
nard le Bovier de Fontenelle, Pierre Maupertuis, Alexis Claude Clairaut, 
Charles Marie de la Condamine, and Jean-Jacques d’Ortous de Mairan of 
the Paris Academy of Sciences and attended a lecture there. In September 
Daniel wrote to Euler that in mathematics and mechanics the members of 
the Paris Academy had not come as far as Daniel in achievements, and he 
deplored the slowness in publishing articles in the Petersburg Academy’s 
Commentarii.® It was growing worse: in 1731 the delay in publication went 
from two to five years. After he left Paris and arrived in Basel in Septem- 
ber 1733, Daniel wrote in German to Euler that he felt like “another man, 
since he can breathe our good Swiss air”;° the air, of course, was unpol- 
luted by the Russian autocracy. 

Before leaving Saint Petersburg, Daniel had completed a paper based 
on Newtonian dynamics that determined the inclination of planetary or- 
bits relative to the plane of Earth’s orbit. He proposed that an atmosphere 
resembling air rotating about the solar axis caused the inclination to in- 
crease toward the solar equator. Submitted to the Paris Academy’s Prix 
competition for 1734, his paper shared the prize with his father’s paper, 
which gave a Cartesian explanation of the inclination of planetary orbits. 
This outcome was an important indication that the Paris Academy was be- 
ginning to shift from Cartesian to Newtonian science. After the splitting 
of the prize the father became increasingly upset with Daniel’s acceptance 
and elaboration of Newtonian science, along with his work in hydraulics, 
which engendered a reputation that had grown to the point of challeng- 
ing his own. 

In March 1733, according to the Petersburg Academy’s logbook, 
Euler with a group of geodesists first came to assist at the well-equipped 
observatory, where he pursued more of the groundwork for his research. 
Delisle, who headed the observatory, taught Euler astronomy and obser- 
vational techniques with telescopes and other instruments. Students from 
France had been trained to aid Delisle in making systematic observations 
of sunspots, the rotation of Earth, the transits of Mercury, the paths of 
comets, and the eclipses of Jupiter’s moons—in the last case to determine 
longitude. Volunteers from the academy and the academic gymnasium 
joined the project. The initial tasks for Euler and the geodesists were to 
synchronize four clocks, to observe the setting of Jupiter’s main moon, 
and to measure elevations of the upper edge of the sun. It took Euler 
almost a year to become proficient in making astronomical observations; 
during this time, he assisted Delisle in assembling the observational data 
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and collaborated with him in making calculations in related celestial 
mechanics. 

In September 1734 Delisle suggested that before beginning regular, 
independent observations the following month Euler work with a three- 
foot quadrant. Euler, who had first to compute when the sun crossed the 
meridian of longitude for Saint Petersburg, provided an estimate of errors 
in his results. “His own person” now in the observatory, Euler entered 
numerous and detailed entries into its logbook and wrote articles for the 
Primechaniya k Vedomosti.’° Data were entered twice daily, between eight 
and nine in the morning and between two and three in the afternoon; in 
this work Euler first experienced the centrality of adept and sustained 
observations to making advances in the physical sciences. Seeking ob- 
servations for determining longitude, Delisle published on the eclipses 
of Jupiter’s satellites. Engaged in the long-standing effort to draw the 
first accurate, large-scale map of Russia, which the government desired, 
he founded the geography department of the academy with the help of 
Euler. Delisle and his assistants were thus occupied with cartography and 
geodesy, two subjects in which Euler developed a deep interest. 


Courtship and Marriage 


After the Bernoullis left, Euler had more time for dating, and in 1733 
he was courting Katharina Gsell; being that it was Russia, he proba- 
bly called her Katya. An improved financial situation permitted him to 
contemplate marriage that year; in addition to being the premier math- 
ematician at the academy, with a substantial yearly salary of six hun- 
dred rubles (with sixty more added for household costs), he reportedly 
received four hundred rubles from field marshal and count Burkhardt 
Christoph von Minnich to lecture to the Cadet Corps and provide ad- 
vice on its inspections. Katharina, who was born in Amsterdam in 1707, 
the same year as Euler, was the daughter of the Swiss-born artist Georg 
Gsell, who around 1690 had moved from Saint Gallen to Amsterdam 
and in 1697 wedded his first wife, the Hessian Marie Gertrud von Loen. 
‘They were married until her death in 1713. During his second trip to the 
West in 1717, Peter the Great had been impressed with the work of Gsell 
and asked him to travel with the imperial entourage. Peter invited him 
to become court painter, keeper of the imperial painting gallery, and a 
teacher at the art academy in Saint Petersburg, which Gsell accepted in 
1719, coming to Saint Petersburg with his second wife, Dorothea Maria 
Henriette, an artist and naturalist. The daughter of the famous naturalist 
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Maria Sybilla Merian, with whom she had studied insects, butterflies, 
and flowers in Surinam, Dorothea Maria also had many duties at the 
painting gallery and art school;'' she helped arrange the catalog of the 
art cabinet, did watercolors of its most important rarities, and taught 
watercolor painting and copper engraving. 

From her father and stepmother Katharina Gsell likely received 
training in art, a subject that interested Euler; his brother and a cousin 
were to become professional artists. From his friend and confidant 
Georg Gsell, who was now in his sixties, director Schumacher often 
tolerated plain truths about the academy and its operation. Euler and 
Katharina may have met at one of the social gatherings at his house. 
There he would also meet his future father-in-law, who was a close friend 
of the Schumachers. 

That year’s Christmas season was a joyous time for Euler. On 7 Janu- 
ary 1734 he married Katharina. To celebrate the wedding, the academy 
had fireworks and illuminations;” following its custom for special events, 
it tasked its poet Gottlieb Friedrich Wilhelm Juncker with writing com- 
memorative verse.'* The long poem celebrating the wedding, written in 
German, begins, 


It seems the polar influence 

Increases and strengthens the Teutonic flames 
And draws together what was formerly separate 
Into a passion of the heart. 


Later it asks the question that reflects the general view of Euler at the 
academy: 


Who would have thought it, 

That our Euler should be in love? 

Day and night he thought constantly 

How he wanted more to calculate numbers, 
His profound learned sense was free. 


The poem closes with these words for the wedding couple: 


The hearts join, like the hands 
As .. . [Euler’s] calendar says, it makes 
A beautiful end of the year for you. 


The marriage seems to have been happy. Before the wedding Euler 
and Katharina had hunted for a house. Planned in a grid with the nobility 
at the center, the city had streets proceeding out in parallel by ranks in so- 
ciety through physician, lawyer, trader, and academic. The couple found a 
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comfortable, large house made entirely of wood on a brick foundation; it 
was in moderately good condition, located on the bank of the Neva River 
on the tenth line of Vasilievsky Island close to its big avenue. On a plot of 
land measuring thirty by ten sazhen (about one-third of an acre, or four- 
teen thousand square feet),"* it had five bedrooms, one kitchen, a covered 
inner courtyard, two painted stoves, and a fireplace; several rooms were 
without heat. In the yard was a garden with a few raspberry and currant 
bushes, and next to the garden a log hut with porches, a shed, a stable, 
and a wooden shed for storing firewood. The grounds were near the 
main academy building and Minnich’s palace. Katharina set about mak- 
ing the house into a home, and the fireplace decoration and the painting 
of one bedroom with lime were probably her doing. Apparently Katha- 
rina ran the entire household splendidly on her own, freeing Euler’s time 
for his studies. 

In May 1734 Euler wrote to his father Paul of his wish for Katharina 
to become a citizen of Basel. There were strong arguments in her favor: 
she was of Swiss ancestry, she was married to Euler, and he would pay 
the required fee, equal to eleven hundred rubles. While recognizing the 
need for other applicants to pay, he questioned the fees for his wife and 
complained of the difficulties in the process of naturalization. But at mid- 
century, Basel—which had for a long time severely limited immigration— 
denied all applications for citizenship. In a world that praised growth, 
Basel’s elite resisted expansion, intending to defend its civic tradition and 
its social power. Its merchant oligarchy was deeply entrenched. The rejec- 
tion of Katharina’s application this time must have angered Euler; it prob- 
ably helped end any thought of his returning to his birthplace. 

On 27 November 1734 the couple’s first child, Johann Albrecht, was 
born. Ina letter to Miller, Euler proudly announced that “endlich ist auch 
meine Liebste . . . mit einem jungen Sohn niedergekommen” (finally, my 
darling has delivered a young son).'° Euler’s son was named after Baron 
Johann Albrecht von Korff, a Kammerjunker or German noble at the im- 
perial court, who in September 1734 had just become president of the 
academy, a position that he would hold until 1740.'” Korff made reforms 
but was unable to stabilize the finances or curb the difficult influence of 
Schumacher." Johann Albrecht Euler’s godfather, Christian Goldbach, 
was the conference secretary from 1734 to 1742. While these two good 
friends were at the academy, Euler’s position was most secure. Johann 
Albrecht was the first of thirteen children, but only three Euler sons and 
two daughters were to survive past early childhood. 

In the correspondence by Euler and his associates for the years after 
1734 only six references to Katharina have been found thus far. In the 
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Figure 3.1. Map of Saint Petersburg. On the facing page is a detail of the above map 
with arrows indicating the general location of Euler’s first house, the Kunstkammer, 
the Admiralty, and the Hermitage. Copyright National Library of Israel. 


baroque age, silence about a wife indicated that the marriage was happy, 
and in this case it was. But even for Euler, who in his personal correspon- 
dence often wrote of other families, the later absence of comments about 
Katharina seems odd. 


Groundwork Research and Massive Computations 


As his correspondence with Johann I Bernoulli and the eleven articles 
published in the Commentarii in 1730 attest, Euler continued to immerse 
himself in research and many computations—for example, regarding 
ways to calculate 7. Such intense work was not new to him, and had 
continued since his last years in Basel. Within the capital of absolutist 
Russia sycophants flattered the violent Biron. At the same time, hostility 
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to the academy and the new sciences by the Russian nobility and Or- 
thodox clerics still posed dangers. The political circumstances were an 
incentive to embrace the considerable academic freedom and reinforce 
the habit of mind to persevere in research under the shelter of the acad- 
emy. This and the academy’s generous publication program, especially 
the Commentarii, helped Euler become prolific in print. A letter from him 
to Schumacher in November 1749 praises the institution: “I and all oth- 
ers who have had the good fortune to spend some time in the Russian 
Imperial Academy of Sciences must admit that we owe all that we are to 
the advantageous circumstances in which we found ourselves there. For 
my part, had I not had that splendid opportunity, I should have had 
to devote myself primarily to some other field of study, in which by all 
appearances I would have become only a bungler.”'® Beyond Leipzig’s 
Acta eruditorum, few scholarly journals in which to publish existed that 
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were independent of the royal science academies. The creation of distin- 
guished scholarly journals devoted to mathematics, such as Crelles Four- 
nal fir die reine und angewandte Mathematik (Crelle’s journal of pure and 
applied mathematics) and the Journal de Liouville, would not occur until 
the next century.” 

Euler’s Commentarii articles, correspondence, and notebooks, as well 
as observations in the first two volumes of the academy’s Vedomosti, show 
his research through 1734 ranging widely over algebra, arithmetic, as- 
tronomy, ballistics, conic sections, differential geometry, elasticity, infi- 
nite series, music theory, number theory, and oscillations while his main 
field was rational mechanics.*! Convinced of the unity of the mathematical 
sciences, Euler set about perfecting each branch. His early research oc- 
curred at various preliminary stages by subject area, and not all were of 
equal importance. The number and intellectual depth of Euler’s Commen- 
tari articles indicate a concentration on infinitary analysis or differential 
and integral calculus, along with rational mechanics—the application of 
calculus to problems of mechanics. His first eleven Commentarii articles, 
published up to 1734, were on differential equations, isoperimetric prob- 
lems, and rational mechanics. He excelled in each of these fields, and his 
multiple discoveries and new methods were to transform them. Through- 
out his career they remained central to his research. 

A thorough examination of Euler’s twelve surviving mathematical 
notebooks remains at its early stages today. These comprise about four 
thousand pages and span his entire career. In the late twentieth century, 
members of the Petersburg Academy of Sciences and other scholars have 
studied them, but much basic analysis remains.” The exact progression of 
Euler’s early work from one mathematical idea to another is occasionally 
unclear; his notes often change from subject to subject. A fairly accurate 
dating is facilitated by the notes generated from his reading of articles 
related to his research and by letters from fellow geometers and natural 
philosophers. The notebooks do reveal his persistent paths or strategies 
to reach solutions and disclose the research and exercises that he was busy 
with at any given time,” and they illuminate his inner life and the work- 
ings of his creativity within the sciences. The first six volumes, dating from 
his Basel, initial Saint Petersburg, and Berlin years, unsystematically ad- 
dress issues across the exact sciences and mathematics—especially differ- 
ential and integral calculus with emphasis on problems of integration, 
number theory, and Diophantine analysis. Euler’s first notebook sketches 
show that he planned to investigate the mechanics of fluids and gases, 
along with the theory of the motion of solid bodies, but he would not 
publish on these subjects until more than two decades later. 
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The first of Euler’s notebooks, which dates from 1725 to 1727, when 
he was still studying in the city, is known as the Basel notebook; it con- 
tains notes and several research projects. A letter of June 1731 to Johann 
Bernoulli reports that Euler had nearly completed a short work titled 
Tractatus de musica, but it was not possible to publish a science mono- 
graph so early in his career. It took more research after the Tractatus to 
reach his Tentamen novae theoriae musicae (An attempt at a new theory of 
music, E33). Bernoulli’s reply in August 1731 criticizes the foundations 
of music theory, especially the lack of precise ideas of harmony, and hints 
at displeasure with Euler for devoting so much time to it; he urged Euler 
to quickly complete that treatise and commit himself to finishing the 
planned Mechanica sive motus scientia analytica exposita (Mechanics of the 
science of motion set forth analytically).” 

In the dynamics of his mathematical creation, it was characteristic of 
Euler to begin his studies by accepting or setting a problem and following 
it with numerous calculations to reach increasingly close approximate val- 
ues of sums of infinite series. In this stage of preparation, he was an exper- 
imental mathematician and a peerless calculator in both the elementary 
and the formal sense, the latter with transformations and an abundance of 
clever substitutions. Euler had a strategy for constantly developing new 
methods to solve problems; his disciplinary intuition probably served as 
a check to his creativity or to support some of it. These new methods and 
Euler’s fertile analogies and algorithms provided the degree of accuracy 
that was especially crucial for problems in physics. In some cases it would 
take a century for scientists to grasp the proper use of his procedures. 
Ordinarily Euler continued computations in an area until an obstacle 
blocked further advance; while never losing interest in a subject, he would 
apparently set it aside completely for a time, letting his subconscious or 
the work of others find the solution. During what could be the next two 
stages, which Jacques Hadamard would later define as incubation and il- 
lumination, Euler probed a mass of combinations and discovered connec- 
tions. Over time he obtained solutions.” Once a breakthrough came in 
the power or generality of method, Euler returned to the problem to make 
exhaustive new computations. In his search for deeper interconnections 
among the branches of mathematics, for example, those in the case of ¢(2) 
would be among harmonic series, natural logarithms, and trigonometry. 
In his research Euler stressed discovery and announced his many results, 
leaving for the future the establishment of rigorous foundations. (His def- 
inition of ¢(2) and early work on summing it appear in chapter 2.) 

Among Euler’s first papers written in Saint Petersburg was his 
“Meditatio in experimenta explosione tormentorum nuper instituta” 
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(Meditation upon experiments made recently on the firing of a cannon, 
E853).”’ The military had long urged and supported the study of ballistics, 
and Johann Bernoulli had worked on problems in it. In August 1727, soon 
after Euler arrived in Russia, he and other academicians attended trial fir- 
ing experiments conducted by a Russian general in the ordnance section, 
building upon an earlier experiment by Delisle in Paris. The goal was 
to measure accurately the speeds, as transmitted through the air, of the 
flash and sound of cannon shot, and Daniel Bernoulli provided the main 
evaluation. Composed after September 1727 for the army, the “Medita- 
tio” sought to compute maxima for firings with pyrotechnic explosions 
from gunpowder. For shots Euler gave precise measurements in seconds 
of height, time of flight, and descent, as well as figures for the total dis- 
tance. On the basis of four firing experiments, Bernoulli had attempted 
in an article in the second volume of the Commentarii to compute what 
became known as interior ballistics. From the dynamics of the explosion 
of the gunpowder and afterward a drag proportional to air resistance in 
the Newtonian law, interior ballistics sought to determine the muzzle ve- 
locity, and Bernoulli developed a formula for it. Expanding the firing ex- 
periments to seven, Euler improved upon Bernoulli’s work. In addition to 
figuring in air resistance and time, Euler’s computations covered the spe- 
cific gravity and power of pyrotechnic shot. The experiments supported 
the wave or pulse theory of sound as compressions or rarefactions and 
his search for a mathematical model of atmospheric phenomena. Various 
explanations have been given for why Euler never attempted to publish 
the “Meditatio”: perhaps Bernoulli asked him not to do so, and perhaps 
Euler recognized that errors remained in the protocol for the experiments 
and in his results. 

Though Euler calculated with the decimal logarithms of the Arith- 
metica logarithmica of 1628 by Adriaan Vlacq,”* his paper was the first to 
employ the symbol e to denote 2.7182818 ... and suggest it as the base 
for natural logarithms.” From the start of his career, Euler had recognized 
either instinctively or from his teacher Johann I Bernoulli the importance 
of the exponential function e*. It is likely that Bernoulli introduced him 
to this function, in which the exponent is the variable and the derivative 
of the function is the function itself. In his second notebook (folio 35r), 
which dates from 1727, Euler defined the number e and using series ex- 
pansions calculated it to twelve decimal places. His first mention of e in 
print would not appear until the Mechanica of 1736, but a letter of 1731 
on a differential equation uses it again, defining it as the “number whose 
hyperbolic logarithm = 1,” which is approximately 2.71828. By delineat- 
ing it as the limit of the binomial expansion (1 + 1/n)”, as n approaches 


1730 to 1734 95 


infinity, Isaac Newton had discovered in 1665—and Johann I Bernoulli 
would discover later—the infinite series, in modern notation, e = 1 + 1/1! 
+ 1/2! +1/3!+...+1/n!. The factorials in the denominators cause this se- 
ries to converge rapidly. The sum of its first eleven terms, which end with 
1/10!, is 2.718281801.” The significance of the exponential function was 
not yet established, and Euler continued to perfect his computation of it. 

His article “De summatione innumerabilium progressionum” (On the 
summation of innumerable progressions, E20) appeared in volume 4 of 
the Commentarii, was presented to the academy in March 1731, and was 
published in 1738. In it Euler continued with his effort to sum exactly the 
Basel Problem;*! this included improving results from the components of 
the functional equation noted in chapter 2 of ¢(2) = (log2)? + X*_,1/n’2"". 
Euler computed (log 2) to dozens of decimal places, and found that (log 2)?= 
[=>_, 1/n2”]* is approximately 0.480453. Since he knew logarithms quite 
accurately, it is surprising that he gave this value to only six decimal places. 
Combining it and the first fourteen terms in his formula 2)°°_,1/n?2", 
which is approximately 1.164481, he estimated that ¢(2) is about 1.644924, 
which is correct to six decimal places. Reaching this degree of accuracy 
was extraordinary. Euler proclaimed the answer to be more precise than 
could be obtained directly by adding more than a thousand terms. It actu- 
ally would require summing the first 30,000 terms of the original infinite 
series. From the start of his career, Euler had summed ever more precisely 
many progressions.” He did not yet give the difference between constants 
and variable quantities. In his treatment of algebraic progressions, his 
concept of function was at an early stage; he characteristically worked to 
refine it as he sought to strengthen the foundations of calculus. He no 
longer treated variables as curved lines but as abstract entities. Regard- 
ing ¢(2), Euler had read Bernard Fontenelle’s Géométrie de l’infini (1732), 
which was mistaken about the sum, but probably not yet James Stirling’s 
Methodus differentialis (1730), which introduced a method giving the most 
exact total to that date, 1.644934066, a value that is correct to eight decimal 
places. By 1734-35 Euler’s studies were to produce the long-sought exact 
answer. Stirling’s Methodus differentialis covers arctangents, geometric se- 
ries, the interpolation method of Second Viscount William Brouncker, the 
infinite product for 2/t by John Wallis, and the hypergeometric series of 
factorials. Euler had already begun extending each of these series through 
interpolations from integers to fractions. 

As in the infinite series of James Gregory and Gottfried Wilhelm Leib- 
niz, Euler must have realized from this approximation in 1731 a connec- 
tion between the total value and 7, a symbol that he employed in his first 
notebook and in the Mechanica. By the 1740s it became standard; other 
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geometers generally adopted it. In August 1730 Euler had pointed out 
to Goldbach the quickly converging series of Friedrich Christoph Mayer 
for computing 7m and the existing infinite series for 1/2, 1/4, and 7/6, and 
he applied his unmatched computational ability to create infinite series 
for 1/8, 7/12, 1°/36, and n*/72, which equals 1 + 1/2°(1 + 1/2 + 1/3*)(1+ 
1/2+1/3+...). Exhilarated by calculations with infinite series, part of 
which Euler devised, he carried out with aplomb extensive computa- 
tions of convergent series. In a few cases he summed the first terms of 
infinite series until they started to diverge (quod termini divergere incipi- 
ent).** Today called asymptotic convergence, it was essentially part of the 
Euler and Colin Maclaurin’s summation formula.” Euler’s working to 
solve the Basel Problem would be crucial to his discovery in 1732 of that 
formula;* his computational goal was to cut down and simplify com- 
putations from divergent series to finite sums and examine the formula 
with remainders. 

Most likely as a result of his collaboration with Daniel Bernoulli, 
in 1731 Euler examined a problem in probability now called the Saint 
Petersburg Paradox. Jakob (Jacques) Bernoulli’s Ars conjectandi (The art 
of conjecturing), published posthumously in 1713, had given the first 
comprehensive theory of probability. Curiously, Euler did not cite it. 
Daniel’s brother Nikolaus IT Bernoulli had invented the paradox, and the 
two brothers had worked on it together. Its name comes from the city 
where Daniel Bernoulli lived, and the paradox drew on his article “Speci- 
men theoriae novae de mensura sortis” (Exposition of a new theory on 
the measurement of risk) in volume 5 of the academy’s Commentarii (for 
1730-31, but published in 1738). The Saint Petersburg Paradox describes 
a gambling game that involves probability and decision theory; a random 
variable with geometric progressions and related infinite series leads to 
an infinite expected value or payoff, computed at a certain point when 
the game stops.*’ One version begins with the house tossing a coin until a 
head is reached. The probability of tossing n heads in a row is 1/2”. On the 
nth throw and not before, the player is to receive, let us say, two dollars. 
The game has a value of ))*_, 2”e 1/2” = )}*_, 1 = ~. But with each round, 
the player has to put a wager into the pot. The paradox is not the infinite 
expected value, but that no reasonable person would pay a large sum to 
be permitted to play the game. Bernoulli’s article, translated into English 
and published in Econometria in 1954, distinguishes between the value of 
classical expectation, mathematical or moral, and that of fortune, physi- 
cal or moral. It thus offers a foundation for what we now call valuation 
theory. Instead of offering a geometric mean property for valuing games, 
Euler and Bernoulli discovered a property later called the marginal utility 
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function that would not be developed further until the late nineteenth 
century by the economists William Stanley Jevons, Carl Menger, and 
Marie-Esprit-Léon Walras. Except for unusual situations that Bernoulli 
alone described, the utility from a small increase in wealth decreases as the 
wealth possessed increases: the more wealth that you have, the less value 
you will place on adding another ruble. The utility finds the small increase 
in wealth to be inversely proportional to previously possessed wealth; the 
utility function is a logarithmic curve. Euler introduced the concept of 
status, giving the player’s worth after a particular outcome. Rather than 
appeal to Bernoulli’s moral expectation, he concluded that when the out- 
come ina game is b or c, its worth is their geometric mean, bc. Instead of 
imagining a coin toss, Euler thought of rolling a die in seeking to obtain 
an even or an odd number; for him the game ends when the odd number 
is achieved. By rolling even numbers, the player wins. Only for infinitely 
large chances in a game would it be possible to guarantee equality. This is 
one of many models of declining marginal utility. 

Euler did not solve the Saint Petersburg Paradox, but his proposal 
suggested that games of chance are evil. He did not publish his four-page 
paper, “Vera aestimatio sortis in ludis” (On the true value of risk in games, 
E811), perhaps because Bernoulli's “Specimen” was excellent. Euler’s 
article appeared posthumously in 1862.*° Bernoulli demonstrated in the 
“Specimen” that the utility function is a logarithmic curve, and he ob- 
tained Euler’s geometric mean property—two items important in modern 
economic theory. 

From the early 1730s on, Euler investigated the statics of thin elastic 
ribbons or bands—that is, laminae.” In a series of letters after 1733, Daniel 
Bernoulli posed problems about these for Euler and worked with him until 
a solution was found. Euler principally sought to uncover the shapes of 
laminae in equilibrium when they are pressed by various loadings. Missing 
in earlier studies of elasticity and inelasticity had been the modern ideas 
of stress and stress analysis, which he approached. Natural philosophers 
considered an inelastic body a perfectly deformed elastic one. Galileo 
Galilei, Edme Mariotte, Gottfried Wilhelm Leibniz, Christiaan Huygens, 
and Pierre Varignon achieved important results in their studies of elastic- 
ity—particularly for bending rods. In his Traité de la percussion ou chocs des 
corps (Treatise on percussion or the impact of bodies), published in 1673, 
the French physicist Mariotte examined the work of Galileo and Huygens 
and was the first to treat the impact of both bodies comprehensively. But 
Euler’s research stemmed from Jakob Bernoulli’s derivation in the 1690s of 
the differential equations of elastic curves when external forces act upon 
the ends of the laminae. Euler’s first article on elasticity appeared in the 
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Commentarii in 1732, and he wrote an unpublished piece, likely sometime 
in the 1730s, on an annulus, a washer-like ring, disturbed from equilibrium 
and put into motion.” This research led subsequently to Euler’s buckling 
formula, giving the maximum load that can be exerted on an elastic col- 
umn before it bends. To compute the exact answer took time, for Euler had 
first to develop elliptic integrals, which refer to expressing the arc length of 
an ellipse as an integral. It gave the solution to one of these integrals. Euler 
never used the term elliptic integrals or presented a unified theory for them, 
but he studied these integrals for four decades. 

In 1732 Euler’s “Nova methodus innumerabiles aequationes differenti- 
ales secundi gradus reducendi ad aequationes differentiales primi gradus” 
(A new method by means of which innumerable differential equations 
of the second degree can be reduced to differential equations of the first 
degree, E10) was published in the Commentarii.' Submitted four years 
earlier, it had important consequences for mechanics as well as mathemat- 
ics. In the eighteenth century, modern mathematical physics passed in a 
transition essentially in format from Newton’s Principia mathematica, with 
its geometrical-proportional dynamics without symbols and only an intro- 
duction to limits, to Joseph Fourier’s analytical equations for the theory 
of heat.** Newton had lacked relational laws with equal measures that 
were not simply proportionalities. Critical in the beginning of the trans- 
formation is Euler’s “Nova methodus,” taking dimensional thinking and 
concepts beyond mathematics, reducing to the first degree different types 
of differential equations of the second degree, and introducing in print 
the application to mechanics of dimensionum, the Latin word for “dimen- 
sions.” All of these algebraic equations must obey homogeneity. Some of 
Euler’s early efforts were crude; for example, he considered weight and 
mass to be homogeneous. His formulation of differential equations for 
mechanics, a difficult task, would significantly continue in his Mechanica. 

The title page of Daniel Bernoulli’s Hydrodynamica, sive de viribus et 
motibus fluidorum commentarii (Hydrodynamics, or commentaries on forces 
and motions of fluids), published in Strasbourg in 1738, asserts that the 
book was the fruit of ten years of research, which suggests that a draft had 
been completed before he left Saint Petersburg in 1733." Huygens’s con- 
servation of vis viva is its guiding principle, and Bernoulli presented the 
academy with a copy. The Hydrodynamica, a difficult text that covers hy- 
draulics, hydrostatics, mechanics, and the science of equilibrium, includes 
the first successful analysis of the pressure and velocity of a moving fluid. 
It introduced the term hydrodynamics into the vocabulary of science, defin- 
ing hydrostatics as applying to pressure and hydraulics as applying to mo- 
tion. Pressure is the force a fluid asserts on the walls of its enclosing tube 
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or vessel, and one measurement of pressure is the height of a column of 
stationary fluid. In August 1727 the twenty-year-old Euler had given the 
academy the results of his own study in hydrodynamics, just two weeks 
after Bernoulli’s. This produced a sensitive situation between the two, but 
Euler conceded that his more senior colleague should publish them.” Ber- 
noulli prepared the draft of the Hydrodynamica virtually on his own, but 
after he returned to Basel the two corresponded about making it ready for 
publication. Euler repeatedly urged that its new ideas be soon put into 
general discussion within the wider scientific community. Nonetheless, 
for nearly a quarter century he stopped research in hydrodynamics. 

As his early notebooks reveal, by the early 1730s Euler was already 
beginning to make original contributions to astronomy by devising im- 
portant concepts and principles. He now supported freedom of the press 
in response to a request to publish the translation into Russian of Fon- 
tenelle’s celebrated popularization Entretiens sur la pluralité des mondes 
(Conversations on the plurality of worlds, 1686, and commonly referred 
to as Mondes at that time), an exchange between a philosopher and a curi- 
ous woman Fontenelle called Madame the Marquise.“ In 1730 Kantemir 
completed a manuscript of his translation and submitted it to the press of 
the Petersburg Academy. 

Orthodox Church censors resolutely opposed Copernican astron- 
omy, which in the first part, or what was called an “evening,” of Mondes 
is set forth as most likely the correct system. Fontenelle imagined that his 
representative (the philosopher) and the Marquise would spend evenings 
observing the night sky. Thus the academy’s bringing Copernican astron- 
omy within the grasp of the literate public was acting essentially in defi- 
ance of the Russian censors. While the heliocentric universe was no longer 
an issue among the scientific community in the West, early in the eigh- 
teenth century a few books by clerics in north central and eastern Europe 
still accepted Claudius Ptolemy’s geocentric model. The Russian transla- 
tion of Huygens’s Cosmotheoros: sive de Terris Coelestibus, eaxumque ornata, 
conjecturae (Cosmotheory: or, conjectures concerning the inhabitants of 
the planets, 1698), another source of the new astronomy, had appeared in 
print only through the order of Peter I, whose death removed a powerful 
advocate of the sciences in Russia. Conversations on Fontenelle’s “second 
and third evenings” examined an infinite universe and possible voyages 
to the moon; the “fourth and fifth evenings,” at the end of the 1686 edi- 
tion, sketch the Cartesian vortex cosmology, which allows no place for a 
vacuum. (The edition of 1687 added a sixth conversation on the latest dis- 
coveries in astronomy.) Mondes holds that there is life on the other planets 
in our solar system, on comets, and on planets circling the myriad of stars. 
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Figure 3.2., The title page of Bernard le Bovier de Fontenelle’s 
Entretiens sur la pluralité des mondes, 1761 edition. 


In 1687 the book was put on the Catholic Index librorium prohibitorum 
(Index of prohibited books). To keep his book fresh, Fontenelle provided 
updates, notably in 1708 and 1742, with data from the most recent astro- 
nomical observations. Among other texts on the plurality of worlds was 
Johannes Kepler’s novel Somnium (The dream) of 1634, but Fontenelle’s 
Mondes (originally published in 1686) became the best known. 

A product of the great age of French letters, Mondes is written with wit 
and humor that go far in accounting for its popularity during the Enlight- 
enment. It substantially contributed to the diffusion of the new sciences 
and helped make them fashionable for the European reading public, 
largely by creating a genre of literature written for women. It influenced 
Francesco Algarotti and, it can be conjectured, Euler’s later Lettres d une 
princesse dAllemagne (Letters to a German princess). The introduction of 
Mondes extols Cartesian rational scientific knowledge, lauds Francis Ba- 
con’s program of experiments and observations, and is skeptical toward 
metaphysics. Kantemir’s translation of the Mondes would enrich Russian 
scientific terminology. 
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Meanwhile, Church censors in Russia acted in character, suppressing 
the publication of Mondes throughout the 1730s. Euler’s support for print- 
ing the translation was fruitless. Protests from Kantemir, Delisle, and— 
before their departures—Hermann and Bernoulli against restrictions on 
scientific publications fared no better. The issue of Mondes was not Kan- 
temir’s initial brush with the censors. His Satira I (First satire) of 1729 had 
attacked the concept of a hereditary aristocracy and criticized religious 
opposition to Copernican astronomy. The academy’s chronicle by Petr 
Pekarskii reports that educational primers published by the church from 
1700 to 1725 attacked everything published outside Russia as heretical. 
But as is not uncommon among agencies stifling free speech, the Holy 
Synod was inconsistent. It failed to block a series of articles in 1732 for 
the Primechaniya k Vedomosti in Russian and German, including Euler’s 
polemical “Von der Gestalt der Erden” (On the shape of Earth, E32),*’ it 
did not prevent speeches by Bernoulli and Delisle at public meetings of 
the academy defending Newton, and it did not suppress Vasilii Nikitich 
Tatishchev’s Razgovor dvukh priiatelei o pol’ze nauk I uchilishch (Conversa- 
tion of two friends on the utility of science and of schools, 1733), which 
defended free scientific inquiry. 

During the early 1730s Euler also studied Samuel de Fermat’s edi- 
tion with commentary and with notes by his father Pierre of the six 
known books of the Arithmetica by Diophantus of Alexandria, which was 
based on the Latin translation by Claude Bachet de Méziriac of 1621. 
Among other authors that Euler later read on number theory were Eu- 
clid, Francois Viete, René Descartes, Christoph Rudolff, Franz van Schoo- 
ten, Claude Bachet de Méziriac, Bernard Frenicle de Bessy, Philippe de 
la Hire, Joseph Sauveur, and John Wallis from the past and Christian 
Wolff and Philipp Naudé from his own time.’ Reading Fermat’s Varia 
opera mathematica in June 1730, Euler came across what he called the “not 
inelegant theorem” that every natural number could be represented as 
the sum of four squares.” Proving such conjectures, Euler explained in 
a letter that month to Goldbach in Moscow, could “contribute greatly 
to the enrichment of analysis... and also shed useful insight into other 
areas of mathematics.”*° His exploration of number theory was becom- 
ing more emphatic. His letters to Joseph-Louis, Comte de Lagrange after 
Goldbach’s death in 1764 credit Euler’s correspondence with Goldbach 
for its persistent encouragement in keeping his attention on the subject. 

The historical record and a survey of Euler’s articles on number theory 
in the Petersburg Academy of Sciences’ Commentarii and later the Novi Com- 
mentarii and Nova Acta Academiae Scientiarum Imperialis Petropolitanae con- 
firm that Goldbach was the most important stimulus for Euler’s research 
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in the field. To 1756 his correspondence on number theory, almost solely 
with Goldbach, showed his progress as well as the conventionality of most 
of Goldbach’s ideas; the new insights lay with Euler. Their letters, written 
in Latin up to 1740, had continued after Goldbach returned to Saint Pe- 
tersburg in 1732, when the two probably saw each other daily. By posing 
acute questions and problems without proof, and often misstated rather 
than giving general results, Goldbach provided an opportunity for Euler to 
discover proofs and place their discussion on a firmer foundation; he kept 
Euler steadily focused on the subject.*' In May-June 1730 he had redrawn 
Euler’s attention to Fermat’s numbers. Prime numbers and divisibility— 
both of them essential to number theory—intrigued Euler, and he was to 
investigate them for the rest of his career. Refining criteria for prime num- 
bers from Fermat, he computed them up to 10° and, for a few, beyond that. 

In the commentary on his translation of Diophantus, Bachet had 
stated and demonstrated the “not inelegant theorem” for integers up to 
325 but could not prove it. Possibly through careless reading, Euler failed 
to realize that Fermat had claimed to prove the theorem with his method 
of infinite descent.” In June 1730, Euler wrote to Goldbach that problems 
with numbers as the sums of three triangular numbers, along with four 
nontrivial integral squares and five pentagonal numbers, were blocking 
his attempts to prove that theorem. The next year he rediscovered Fer- 
mat’s “outstanding” Little Theorem: if p is a prime number that does not 
divide the integer a, then p divides the expression a?! — 1.°* Mathemati- 
cians have called this the Little Theorem to separate it from what became 
Fermat’s celebrated Last Theorem.” It would take Euler six years to ob- 
tain his first proof of the Little Theorem in “Theorematum quorundam ad 
numeros primos spectantium demonstratio” (A proof of certain theorems 
concerning prime numbers, E54, written in 1736 but not published until 
1741), which was by induction. 

After noting in his reply to the postscript of Goldbach from 1729 that 
Fermat believed that all numbers of form 2” +1 are prime, Euler’s article 
“Observationes de theoremate quodam Fermatiano, aliisque ad numeros 
primos spectantibus” (Observations on theorems that Fermat and others 
examined concerning prime numbers, E26), which he presented to the 
academy in 1732, discovered that n = 5 gives a counterexample. He fac- 
tored 2” + 1 = 4,294,967,297 into 641 x 6,700,417,° thus disproving Fer- 
mat’s conjecture. Euler had found that composite Fermat numbers must 
possess divisors of the form 2”'k + 1. Once he recognized this, it was much 
easier to arrive at the divisor 641, for the case when n = 5 and k = 10 gives 
2°(10) + 1 = 64(10) +1. 
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Before obtaining this result, Euler had studied Christian Wolff's Ele- 
menta matheseos universae (Elements of the universal exact sciences, 1730), 
which presented number theory as a major field of mathematics,*’ a status 
that it had not previously enjoyed, and examined prime numbers. Fol- 
lowing a curious narrative style rather than the deductive theorem-proof 
format, Euler began by arguing, “If there are prime numbers of the form 
a"+ 1, they must all be included in the form a””+ 1.” If ais an odd number, 
then a" + 1 is divisible by 2, while a as an even number can be either prime 
or composite. Wolff investigated cases in which the Mersenne numbers 
2” — 1 are prime. He showed that when n = 37 and 43, this gives Mersenne 
numbers. Marin Mersenne had previously asserted (in part erroneously) 
that n = 2, 3, 5, 7, 13, 17, 31, 67, 127, and 257 result in primes.** Wolff’s list 
of primes includes 2!'— 1 = 2047. But Euler contradicted Wolff, asserting 
that Mersenne numbers may be composites for cases in which n is a prime, 
noting in volume 6 of the Commentarii, “I see the celebrated Wolff did not 
notice [the mistake] in his Elementa ... where he. . . listed 2''— 1 = 2047 
among the primes.”®! Euler noted that 2047 = 23 x 89. 

At the end of “Observationes de theoremate” Euler listed six theo- 
rems. The first is Fermat’s Little Theorem, and three are special cases of 
the Euler-Fermat Theorem, a generalization of Fermat’s Little Theorem 
that Euler would later pursue. Euler could not yet prove any of these. He 
asserted that Fermat had expressed the Little Theorem “without proof 
[and obtained it] merely by induction.”” Nor did he know of papers, now 
in the University of Hannover Library, containing the proof by Leibniz in 
1683. Like Fermat, Euler had proceeded experimentally to his discovery 
of the theorem. He began with 2"! — 1, and it took until 1736 before his 
first, crude proof of it appeared in print.” 

Euler’s correspondence with Delisle in 1732 continued with compos- 
ites and primes among the Mersenne numbers, which he related to Eu- 
clidean perfect numbers, a topic that his work on Fermat, Descartes, and 
Frans van Schooten had led him to investigate. He posited that perfect 
numbers are positive integers whose proper positive divisors less than the 
number add up to that number, such as 6 = 1+ 2+ 3. Book 9, section 36 of 
Euclid’s Elements states that if 2” — 1 is prime, where n is a natural number 
greater than 1, then the number 2”1(2” — 1) is perfect. Euler demonstrated 
that all even perfect numbers fit this formula. The question of odd per- 
fect numbers is still unresolved today. Euler’s result made him akin to a 
collaborator with Euclid, earning for his discovery the name the Euclid- 
Euler Theorem. Determining when Fermat numbers are composites took 
another decade. 
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In corresponding with Goldbach and the Bernoullis in 1731-32 about 
developing methods to solve differential equations, including those with- 
out separated variables, Euler demonstrated that some Riccati equations 
are solvable.® He began with seeking integer solutions to them. The gen- 
eral equation is a(x)y’ + b(x)y + c(x) = y’. After Goldbach provided a small 
base for them, Euler built a broad foundation and, by ingeniously using 
clever transformations, substitutions, and continued fractions, obtained 
solutions. While examining Fermat primes and perhaps perfect numbers, 
Goldbach asserted that for given numbers, including 1 along with the 
primes, “each number greater than 2 is an aggregate of three primes” and 
“each number of the form 4n + 2 is the sum of two primes of the form 4n 
+ 1,” Goldbach’s theorem.” He mistakenly believed that 4n + 1 can be ex- 
pressed as cx’+ y, whenever c is any divisor of n. Euler disagreed, finding 
this probably true for x and y rational fractions, but not always when they 
are integers. He gave as an example 89 # 11x* + y. 

Beginning with the article “De solutione problematum Diophanteo- 
rum per numeros integros” (On the solution of Diophantine problems by 
integer numbers, E29) presented to the academy in 1733 but published 
later, in the Commentari for 1738, Euler pursued solutions for second- 
degree Diophantine equations,” indeterminate algebraic equations with 
several unknowns expressed in successive conditions that require rational 
solutions. Breaking with the past, Fermat had given the modern meaning 
to these equations by restricting solutions to integers. They are critical in 
number theory and for Euler’s rectifying of curves. Apparently Euler was 
not yet aware of the Diophantine equation now known as Fermat’s Last 
Theorem: x” + y” = 2” has no positive integer value solutions except for 
n = 1 and 2, along with the uninteresting trivial cases (0, 0, 0) (0, 1, 1), and 
(1, 0, 1). Stated otherwise, it has no integer solution for powers of x, y, and 
z higher than 2. In this case the word theorem had long been a misnomer. 
Proving it became the most celebrated problem in mathematics, drawing 
numerous attempts to solve it, though some of them were false claims. 
Euler was about to embark on a search for a proof, but it would remain an 
unsolved problem until the 1990s. 

By 1731 Euler had begun to formulate his own theory regarding max- 
imum and minimum curves in what became the calculus of variations. 
Generally variational theory studies extrema—families of maximum and 
minimum values for integrals, often called functionals—and from these 
values determines an optimal curve. Since the variation or differential 
of a functional involves more than extrema, today the more appropriate 
term for this research is the calculus of variations in the narrow sense. 
Euler’s colleague Hermann’s Theoria generalis motuum (General theory of 
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motion, written in 1727 but published in 1732) offered an incorrect solu- 
tion to the curve of quickest descent in a resistant medium. A letter of 
Johann Bernoulli to his son Daniel in 1727 had alerted Euler to these 
extremals and variational problems. In 1731 it was left to Euler at the 
academy to improve upon and correct Hermann’s solution. At this time, 
when the concepts of analytic functions and of analytic surfaces did not 
yet exist, Euler provided a simple mechanical solution. But in a letter of 
September 1736, Daniel Bernoulli was to point out that Euler’s solution 
also was wrong. 

In 1732 Euler had an article in the Commentarii and in 1734 another 
that belonged to the origins of the calculus of variations. Euler stated that 
Hermann had raised the brachistochrone problem in a resistant medium 
in 1727. His two articles elaborate methods from Hermann’s Phoronomia 
together with strategies in Brook Taylor’s Methodus incrementorum and 
methods from Johann and especially Jakob Bernoulli. In Acta eruditorum 
for 1697 Jakob had observed that this problem without subsidiary condi- 
tions was rather straightforward, while many isoperimetric problems hav- 
ing more restrictions on admissible curves were more interesting. Euler 
emphasized finding extremal curves for actions of forces, including grav- 
ity. Instead of following a systematic course, both articles treated special 
ad hoc problems. 

Maintaining that in the “broadest sense general solutions of iso- 
perimetric problems are possible,” Euler’s difficult “Problematis isoperi- 
metrici in latissimo sensu accepti solutio generalis” (An account of the 
solution of isoperimetric problems in the widest sense, E27), presented 
to the academy in 1732, suggested the future direction of his research in 
the calculus of variations.”” The summation written for this article at the 
beginning of the Commentarii was likely not by Euler, for its author seems 
not to have recognized that answers for the emerging calculus of varia- 
tions are curves, not numbers. Euler’s essay analyzes problems that re- 
quire only two curve elements. The cycloid and the catenary are curves 
with the desired properties. The “Problematis isoperimetrici” initiates the 
author’s search for Euler’s necessary condition, in which a particular dif- 
ferential must become 0 for a maximum or minimum. Euler’s “De linea 
celerrimi descensus in medio quocunque resistente” (On curves of fastest 
descent in a resistant medium, E42), probably written in 1729 but saved 
for submission until 1734, addresses the brachistochrone problem in the 
case of friction. Throughout his early career, Euler had sustained an inter- 
est in providing better solutions for that problem and for motion in a re- 
sisting medium. Believing that variational principles manifest themselves 
in general laws of physics, he was the first to widely apply the methods of 
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Figure 3.3. Brook Taylor (left) and the title page of his 
Methodus incrementorum directa et inversa, 1715 (right). 


the calculus of variations to physical problems. He viewed the field as a 
Leibnizian ars inveniendi, or method of discovery. 

In the early 1730s, Euler’s assault on the Basel Problem continued. 
His “Methodus generalis summandi progressiones” (General methods for 
summing progressions, E25) in volume 6 of the Commentarii for 1732-33, 
published in 1736, addresses it. The article begins, “I have just last year 
[in E20] put forth a method of summing innumerable progressions.”” Ina 
plethora of computations, Euler gave increasingly better approximations. 
These investigations produced a special case of the calculus tool now 
known as the Euler-Maclaurin Summation Formula, which for a function 
gives the relation between its integral and the sum of its values at equally 
spaced points.” 

After making initial steps in 1729 toward the task of bringing forward 
and defining gamma or his constant, Euler had put related summations 
aside for five years. Gamma, one of the most famous of the mathematical 
constants, 0.5772156649 ..., is not to be confused with the more famil- 
iar e;” it has applications in fields including analysis and number theory, 
and much of its nature—for example, whether it is irrational—remains a 
mystery. Returning to the subject in “De progressionibus harmonicis ob- 
servationes” (Observations on harmonic progressions, E43), presented to 
the academy in 1734, Euler announced his breakthrough related to the 
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gamma constant in the discovery of a fascinating interrelationship be- 
tween the natural logarithms and n-th partial sum of the harmonic series 
H,=1+1/2+1/3+...+1/n that enabled him to arrive at a more nearly 
exact value of his constant.” These are its two defining elements. The 
first series is called harmonic because each term is the harmonic mean 
of the two surrounding terms. As he examined convergent infinite series 
and partial summing of terms of infinite series, again “until they begin 
to diverge,” the search to identify characteristics of convergent series, 
conditional and absolute, and achieve exact solutions guided Euler’s ef- 
forts. Applying his instinct, research on the differences between natural 
logarithms and divergent “more natural harmonic series combined with 
geometric ones,” and dangerous rearrangements and manipulations of 
conditionally convergent series that have been described as acrobatic, he 
found the convergent zeta series for his constant. As he put it, 


Quae series, cum sint convergentes, si proxime summentur prodibit . . . 


This series, since each term is convergent taken one after the other, 
will proceed [that is, 1 + 1/2 + 1/3 +... - 1fi = log(i + 1) + 0.577218, 
approximately. .. . | 


Huius igitur quantitatis constantis c valorem deteximus, quippe est C = 
0,577218. 


Therefore, we have revealed the value of his constant to this accuracy to 
be C= 0.577218.) 


This is wrong in the sixth decimal place. Two years later in E47 Euler 
calculated the numerical value of the constant, defining C to be the limit 
as n approaches infinity of (H,, - In 7), or numerically the decimal frac- 
tion correct to the first fifteen decimal places, 0.577215664901532. ... 
Here In stands for the French of logarithmic natural—that is, the natural 
logarithm to base e. Claiming that his number was “worthy of consider- 
able attention,” Euler pursued deeper connections between the diver- 
gent harmonic series and natural logarithms, his constant, the formula 
sinx/x, and related labors on the Basel Problem and the Euler-Maclaurin 
Summation Formula; this combined work was the beginning of analytic 
number theory. Euler must have seen that the exact sum of the Basel 
Problem is near 7/6. Euler initially gave no proof of the existence of his 
constant; his fundamental concern was over whether it was rational or 
irrational, which to the present day remains unresolved. He believed that 
his constant derived from another constant or function or that it was the 
logarithm of another number, but he failed to show this. Euler usually 
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represented his constant by the symbol C, sometimes as O or A. His con- 
stant was not yet called gamma, and its significance was not immediately 
recognized. 

Alongside the transcendental numbers z and e, the gamma constant 
remains one of the most important real constants in analysis and have 
been called the trinity of mathematics.” Euler is closely associated with 
all three, inventing the first and computing more accurately and making 
standard the notation for the next two. Despite sustained, serious exami- 
nation of the gamma constant for more than two centuries by many math- 
ematicians who have shown its beautiful and far-ranging consequences in 
mathematics and mathematical physics, to the present day its exact nature 
remains so mysterious that we do not even know whether it is a fraction; 
it is not known whether the gamma constant is rational, algebraic, or tran- 
scendental. In the twentieth century, Godfrey Harold Hardy pledged to 
cede his Savilian professorship at the University of Oxford to any scholar 
who could prove that the gamma constant is algebraic.” 

In the article “Solutio problematis arithmetici de inveniendo numero 
qui per datos numeros divisus, relinquat data residua” (Solution to the 
arithmetic problems of finding a number that, divided by given numbers, 
leaves given remainders, E36), written in 1734 but not published in volume 
7 of the Commentarii until 1740, Euler independently rediscovered and 
proved the Chinese Remainder Theorem, which also belongs to number 
theory.” According to a Chinese word puzzle from the first century A.D., 


Certain things have an unknown number. Dividing that number WV by 3 
gives the remainder 2, dividing by 5 has the remainder 3, and dividing 
by 7 has the remainder 2. What is the number of things V? 


The solution requires finding an integer NW that satisfies three simultane- 
ous linear Diophantine equations. For any integer kf, the solution is V = 
338 -— 105k. Euler’s rediscovery of the theorem was separate from most 
of his work and perhaps accidental. It is one of the few theorems that he 
found and did not take up again later. 

The same issue of the Commentarii reveals a colleague who exerted a 
minor influence on Euler in number theory. Krafft had a modest article on 
the subject “De numeris perfectis” (On perfect numbers) that claimed to 
prove that all even perfect numbers must follow the form given in book 9, 
section 36 of Euclid’s Elements: if 2” — 1 is prime, then 2”"'(2” — 1) is perfect. 
Another article, and “Observationes arithmeticae de septenario” (Arith- 
metic observations on the septenary), apparently by a relative of Krafft 
named Johannes, explains how to recognize whether a number is divisible 
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by 7. Mathematicians besides Goldbach in the Petersburg Academy of 
Sciences encouraged Euler’s research in number theory. 

Able to complete the many early practical academic assignments 
quickly and possessing a strong physical constitution, Euler had the time, 
energy, and freedom in the academy to pursue his research and have the 
Commentarii publish his results. By the end of 1734 he had completed 
and published or had accepted for publication thirty-five articles. These 
circumstances went into the “good fortune” that Euler later described to 
Clairaut regarding the situation in the early years of the academy.” But 
the publication of thirty-five articles did not satisfy Euler; these were to 
comprise only 4 percent of his total work. He set about increasing his 
writings. 

A valuable source of Euler’s scientific research is his correspondence 
with Daniel Bernoulli. Resuming in 1733, it continued for thirty-five years, 
except for a break from 1754 to 1767, provoked by what Bernoulli took 
to be the misbehavior of Euler regarding publications and Bernoulli’s re- 
lations with the Petersburg and Berlin Academies, including a possible 
pension from the Petersburg Academy.” In 1734 Euler sent three letters 
to Daniel Bernoulli. His February letter addresses the speed of ships, the 
Riccati differential equation, a remarkable series for logarithms, the bra- 
chistochrone problem in a resistant medium, and tautochrone curves for 
fluids. His November missive supported Bernoulli’s request for a pension 
from the Petersburg Academy of Sciences. Euler confirmed that he had 
completed volume one of his Mechanica and inquired about the publica- 
tion of Bernoulli’s Hydrodynamica. He also referred to his unfulfilled wish 
to earn a medical degree in Basel, but considered the cost too high. A let- 
ter of December expresses Bernoulli’s delight that Korff had been named 
academy president and urged that the prodigy Clairaut from Paris be in- 
vited to Saint Petersburg. Bernoulli noted that after reviewing recent gen- 
eral principles of mechanics, he examined small vibrations of elastic rods. 
Nearly simultaneously he and Euler had devised the differential equation 
for simple transverse vibrations of the rods, discovering that Leibniz’s 
finding in 1684 of the connection between elastic and acoustic properties 
of bodies was correct. Their research on special theories of vibratory phe- 
nomena aided their advance to general principles of mechanics. 

Thus far, to 1735, the academy had assigned Euler only one major state 
project, in geography and cartography. The Russian monarchy’s principal 
charge and funding for the academy after 1730 was to draw the first accu- 
rate, large-scale maps of Kamchatka and neighboring territories, includ- 
ing the western North American coast. In their correspondence, Daniel 
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Bernoulli requested from Euler information on it and the instruments La 
Condamine had for measurements of the arc of meridian in Peru. 

Successors of Peter the Great wanted to continue his investigation 
of the economic potential of Siberia, and Empress Anna desired to add 
splendor to her court. Improvements in clocks, surveying instruments, 
telescopes, and mathematical techniques (one of which allowed a more 
accurate synchronization with clocks) were also prompting a rejuvena- 
tion of mapping across Europe. In 1730 the Danish navigator and ex- 
plorer Vitus Jonassen Bering, who had served in the Russian Navy and led 
the first Kamchatka expedition, proposed the second—or Great North- 
ern—expedition to explore all of Siberia, including its eastern portion of 
Kamchatka, and to approach the terra incognita of northwestern Amer- 
ica.” Ivan Kirilov, the high secretary of the Russian senate, supported it; 
Kirilov himself was preparing a map of the Russian Empire and supported 
geographical research. A year later Anna accepted the proposal and or- 
dered that detailed plans be made for it. Bering and Russian officials ar- 
ranged for a nautical and geographical study with geodetic surveys and 
astronomical observations. But the academy requested more; it wanted 
to expand the expedition into a general scientific exploration to include 
recording barometric and thermometric results, painting landscapes, and 
writing reports and gathering archives on the colonization, ethnography, 
and history of nearby areas. It also sought to conduct botanical, metal- 
lurgical, and zoological studies. At the academy Miller and Gmelin, the 
latter named professor of chemistry in early 1731, led in advocating this 
wider project. After falling from favor with Schumacher that year, Miller 
moved wholly to conducting extensive research on Russian history and 
collecting primary source materials that were to appear in the Sammlung 
Russischer Geschichte (Collection of Russian history), printed in 1732-33. 
He also searched for documents and reports for a history of the early acad- 
emy. (It would not go to press until 1890.) In 1731 Anna accepted the 
ambitious combined plans of Bering and the academy. 

The Russian senate had instructed Delisle to prepare a map of Kam- 
chatka and neighboring trading company areas, which reached to the north- 
western American coastlands, indicating graphically uncharted areas to be 
filled in by the expedition." Completed in 1732, the map was based on faulty 
information and Delisle’s still unfounded concepts of mathematical cartog- 
raphy.™ An article on the nature of land regions and their history accompa- 
nied the map; when they left Saint Petersburg, Bering and the expedition 
astronomer Louis de I’Isle de la Croyére received copies of both. 

Paraphrasing Gottlob (Theophilus) Siegfried Bayer, Peter Laurid- 
sen has called the expedition “the greatest geographical enterprise ever 
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undertaken.” The largest group research project of the early academy, it 
was to give Russia claims to eastern Siberia and what later came to be 
known as Alaska.* In early 1733, the group began departing from Saint 
Petersburg in detachments, the first of them with over 187 men under the 
command of Bering. They included a surgeon, a landscape painter, an in- 
terpreter, and an instrument maker, together with fourteen bodyguards.” 
Gmelin, Miller, and La Croyére were the initial academy contingent. 
Speaking on the importance of chemistry in February 1732 and writing in 
two articles for volume 5 of the Commentarii, the increasingly influential 
Gmelin had urged construction of a chemical laboratory at the academy 
that came to stress metallurgy.’ The three academicians received ample 
instruments; La Croyére, for example, had nine wagons filled with equip- 
ment, including two clocks, twenty-seven barometers, and telescopes of 
five, seven, thirteen, and fifteen feet. The academicians also carried a li- 
brary of several hundred books, covering the sciences and history, special 
interests, Latin classics, and light reading.** Gmelin and Miller were good 
choices for the expedition,®* but not La Croyére, an amiable but unmoti- 
vated character who cared little for scientific research and was ill-prepared 
to be chief astronomer. (His brother Joseph Delisle had obtained the po- 
sition for him.) In the face of the contempt of his academic associates 
and the hardships of Siberian living, La Croyére’s work deteriorated, and 
his astronomical observations, mostly the work of his assistants, were to 
prove worthless. Over its entire course, the expedition included thirteen 
ships and roughly three thousand men.” 

As Delisle’s interest in the Kamchatka expedition lessened, Euler’s as- 
sociation with it increased. He began as the mathematician for the project, 
assisting Delisle in establishing mathematical cartography working on the 
academy’s geography department; they prepared young astronomers and 
geodetic practitioners for cartographic and geodetic work. Euler was now 
moving from student of Delisle to colleague; by late 1734 he indepen- 
dently made astronomical observations needed for constructing meridian 
tables that were published the following year. 

In March 1734, Euler’s friend Miller wrote to him from Tobolsk con- 
gratulating him on his marriage. At the end of that year, Euler replied.® 
This letter suggests a growing role for Euler: he informed Miller that 
he would receive frequent reports on developments in Russia and from 
abroad. On a personal level, Euler reported, “I have purchased a house on 
the tenth line not far from the Field Marshal | Miinnich’s] palace. Finally, 
my dearest wife has on 16 November [27 November on the Gregorian 
calendar] delivered a young son.” In closing the letter, he wished Miller 
“all pleasure in pursuing this great expedition.” Drawing on his ten years 
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to 1743, Muller—who would later become known as the father of Siberian 
historiography—was to write his magnum opus, the four-volume Istoriya 
Sibiri (History of Siberia), but only the first volume (in 1750) and part of 
the second appeared in print before his death. Euler encouraged Miiller’s 
collection of archives and geographical materials for maps, along with 
cultural and ethnographic data, such as that on the ceremonies of differ- 
ent Siberian societies; the two men corresponded regularly until 1767. 


Chapter 4 


Reaching the “Inmost Heart of 
Mathematics”: 1734 to 1740 


y 1740, Leonhard Euler had established a European reputation in the 

mathematical sciences for his publications, scientific correspondence, 
and entries for the Paris Academy of Science’s prestigious annual Prix 
de Paris. During his first Saint Petersburg stay, Euler published more 
than fifty articles and books, including thirty-seven essays published in 
the Commentarii after 1733.' He continued to concentrate on rational me- 
chanics, together with differential and integral calculus (and especially its 
application to mechanics), while giving much attention to ship theory, 
number theory, astronomy, and music theory. Demonstrating a broad 
range of interests across the mathematical sciences, Euler published pre- 
paratory studies in eight other scientific disciplines: algebra, arithmetic, 
celestial mechanics, physics, tidal theory, variational theory, geometry, 
and the roots of differential geometry, as well as in pedagogy. Four ac- 
complishments in particular were to bring him European distinction. The 
most important were the exact solution of the Basel Problem in 1735 and 
in the next year the publication of his Mechanica sive motus scientia analytice 
exposita (Mechanics of the science of motion set forth analytically), which 
was reviewed in Paris in 1740. Of lesser consequence were his comput- 
ing the accurate shape of Earth independently of the Lapland Expedition 
and sharing the Prix de Paris in 1738 and 1740 as well as winning it alone 
in 1739. In addition to conducting state and technical projects, Euler’s 
correspondence—especially with Daniel Bernoulli and Giovanni Jacopo 
Marinoni—seemed to encourage telescopic observations;* it is possible 
that Euler was still likely making such observations. He was skillful in 
experiments as well. Elements of what may be termed his Eulerian syn- 
thesis began to emerge; he drew elements mainly from Isaac Newton’s 
mechanics while avoiding contradiction—for example, accepting the law 
of attraction but believing that some modification was necessary for celes- 
tial dynamics. René Descartes had asserted that an ether filled all space, 
and Euler accepted this concept. He added his own original insights in 
the sciences and sought to develop and apply to dynamics and astronomy 
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the Leibniz-Bernoullian calculus. Euler had already begun to question 
Newton’s corpuscular optics but had not yet developed his pulse theory, 
and he was quietly criticizing Wolffian mathematics and physics as rife 
with errors. 

In his “Eloge de M. Euler” Nicolas, Marquis de Condorcet, spoke of 
the “impossibility ... of conveying in detail... an accurate idea of the 
multiplicity of discoveries, new methods of investigation, and ingenious 
views” contained in the massive publications and correspondence of 
Euler, an observation that remains true to the present day.’ By 1735 Euler’s 
writings and ideas were already beyond the scope of any moderate-length 
biography. 

This chapter will investigate chronologically and thematically Euler’s 
major publications in pure and applied mathematics for the years 1734— 
40, his contributions to practical projects, and the tenor of his life. 

In January 1735 the Petersburg Academy of Sciences instructed Euler 
to compile tables “by which at any given latitude one can determine what 
the time for that person is, provided only that he possesses some fixed 
collection of the elevations of the sun.”* He was being asked to obtain 
the equation of noon, where the word equation would carry the ancient 
meaning of correction rather than the modern reference to equality. This 
was an early part of the eighteenth-century torrent of cases linking experi- 
ence with underlying, evolving mathematical models. After working for 
two years on tables, Euler proposed the midday correction equation when 
he was given a table of two separate observations of the sun’s identical 
altitude above the horizon for every degree of deviation between one and 
eighteen hours from Saint Petersburg; the observations of equal height 
occurred at 8:21 a.m. and 3:49 p.m. Since the sun tracks not Earth’s equa- 
tor but the ecliptic—that is, the sun’s annual path or great circle around 
the sky—determining the exact latitude requires an adjustment of the 
original equation. When superimposed, these two planes make an angle 
of about 23 1/2°; this is known as the obliquity angle, which gives the 
increment or change, dt, of the sun’s declination—in this case, north of 
the celestial equator in one day. The obliquity of the ecliptic is its angle to 
the celestial equator. Euler derived the term correction between true noon 
(as seen with a sundial, mean noon from using a clock) and actual noon 
(depending on equivalent solar altitudes). In this effort, the academy at- 
tempted to construct more accurate clocks. 

Euler surely knew that book 1, chapter 2 of Claudius Ptolemy’s A/- 
magest predicted celestial positions using plane triangles and chords on a 
circle, and that book 3, chapter 6, gave changes in longitude of the sun’s 
position. Perhaps Euler also had access to the Persian mathematician and 
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astronomer Kushyar ibn Labban’s Jami Zij (Comprehensive astronomi- 
cal handbook, ca. 1025), which improved upon Ptolemy and added in- 
formation on Hindu mathematics and medieval Islamic trigonometry.° 
Euler may be seen as Ptolemy’s and ibn Labban’s heir in that he joined a 
systematic mathematics with detailed, numerous, and skillfully collected 
astronomical data. He began by examining the relationship of the sine 
and cosine of arcs with these values and small deviations. Like his pre- 
decessors, Euler appealed rigorously to spherical and plane geometry, 
trigonometry, and algebra, but he had the advantage over them of recent 
advances and growing sophistication in all of these and especially “join- 
ing them together with the new infinitesimal calculus.”® He was also al- 
ready familiar with the post-Copernican celestial mechanics and planetary 
theory, particularly of Johannes Kepler and Newton. 

Euler astonished the Saint Petersburg academicians by completing in 
three days a task they expected might take three months, an accomplish- 
ment that his Basler elegist and grandson-in-law Nicholas Fuss attributed 
to indefatigable labor. In Euler’s paper “Methodus computandi aequatio- 
nem meridiei” (A method for the improvement or correction of the equa- 
tion of time, E50), he gave two formulas or equations.’ The second has the 
cosine of declination dividing the product of the sine of obliquity, cosine 
of longitude, and daily change in longitude. We do not know how long 
it took to devise the correction equation to make the computations more 
simply and quickly, but it was derived from ideas presented in two anon- 
ymous papers in the academy observatory’s Primechaniya k Vedomostyam 
(Notes to the gazette) for 1731 that had been coauthored by Leonhard 
Euler and Georg Wolfgang Krafft. The tables in the manuscript submit- 
ted at the academy conference in mid-January 1735 employing the new 
formula required no more than eight hours a day for three days to finish. 
Since the paper was to appear in the Notes, Euler took it home to make 
accurate copies. At the conference a week later, Joseph-Nicholas Delisle 
took copies to study, and thereafter the academy had a single cannon fir- 
ing daily to mark the moment of the solar zenith. Though submitted in 
1735, “Methodus computandi aequationem meridiei” was not published 
until 1741 in the Commentarii. 

According to Fuss, who was nearly fifty years younger and did not 
meet Euler until 1773, then becoming his amanuensis and assistant in 
1778, the three days of these astronomical calculations in 1735 were a 
major factor in Euler’s problems with his vision. Yet, for blindness as pro- 
gressive as Euler’s was to be, eyestrain alone is not an adequate explana- 
tion. The length of time over which this occurred seems a lapse in the 
memory of the elderly Euler, who was the source for Fuss via their almost 
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daily conversations. Euler’s health did suffer in early 1735, apparently not 
from exhaustion from work on this problem but from headaches and a 
life-threatening fever to which harsh weather contributed. 

It is not possible today to diagnose the illness related to the fever; 
one supposition is that it was scrofula, a disease known from antiquity 
and still existing well into the eighteenth century; it was called the King’s 
evil, after a belief in France and other lands that a royal touch could cure 
it.’ Scrofula, today labeled tuberculous adenitis, is a tuberculosis of the 
lymph glands in the neck, which enlarge and grow firmer while the pa- 
tient endures fever and chills. After 1735 occasionally Euler suffered from 
serious fevers, but even with his strong constitution scrofula would have 
been more debilitating over the years; most likely the illness was some- 
thing else. That year Euler kept it secret from his parents and colleagues 
abroad; only after his recovery did he inform Daniel Bernoulli of the ill- 
ness, who reported the health problem to Euler’s parents. 

Later in 1735 Euler’s sixteen-year-old brother Johann Heinrich, an as- 
piring painter, arrived in Saint Petersburg; probably with assistance from 
his father-in-law, Euler had his brother appointed a student or adjunct in 
the art academy there. Heinrich apparently lived with the Euler family 
until departing with them from Saint Petersburg in 1741. 

Among the duties that Euler—after having few state and technical 
tasks assigned to him at the academy before 1735—was now charged with 
was that of being a member of the permanent faculty of the department 
of geography, which the Supreme Senate approved in August. That year 
the Senate also appointed him department supervisor, a position that in- 
creased his pay to twelve hundred rubles. Euler’s main responsibility was 
to oversee the Second Kamchatka Expedition, which would last to 1743, 
in part to prepare the first accurate land maps of the Russian Empire and 
its regions through determining latitude and longitude astronomically 
and gathering better geodetic measurements. The expedition was the 
academy’s principal and most heavily funded project and Euler’s chief as- 
signment. In this enterprise he began by assisting Delisle and interacting 
with Christian Nikolaus Winsheim. In 1737 Euler computed ephemerides 
and drew up uniform instructions for the expedition’s geodesists as well 
as for the Russian scholar Vasilii Nikitich Tatishchev, who was studying 
economic possibilities in the Ural Mountains. 

At the end of August 1735, Euler appeared for the first time in the 
geography department of the academy. The introductory protocol read, 
“Mr. Professor Euler has been charged [by president Johann Albrecht von 
Korff] to aid Mr. Delisle in composing the general map of Russia [to its 
European borders] and has come today in order to be an adjunct for us.”® 
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The official appointment from the Senate came a week later, on 2 Septem- 
ber, when Euler met with Delisle, who explained his map projection to 
fit a curved surface on a flat sheet. Improving upon Ptolemy, Delisle was 
developing an equidistant conic projection with constant parallel place- 
ment along all meridians the same scale; the latitude and longitude pro- 
vided the coordinates of a point, and Euler agreed that this projection 
was needed for precision. He generally worked in the department daily 
but did gain permission from Delisle to carry out some work at home. 
The task was enormous and painstaking; detailed records exist taken from 
departmental minutes written in French from 1735 to 1747, but their ex- 
amination, begun by Nina I. Nevskaya, remains far from complete. 

In November 1735, Delisle, Euler, and their associates were invited 
to visit the office of engineers in the chancellery of the main administra- 
tion of artillery and fortification to view the engineers’ maps, and in early 
December they did so. Having begun work on a good general map of 
the Russian Empire, Euler wrote to academy president Korff that pre- 
paring it would be difficult and take a long time; it required comparing 
the components of a large number of special maps and assuring their 
accuracy through reliable geodetic measures, sophisticated astronomical 
observations, and determinations of longitude not previously available 
in Russia. In January 1736, Korff sent an order that Euler’s map be com- 
pleted as soon as possible; the minutes of the geography department show 
that “since... Professor Euler who, together with Professor Delisle, has 
agreed to the preparation of the map of Russia’s boundaries requested 
by the Supreme Senate, Mr. Delisle [returned to] him the map yesterday 
with a note begging him . . . to complete [it].”"° The Second Kamchatka 
Expedition would provide many of the materials required for accuracy. 
Euler started with a study of special maps of the empire’s districts and 
built upon them to prepare accurate ones of the nineteen provinces, then 
combined these in drawing the most complete and reliable map of the em- 
pire." In September 1736 he and Delisle completed their first map of the 
European borders of Russia. Euler assigned his student Vasilii Adodurov, 
an aristocrat from Novgorod and one of his first gymnasium students, to 
enter the Russian nomenclature because his own knowledge of Russian 
was still not sufficient. He planned to place maps of the nineteen prov- 
inces into a Russian atlas with a general map of the empire. 

From 1736 on Euler apparently labored mainly with the newly ap- 
pointed astronomer Gottfried Wilhelm Heinsius on astronomical calcula- 
tions; Heinsius became one of his closest friends. Applying Kamchatka 
observations and their better measurements, along with their own com- 
putations, Euler and Heinsius painstakingly corrected land maps almost 
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daily. During his second Saint Petersburg stay in 1777 and 1778 he would 
publish three articles on cartography, including his new map projection 
to minimize distortion. 

In the mid-1730s another project of the geography department was a 
comparative analysis of different calendars from ancient and eighteenth- 
century China, Japan, southern India, and the other areas of the east. 
Gottlob (Theophilus) Siegfried Bayer, Delisle, Krafft, and Vasily Kirill- 
ovich Trediakovskii participated along with Euler. Delisle believed that 
this research could inspire the creativity that was essential to making dis- 
coveries in astronomy. 

In 1736 Euler began to study the solar year in the traditional Sanskrit 
calendrics of the Hindus, collaborating with Bayer, who had apparently 
heightened his interest in ancient texts. While Bayer had come to Saint 
Petersburg in 1726, it is not clear how the two men met; it may have been 
through Christian Goldbach and Delisle. (Bayer lived in Delisle’s house 
for a brief period.) Bayer, who did not understand technical matters in 
theoretical astronomy computations, checked occasionally with Euler. 
This work was a part of comparative chronology, a field that Bayer helped 
the sixteenth-century antiquarian Joseph Justus Scaliger to have founded. 
This work apparently increased Euler’s interest in ancient sources, and his 
findings appeared as an appendix, “De Indorum anno solari astronom- 
ico” (On the astronomical solar year of the Indians, E18) to Bayer’s His- 
toria regni Graecorium bactriani (History of the kingdom of the [ancient] 
Bactrian Greeks, 1738). In part Euler’s comparison finds the Indian year 
slightly longer than the Gregorian year—essentially by twenty-three min- 
utes. In the preface to his book, Bayer wrote, “Leonhard Euler, the noted 
mathematician and most closely linked to me by the ties of collegiality, 
has now shown to some extent how welcome these [discoveries] must be 
to everyone.” 


The Basel Problem and the Mechanica 


During the early eighteenth century, the search for the exact sum of the 
Basel Problem, the series of the inverse squares of the positive integers, had 
assumed a mystique not unlike the quest for a proof of Pierre de Fermat’s 
Last Theorem that would come in the twentieth century. Its resolution 
promised to match in importance Gottfried Wilhelm Leibniz’s striking 
discovery sixty years earlier that the sum of the infinite alternating series 
1-1/3+1/5-1/7+1/9-...is 7/4. By 1668 the Scottish mathematician 
James Gregory had the equivalent of the arctan or tan” series—that is, an 
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inverse trigonometric series—but apparently did not make this computa- 
tion; the series is today known as Gregory’s or Leibniz’s. 

Widespread scrutiny of the Basel Problem for more than half a cen- 
tury by leading geometers—who were hampered by its slowly converging 
infinite series—had produced ever closer approximations, such as those of 
James Stirling, but had failed to find an exact solution. In 1735 Euler was 
continuing his attempt to sum ¢(2), which he had pursued since 1728. Hav- 
ing discovered his summation formula by 1732, in a paper read in October 
of that year he used but a few terms to sum the Basel Problem to twenty 
decimal places, an extraordinary achievement. This result and his study of 
series for t might not be suggestive to many mathematicians, but appar- 
ently Euler saw that the answer to the problem was near to 7’/6; Still, he 
initially believed it unlikely that he would make any further advance with 
the problem that had previously stumped him so. A letter in December 
calmly began, “So much work has been done on the series [¢(2)| that it 
hardly seems likely that anything new about them may still turn up... . I 
too, in spite of repeated efforts, could achieve nothing more than approx- 
imate values ...,” but the tone quickly changed: “Now, however, quite 
unexpectedly, I have found an elegant formula for the sum of the infinite 
series 1 + 1/4+ 1/9 + 1/16+..., which depends upon the quadrature of 
the circle [that is, upon 7]. . . I have found that six times the sum of this 
series equals the square of the circumference of a circle whose diameter 
is 1.” While this statement is oblique geometrically, in modern notation 
Euler had the marvelous formula a 1/n? = 7°/6. The previously intrac- 
table problem had fallen before Euler’s unmatched ability in elementary 
and formal computation, including masterful substitutions and interpola- 
tions, his skill in mathematical integration, and his unequaled intuition 
in mathematics, all applied to recently derived series for trigonometric 
chords and m. The discovery seems to have evoked a joy not unlike that of 
Archimedes of Syracuse in his “eureka moment.” 

In a paper read at the academy, also in December 1735, Euler an- 
nounced his sensational discovery.’° His article “De summis serierum re- 
ciprocarum” (On the sums of series of reciprocals, E41), published in the 
Commentarii for 1734-35, solved the Basel Problem by exactly summing 
(2) in three different ways, though with unsatisfactory procedures and 
with a proof having gaps generally unrecognized at the time.” 

In the best known of his three computations of ¢(2), Euler recklessly 
applied Newton’s results on summing powers of roots of finite algebraic 
equations and transcendental functions, such as 1 — sinx/x. To work with 
these, he made two modest yet bold assumptions, policed by his splen- 
did instinct for warning as regards errors.'’ From his study of algebraic 
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theorems, Euler asserted that for an nth degree polynomial, P(x), with 
nonzero roots ,, d,, 43, . . . it is possible to factor P(x), where P(x) = 0, into 
P(x) = (1 — x/a,)(1- «/a,)(1 - x/a;) ... (1- x/a,).... Substituting 0’s for 
x’s in the factored polynomial gives the answer of 1. P(0) = 1 is a crucial 
condition upon which the factorization hinges. In another leap of faith, 
Euler daringly extended to infinite polynomials this rule for finite polyno- 
mials, assuming that the infinitely many roots of transcendentals could be 
factored likewise;'* he could not yet prove it, but considered it a natural 
extension. In modern symbolism, Euler began his proof with 


P(x) = 1 — 27/3! + x4/5! — 26/71 + 8/91 -—... 


Next he needed sinx, which equals x — x°/3! + x°/5! - x’/7! +... So he 
multiplied P(x) by x/x, giving him (x — x°/3! + x°/5! — x7/7! +x°/9!—...)/x, 
where the numerator is Brook Taylor’s series expansion of sinx. When 
sinx = 0 for x = +kn and for k a real number, P(x) is zero. Euler represented 
P(x) as “an infinite product.” 
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P(x) = [(1 — x/n)(1 + x/m) |[(1 — x/2r)(1 + 277) .. .] = 
[l= Ar ll =e [l= Ar]... 


Expanding this infinite product and setting it equal to the above equa- 
tions gave 


-1/3! = -(1/r?+ 1/40? + 1/9? + 1/167 +. . .) 
-1/6 =-1/r? (1+1/4+1/9+1/16+...) 


The numerical coefficient is -1/3! = -1/6. Dividing both sides by —1/r’ 
gives the desired series and the exact summation 1+ 1/4+1/9+1/16+... 
= 1/3! = 1°/6. The Basel problem was thus solved, QED. 

Euler recognized the shakiness of his computational procedures and 
spent the next eight years searching for a better proof.’ Often a path- 
finder like Leibniz and Newton, Euler would arrive at solutions without 
subsequent requisite tools for proofs; even so, almost all of his results and 
formulas have withstood tests of rigor. At the time, however, he refused to 
withhold his many discoveries from publication. Only after Euler—in the 
nineteenth century—would attention among mathematicians turn more 
to rigor. 

Feverish with excitement, Euler was not satisfied to stop with ((2). 
To reach the results given in “De summis serierum reciprocarum” he ap- 
plied “multo labore” and a known method—probably indeterminate coef- 
ficients—to extend his procedure by 1736 to compute the zeta function for 
the even integers up to 12. The coefficients were more difficult to obtain, 
but he correctly gave (4) = 7*/90, (6) = 1°/945, ¢(8) = 1°/9450, and ¢(10) = 
T'°/93555, up to (12) = 691m"/(6825 x 93555).” Fermat had anticipated 
these coefficients, while pages 96 and 97 of Jakob (Jacques) Bernoulli’s 
posthumous Ars conjectandi (The art of conjecturing, 1713) had defined 
the generating function leading to them, the equivalent of the Taylor ex- 
pansion of 1/(e* -1). By 1735 Euler had computed rational multiple co- 
efficients of nm’, n*, 1°, 7°, ..., seeking to solve the Basel Problem, and 
discovered that they were related to the numbers Jakob Bernoulli had 
described.”! Bernoulli’s priority was not immediately recognized. In his 
Miscellanea analytica of 1730, Abraham de Moivre had named these num- 
bers Bernoullian, a term that Euler eagerly accepted.” 

A generating function for Bernoulli numbers with the Taylor expan- 
sion of 1/(e* — 1), together with the Euler-Maclaurin Summation Formula, 
which generalized the work of Jakob Bernoulli, made it easier to obtain 
his numbers, B,= 1/6, B, = 1/30, B, = 1/42, B, = 1/30, B, = 5/666, and 
B,y = 691/2730, the initial Bernoulli numbers. That the prime 691 appears 
in both B,, and the coefficient for (10) probably suggested to Euler an 
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interconnection. He was now also bringing out the central role of the 
Taylor series in differential calculus. In 1738 Maclaurin independently ar- 
rived at the summation formula—hence its shared name—and Maclaurin 
immediately employed it to compute ¢(2) to twenty decimal places.” It 
made integration easier in obtaining the numbers. 

Two properties of Bernoulli numbers are that B,,= 0 for all odd n 2 3, 
and that the even subscripts B,, have alternating signs.” Not until his ar- 
ticle on certain series, “De seriebus quibusbam considerationes” (E130), 
published in the Commentarii in 1750, did Euler prove the formula {(2n) = 
(27"1/(2n)!) | B,, | 2°", with B,, the Bernoulli numbers. Euler did not yet 
realize their importance to number theory,” and not until chapter 2, part 
5, of his Institutiones calculi differentialis (Foundations of Differential Cal- 
culus) of 1755 did he start to bring out their significance, which would 
emerge only in the next century. Remarkably silent about 3 and other odd 
integer exponents, Euler and his correspondents recognized some brash- 
ness in his reaching his findings without proofs—as the Latin proverb pro- 
claims, audaces fortuna iuvat (fortune favors the bold.) His “De summis 
serierum reciprocarum” (On the sums of series of reciprocals, E41) does 
more than solve the Basel Problem; it also shows Euler’s interest in ap- 
proximating the value of 7, a problem that he often revisited. 

Delays in the publication of the Commentarii meant that informa- 
tion about Euler’s discoveries often first reached western and central 
Europe prior to the published proceedings of the Petersburg Academy 
of Sciences. Since volume 7 of the Commentarii, containing “De summis 
serierum reciprocarum,” was not published until 1740, news of his exact 
result spread relatively slowly in 1736 and 1737 through mail to and by 
friends and a growing number of correspondents, among them James 
Stirling in Edinburgh and Giovanni Marchese Poleni in Padua.” Euler’s 
summation provoked a lively discussion among geometers while its lack 
of a rigorous foundation brought criticism. When in a letter of April 
1737 Johann I (Jean I) Bernoulli received news of the solution, he is said 
to have exclaimed, “Utinam frater superstes effet!” (If only my brother 
[Jakob] were alive!) He inquired about a proof and a well-founded com- 
putational procedure and set about finding them himself. The timing of 
this exchange suggests that the solution to the Basel Problem furthered 
the development of Euler’s distinguished reputation, which his Mechanica 
in particular had launched. 

During the eighteenth century, the study of mechanics lay at the cen- 
ter of research in the mathematical sciences; it and astronomy were then 
considered the sciences par excellence. To establish repute, every natural 
philosopher and geometer of note sought to make advances in mechanics. 
Though the Cartesians and Wolffians competed on the Continent until 
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midcentury, Newton’s dynamics in the Principia mathematica dominated 
this discourse by the 1740s.*” One historical interpretation has mechanics 
developing according to two laws: Apollo’s Arrow and the land of the An- 
cients’ Inferno.” Apollo’s Arrow is a metaphor for a growing collection of 
means for solving particular theoretical and practical questions and prob- 
lems as well as enabling progress in the field. Often natural philosophers 
and geometers knew the correct answer to a problem or gathered more or 
less imprecise data with improved instruments such as telescopes, pendu- 
lum chronometers, barometers, and surveying equipment; their task was 
to provide a method or the mathematics needed to reach the correct result. 
The Ancients’ Inferno represents the intelligence required and the slow 
and tortuous development of Newtonian mechanics and Euler’s original- 
ity and synthesis, along with the endlessness of the pursuit of science.” 
Ambiguities, confusion, and errors, together with an array of accomplish- 
ments, were among the factors affecting the pace of development. 

After making detailed plans for future treatises on point dynamics 
and fluid flow theory in his Basel notebook, prepared between the ages 
of eighteen and twenty, Euler had set about the work that led to his Me- 
chanica. This record indicates that mechanics rather than mathematics was 
his first major and continuing interest. From 1725 to 1730 he completed 
a dozen articles on the subject and two drafts of a tract on motion under 
central forces.*° Unable to solve the problem of a body forced to rotate 
around two perpendicular axes and afterward freed, Euler dropped his 
initial work on the Mechanica around 1730. His penultimate draft was di- 
vided into three sections: motion from forces acting on a freely moving 
“infinitely small body that may be treated as a point” (a free mass point); 
motion from forces acting on the constrained motion of a mass point; and 
the motion of rigid bodies that are driven by any forces, including the cen- 
ter of oscillating motion of rigid rods. These bodies exist in the absence 
of a resisting medium, that is, a vacuum, or a resisting medium along 
geodesics on a given surface. Today a mass point is defined as a geometric 
or point particle assigned a finite mass. The third section proposes the 
theorem of the moment of momentum. 

Euler found the existing principles of mechanics insufficient to ac- 
count for the motion of rigid bodies. Together with Johann I and Dan- 
iel Bernoulli, he explored a series of scattered problems, many of which 
he had not anticipated, and to solve them employed special devices to 
discover differential equations for them. At first neither Euler nor the 
Bernoullis went much beyond the findings of Christiaan Huygens on 
oscillation. It took Euler another quarter century to develop a general 
theory of the motion of rigid bodies, including the nonplanar case; he did 
not let this delay his announcement and progress with his grand program 
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in mechanics, however; he deleted the third section from the planned Me- 
chanica and concentrated on clarifying and revising the first two. 

On the path to rational mechanics, the principal question facing 
Euler was how to reorganize mechanics by applying the analytic method, 
along with how to formulate the fundamental, general principles at its 
base.*! The analytic method, which refers to his systematic employment of 
the terms and symbols of differential and integral calculus, was for Euler 
a heuristic mode of thought and a means to an end rather than simply an 
algorithmic approach. Behind the synthetic geometric format of Newton’s 
Principia, including conic sections and quadratures, Euler saw a host of 
methods: infinitesimals, geometric limit procedures, interpolation tech- 
niques, and infinite series. Still, Newton had not devised the partial dif- 
ferential equations of motion. Euler was more indebted to the Continental 
geometers, led by the Bernoullis, who in an ad hoc fashion were apply- 
ing differential calculus, then barely half a century old, to achieve precise 
solutions of problems of motion, its generations, and its alteration—in- 
cluding instantaneous acceleration—in physics that neither analytic ge- 
ometry nor the ancient synthetic method of Euclidean geometry could 
attain. Breaking decisively with those two geometries, Euler sought to 
express Newtonian mechanics with Leibnizian differential equations and 
the partial differential equations that the Bernoullis had introduced, and 
he added many more of the latter. He differed from Leibniz, however, in 
evolving his concept of function by examining formulas and the relations 
between quantities rather than curves; he thus formalized the subject. By 
1734 Euler had returned to writing the Mechanica with a singleness of 
purpose and soon completed the first volume. By then he had written for 
the Commentarii nine articles on mechanics and eleven on solving its prob- 
lems; he was to include a summary of these in the Mechanica. 

In 1736 the Petersburg Academy, which had promised funding for 
the publication of most of Euler’s future books, issued his 980-page Me- 
chanica sive motus scientia analytice exposita (Mechanics, or the science of 
motion set forth analytically, E15 and E16) in two volumes. These were 
each too large to appear in the Commentarii but were, as noted on the title 
page, supplements to it.” Their title states Euler’s central concept, though 
he briefly considered Dynamica as an alternative title. Johann I Bernoulli 
wrote in a letter that he thought Dynamica had merit, but Euler quickly 
settled on Mechanica and dedicated these volumes to his “illustrious and 
most excellent” friend, academy president Korff. 

The preface to the Mechanica emphasizes its importance: 


[I]f analysis is needed anywhere, then it is certainly in mechanics. Al- 
though the reader can convince himself of the truth of the exhibited 
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Figure 4.2. Title page of Euler’s Mechanica sive motus scientia analytice exposita, 1736. 


propositions, he does not acquire a sufficiently clear and accurate under- 
standing of them, so that if those questions be ever so slightly changed he 
will not be able to answer them independently unless he turns to analysis 
and solves the same propositions using analytic methods. This in fact 
happened to me when I began to familiarize myself with Newton’s Prin- 
cipia and Hermann’s Phoronomia; although it seemed to me that I clearly 
understood the solutions of many of the problems, I was nevertheless 
unable to solve problems differing slightly from them. But then I tried, 
as far as I was able, to distinguish the analysis [hidden] in the synthetic 
method and to my own ends rework systematically those same proposi- 
tions, as a result of which I understood the problem much better. .. . I 
expounded ... [the propositions anew] using a systematic and unified 
method and reordered them more conveniently.™* 


In putting forward simple and uniform analytic methods and logi- 
cally arranging fundamental propositions and new definitions, thus mak- 
ing them intelligible, Euler had begun conceptually to organize infinitary 
analysis and was the first to apply it systematically to dynamics.* This was a 
major feature of the Mechanica: Euler wanted to demonstrate that the proofs 
of the laws of mechanics are certain and necessary.* He accepted Newton’s 
dynamics, but his research program was not simply an extension of it; he 
was also to incorporate elements from the Cartesian and Leibnizian sci- 
ences and his own thought. In the preface to the Mechanica Euler declared 
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that he had included “both what I have found in the writings of others 
on the motion of bodies and what I myself have thought out in my rumi- 
nations.”*” Among his sources were Archimedes on statics; Galileo Galilei 
on kinematics, and Huygens, Newton, Johann I Bernoulli, and Jakob Her- 
mann on dynamics. During his early Saint Petersburg years, he had become 
familiar with many of the writings of Galileo, Huygens, and Newton; he 
also referred to the second volume of Christian Wolff’s Elementa matheseos 
universae of 1733, in part an exposition on statics and elementary mechan- 
ics. (Euler did not comment on its aerodynamics and hydraulics.) Clearly 
Newton’s Principia mathematica and Hermann’s Phoronomia most influenced 
him. For its systematic application of infinitary methods, the Mechanica’s 
preface confidently concludes, “[Qui] in analysi tam finitorum quam in- 
finitorum satis fuerit exercitatus, is mira facilitate omnia intelligere atque 
sine ulla manuductione integrum hoc opus perlegere queat” (He who has 
enough practice in finite and infinite analysis will understand everything 
with wonderful ease and be able to read through this entire work without 
help). On the Continent, Euler was assuming the lead in applying infinitary 
analysis to mechanics. By 1750 analysis surpassed geometric synthesis. 

Among the many novelties in the Mechanica is the precision it gives to 
the concept of bodies, which Newton had employed only vaguely, giving 
it at least three disparate meanings. Seeing that in general Newton’s laws 
correctly applied to masses reducible to points, Euler introduced the con- 
cept of mass points. The conclusions in his punctual mechanics apply only 
to punctiform—and not extended—bodies. Analogous to his treatment of 
motion in a plane, he introduced rectangular Cartesian coordinates in trac- 
ing the trajectories of mass points, explicitly decomposing the paths along 
the axes of forces acting on them. The binormal, principal normal, and 
tangent give the axes. It is mistakenly believed that Newton had shown 
this, but Newton’s geometric method had only intrinsic coordinates. Euler 
asserted that motion is continuous, so we know each point in the space 
covered in a trajectory. This builds upon Leibniz’s principle of continuity. 
From its initial to its final place, Euler demonstrated moreover that the 
straight-line path of a mass point to the center of force is the shortest. ‘To 
Cartesian coordinates he added directed magnitudes or vectors at different 
points. Euler now also employed vectors, which had previously applied 
only to static forces, for changes in speed and direction; their addition lies 
at the heart of the Enlightenment concept of space-time. 

The concept of force was crucial to Euler’s mechanics, and he treated 
it as an external entity to a body causing change in motion. His physi- 
cal model was still incomplete and would generate criticisms; in the pref- 
ace to his Traité de dynamique (1743), Jean-Baptiste le Rond d’Alembert 
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described as vague and obscure purely mathematical explanations of mo- 
tion without the inclusion of external observations. In “Recherches sur 
lorigine des forces” (E181, 1750) Euler would provide the absolute im- 
penetrability of matter as the previously missing element in his explana- 
tion of force.** Both Newton and d’Alembert had accepted this concept, 
but Euler went further in examining the relation between this property 
and impact phenomena. 

In the Mechanica’s book 2, proposition 20, Euler proved Newton’s sec- 
ond law: “The change of motion is proportional to the motive force im- 
pressed; and is made in the direction of the right line in which that force 
is impressed.” Newton had offered a dichotomy. His second law treated 
motion in two forms: in modern symbols F = A(mv) for F = ma, according to 
whether the force is acting continuously or discontinuously. Before Euler’s 
time, that law was often auxiliary in studies of motion and mostly applied 
to one degree of freedom.” Euler’s proof reduced the ambiguity and argued 
that Newton’s second law was an underlying principle of motion; among 
geometers and natural philosophers, Euler was prominent in developing 
it to apply to many degrees of freedom. He did not examine two bodies 
subject to the same forces, but his study of Kepler’s planetary laws in book 
1, chapter 5 of the Mechanica suggests that he could reduce these problems 
to determining the motion of a single body. Working only with mass points, 
he did not require Newton’s third law on opposite and equal reaction. 

Occasionally histories have misinterpreted Euler’s Mechanica. In the 
preface to his Mechanique analitique of 1788 Joseph-Louis, Comte de La- 
grange gave Euler’s work qualified praise, terming it “le premier grand ou- 
vrage ou l’Analyse ait été appliquée a la science du mouvement” (the first 
great book in which [infinitary ] analysis has been applied to the science of 
motion). This assertion is not exactly correct; instead, the Mechanica was 
the first large book to apply only infinitary analysis to mechanics, for Her- 
mann’s Phoronomia had a mixture of analysis and geometry. Also incorrect 
is the occasional belief, which is not from Lagrange, that the Mechanica 
simply translates Newton’s Principia mathematica into the language of in- 
finitary analysis. Euler’s section on mass points moved by a force toward a 
fixed center brilliantly reformulates analytically the corresponding part of 
Newton’s Principia and somewhat introduces Euler’s later works in celes- 
tial mechanics. Limited to the rectilinear and curvilinear motion of mass 
points, together with a few chapters on motion in resisting media, Euler’s 
Mechanica has a much narrower scope than the Principia and consolidates 
only a small portion of rational mechanics. 

Its preface announced that the Mechanica would be the first of Euler’s 
books in which he would apply “his complete intelligence to determining 
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the motion of finite bodies.” The general scholium to section 98 of chapter 
1 promised that since partial differential equations were lacking for finite 
bodies and existing principles were unsatisfactory for their general treat- 
ment, he would, in a highly ambitious program, turn in succession to 
resolving computationally the motion of bodies of finite magnitude that 
are rigid, flexible, elastic, subject to impacts with one another involving 
compression and extension, and fluid*'—a task that would have exhausted 
most scientific geniuses. But through his brilliance, combined with his 
nearly untiring work habits and strong physical constitution, Euler suc- 
cessfully completed this work over the next twenty years. In addition to 
this achievement in mechanics, which alone would have made him famous 
in the annals of science, he was driven to cultivate all the other mathemati- 
cal sciences and make significant contributions to each. 

Spirited criticism of the Mechanica, especially for errors and lack of 
analytical sophistication, came from Cartesian natural philosophers as 
well as its chief opponent, the English mechanist Benjamin Robins, dis- 
coverer of the ballistic pendulum. In 1739 he published a small book, Re- 
marks on Mr. Euler’s Treatise of Motion, Dr. Smith’s Complete System of Opticks, 
and Dr. Furin’s Essay upon Distinct and Indistinct Vision, the first third of 
which comprised “Remarks on Mr. Leonard Euler’s Treatise Entitled Me- 
chanica.” Proceeding with what Euler’s editor Paul Stackel would in the 
twentieth century call “impudent arrogance,” Robins faulted the meta- 
physical and philosophical grounding of the Mechanica for lacking an ex- 
perimental base, pointing out several computational errors and what he 
deemed were bizarre assertions.” 

Robins was no stranger to controversy. Against Bishop George Berke- 
ley’s critique of the foundations of calculus with evanescent increments, 
Robins had in 1735 defended Newton’s method of fluxions based instead 
on prime and ultimate ratios—or, in essence, limits. In his Remarks Rob- 
ins, like the Cartesians, believed it possible to reach some of the Mechani- 
ca’s results by replacing the numerous differential equations with simpler 
rational arguments; this might reduce errors. He found Euler’s efforts to 
prove the laws of mechanics “contrived” and wanted all laws checked via 
experiments. He asserted that the third proposition, “that in any unequal 
motion the least elements of the space described may be passed over with 
a uniform motion,” was not universally true. Euler had “obscure suspi- 
cions of the fallacy of the proposition but . . . applies it without scruple.”” 
Euler had only one half of a correct sine value in a triangle depending 
on force and motion; there were “capital errors arising from an unwar- 
ranted adherence to the third proposition.” The “7th, 8th, and 9th propo- 
sitions relating to the continuation of a body in its state either of rest, 
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or of equable motion in a right line,” maintained Robins, stemmed from 
experiments and not metaphysical notions of bodies and motion.* 

Robins found Euler’s demonstrations of propositions “pretended” 
and his computational results half what they should be.* He faulted 
Euler’s proof on uniform motion in proposition 15, called the proof of 
proposition 18 “absolutely inconclusive,” and found all equations for 
proposition 21 “false.”“° To introduce a new idea or problem numerical in 
nature, including those with differential equations, Euler used theorems. 
In the Mechanica’s chapter 5, on curvilinear motion, Robins claimed that 
every proposition depended on an erroneous equation. He found mis- 
takes in propositions 43-103, and asserted that the last chapter was filled 
with unnecessary computation and prolix. 

Robins criticized Euler for his “blind submission to his computa- 
tions.”*’ Euler recognized what might lead to mistakes, but that did not 
stop him when he deemed something was a step toward advancing the 
field. Throughout his career, Euler constantly sought to perfect thought 
and did not refrain from publishing, even for reasons of absolute rigor. 
Most of Robins’s criticisms dealt with minor points, his dislike of Leib- 
niz’s calculus, and his opposition to metaphysics in general rather than 
to Euler’s work itself. Robins’s sharpest criticism was of Euler’s theory 
of centripetal force, that when a mass point moving rectilinearly into the 
center of a force reaches that center it will remain there, for the counter- 
forces will be equal and thus cancel it out. Without explaining how he ar- 
rived at his conclusion, Robins argued that Newton’s law of gravitational 
attraction required the point to oscillate like a pendulum between the 
center and a return point. 

Besides being significant in the development of mechanics, the Me- 
chanica is notable in the history of mathematics. Through applying first- 
order ordinary differential equations and inventing many of the second 
order, Euler was participating especially with the Bernoulli family in 
founding differential equations as a core branch of calculus. Corollary 
832 in the Mechanica’s volume 2 places Euler among the first to introduce 
partial differential equations of functions with two independent variables; 
a few years earlier Nikolaus Bernoulli had worked on these, recasting the 
trigonometric lines—given as the traditional Ptolemaic chords and half 
chords—into numerical ratios and particularly working with the tangent. 
Euler was searching for deeper connections among the three elementary 
transcendental functions: the exponential, the Napierian logarithmic, 
and now the trigonometric. The Mechanica also touches upon cyclometric 
functions, which measure revolutions of a wheel, and elements of what 
would later become the calculus of variations, differential geometry, and 


130 Chapter 4 


the theory of geodesics. Attentive to a better symbolism, Euler adopted r 
in computing the area of a circle, extensively used e for the base of natu- 
ral logarithms, and introduced his summation sign X. In section 184 of 
volume 1, the sign A-x represents the function of arctan x; in the second 
volume it stands for secant x, while At-v becomes the sign for arctan x. 
The continuing appearance of these symbols in Euler’s many influential 
publications quickly made them conventional. 

Throughout early Enlightenment Europe, most of the scientific com- 
munity quickly recognized the Mechanica as a landmark in the history of 
physics and knew that a genius of the highest magnitude had arrived. 
The initial review, published in 1737 in the journal Bibhiothéque germa- 
nique in Amsterdam, was by the Calvinist pastor and philosopher Jean- 
Henri-Samuel Formey, the leader of a scholarly circle in Berlin. Formey 
praised Euler for employing the analytical method both to prove estab- 
lished truths and to lead to generalizations and new theorems. Johann 
I Bernoulli, who wrote the next review, indicated the growing repute of 
Euler in 1737 by addressing him in a letter as the “most famous and wisest 
man of science Leonhard Euler.” His review appeared in Leipzig’s Nova 
acta eruditorum the next year.’ Bernoulli, whose enthusiasm recalled that 
of Leibniz for Hermann’s Phoronomia, lauded the genius and acumen of 
Euler: “Until now no book has appeared that so splendidly reached the 
inmost heart of mechanics. It has brought out in abundance sublime and 
hidden things. . . . The whole book is analytical, so that no synthetic bal- 
last bores the reader.”*’ Another commendation in 1738 came from Wolff, 
who cited Euler’s application of differential calculus for the utility and 
ease in reading that it brought to the entire book. In his Remarks Robins 
indicated a rising reputation for Euler, who for several recent articles “has 
been celebrated in the various literary journals of different countries with 
high encomiums.”” 


The K6nigsberg Bridges and More 
Foundational Work in Mathematics 


In March 1736 Karl Ehler, the mayor of Danzig (now Gdansk), a city 
eighty miles from K6nigsberg, imparted to Euler his thoughts on a rec- 
reational puzzle about the seven bridges of K6nigsberg. It was part of 
their ongoing correspondence, which covered such items as artillery, real 
and imaginary numbers, and the rectification of curves. Ehler called the 
bridges problem “an outstanding example of the calculus of position.” 
Euler had already solved it. The city of K6nigsberg in East Prussia (now 
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Kaliningrad in Russia) comprises four sections. At the center is an island in 
the Pregel River, and in Euler’s time seven bridges spanning the river con- 
nected the island with the three other sections. The question was whether 
someone could pass over the bridges in a connected walk, crossing each 
bridge once, and return to the same spot. The puzzle itself, unrelated to 
Euler’s mathematical research, was among several problems that he ad- 
dressed only once. While Leibniz and Wolff posed problems of this type, 
Euler seems to have learned of them from Johann I Bernoulli.” Finding 
the Kénigsberg Bridge Problem simple, Euler solved it negatively—not 
with mathematics but with reason alone. The article “Solutio problema- 
tis ad geometriam situs pertinentis” (Solution of a problem relating to 
the geometry of position, E53, 1735) gives his conclusion. Submitted the 
next year for volume 8 of the Commentarii (see figure 4.1 on page 120), it 
was not published until 1741 in an issue containing thirteen mathematical 
articles—two by Daniel Bernoulli and eleven by Euler.” 

“Solutio problematis” contains no graphs but is considered the first 
work in graph theory. The requisite type of graphs to represent the pos- 
sible Kénigsberg walk under the given conditions did not appear until the 
mid-nineteenth century. Euler divided this paper into twenty-one num- 
bered paragraphs. After paragraph 3 rejects as unworkable any attempt 
to solve the problem by checking all possible paths, the paper considers 
the transit entrances to land regions rather than the crossing of bridges. 
Paragraphs 4—8 simplify the puzzle by determining the relation between 
the number of bridges connecting a land mass and the number of times 
represented by capital letters in the regions as shown in figure 4.3. The 
journey around Kénigsberg then became a string of capital letters—for 
instance, “DCA’—would carry us from the right-most region D across a 
bridge to region C and then across another to the island A. Euler noted 
that, if a region has an odd number of ridges (4), then the letter of that 
region must appear (f + 1)/2 times in the string of capital letters that rep- 
resent the entire journey. From this he showed that no path could cross 
each bridge exactly once. Since five bridges connect the island to the city’s 
other regions, the frequency will be (5 + 1) + 2 = 3. The frequency for 4, c, 
and d, there being three bridges, is (3 + 1) + 2 = 2. The sum of these fre- 
quencies is nine, but the sum for a path crossing each of the seven bridges 
only once is eight; the K6nigsberg tour under the given conditions is thus 
impossible; the problem has no solution. 

Among the Enlightenment contributors to differential and integral 
calculus—whether in organization, discoveries, or articulation—Euler 
was to be the foremost; he was making analysis the ascendant field of 
mathematics. From 1736 on, and aided by correspondence with Daniel 
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Figure 4.3. A drawing from the Commentarii, 
volume 8 (top), representing the seven bridges 
A D of K6onigsberg on the Pregel River, and a 
graph of the Kénigsberg bridges (bottom). 


and Johann I Bernoulli, Christian Goldbach, James Stirling, and soon 
Alexis Claude Clairaut, Euler continued to put studies of infinitary analy- 
sis at the center of his research. He identified its core principles, and in 
his fearless and massive calculations perfected computational methods. 
This work was preparatory to his Introductio in analysin infinitorum (In- 
troduction to the analysis of the infinite, E101 and E102) of 1748. This 
groundwork rested chiefly upon the writings of Jakob and Johann I Ber- 
noulli, John Wallis, Newton, Brook Taylor, Gregory of Saint Vincent, and 
possibly Pierre Varignon, as well as articles in Leipzig’s Acta eruditorum 
and the Philosophical Transactions of the Royal Society of London. Euler 
was transforming the understanding of the three elementary classes of 
transcendental functions—the logarithmic, the exponential, and the trigo- 
nometric—and these were still only vaguely understood. Descartes had 
divided curves into two classes: geometric and mechanical; Leibniz called 
these algebraic and transcendental, the latter meaning insoluble by alge- 
braic equations. Euler accepted this division, as had Johann I Bernoulli. 
In Saint Petersburg Euler also discovered—independent of Maclaurin— 
the integral test for convergence. 
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By discarding the Ptolemaic chords and half chords drawn on a circle 
and making them numerical ratios, Euler was recasting trigonometry. 
In early modern circle squaring, the French lawyer and mathematician 
Francois Viete had discovered the remarkable infinite product for 1/2 = 
1/(/1/2 - ((1/2+1/2V1/2...)), which appeared in his Variorum in 1593, and 
by 1656, by ingenious interpolations, John Wallis produced another in 
his Arithmetica infinitorum: 4/m = 3/2-3/4-5/4-5/6-7/6. .. . Both thus used 
integers exclusively, while in 1671 James Gregory gave the power series 
expansion arctanx = x — x°/3 + «°/5 — x’/7 + ..., from which Leibniz three 
years later discovered for x = 1 or 1/1 -1/3+1/5-1/7+...= 1/4; Huy- 
gens believed that this achievement would make young Leibniz “forever 
famous among geometers.”* The slow convergence of these series means 
that their numerical evaluation was not easy. Since approximations of t 
existed to as many as thirty-five decimal places, the chief purpose of this 
work was not practicality. Rather, it suggested that 1, defined in connec- 
tion to the circle, can be expressed precisely by use of integers only. This 
increased the search to demonstrate whether it is a terminating expansion 
of the ratio of two integers—that is, a rational or irrational number. The 
proof that m is a nonterminating, nonrepeating expansion, not only irra- 
tional but transcendental, lay in the future. These many computations of 
m and similar recent results by others, along with Euler’s summing of zeta 
numbers, helped to show that trigonometric formulas connected with the 
circle could be represented solely by integers. Euler was the first to estab- 
lish this method. Continuing in this vein, he made trigonometry part of 
analysis and provided it with stronger foundations. 

Extending in the mid-1730s the results of John Wallis and Jakob Ber- 
noulli on the progressions of factorial numbers, Euler interpolated and 
determined the general nth term of the sequence 1, 2, 6, 24, 120,... by 
using the infinite product 


1-2"/(1 +n) - 2'"3"/(2 +n) -3'"4"/(3 +n)... 


Even before that time, as early as his first letter to Goldbach in 1729, he 
had introduced two new integrals. One is for positive integers n: 


[xl — x)"die = n!/(e + I)(e+ 2)... (e+n+1). 
The other is for nearly all integers n: 
J, (-lnx)"dx = n! 


These integrals and the zeta function became the chief nonelementary 
transcendental functions of the eighteenth century. In his Jnstitutionum 
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calculi integralis (1768-70) Euler would refine the two integrals. In the sec- 
ond of his three-volume Exercices de calcul integral (1811-17), the French 
mathematician Adrien-Marie Legendre denoted these as the first and sec- 
ond Eulerian integrals. Legendre and Carl Friedrich Gauss named the sec- 
ond integral the gamma function, and in 1839 Jacques Binet designated 
the first the beta function. 

By 1736 Euler, who knew that the exponential function e*= lim,,,.. (1 + 
x/n)", was the first to employ the Taylor series to compute the value of the 
number ¢ = 1/0! + 1/1! + 1/2! + 1/3! + ... (given here in modern factorial 
notation); he later found it accurate to nine decimal places, 2.718281828. 
He knew that in the exponential function e*, the exponent is the variable, 
and the derivative of the function is the function itself. One of his let- 
ters written in 1737 repeats the notation for it. Why Euler chose e is not 
known; seemingly this was not, as some have posited, because it was the 
first letter of his name. Perhaps it was because ¢ is the first letter of the 
Latin word exponens. Since a, b, c, and d were already employed as math- 
ematical symbols, e was the first available letter. 

In 1737 Euler made notable discoveries regarding e. For computing it, 
he formulated an infinite continued fraction: 


e=2+ 1 


1+ 1 


It and another infinite continued fraction for (e + 1)/(e - 1) were among 
the many Euler obtained involving e and m. He also proved that every 
finite continued fraction gives a rational number, while every nontermi- 
nating or infinite continued fraction produces an irrational number. Pro- 
ceeding from the above expression, Euler proved that both e and e’ are 
irrational. He also worked toward a proof that 7 is irrational, but Johann 
Heinrich Lambert would be the first to make such a rigorous proof. Pietro 
Cataldi had invented continued fractions in 1613 and Second Viscount 
William Brouncker employed them to confirm to ten decimal places the 
value of 1/2 from Wallis’s Arithmetica infinitorum of 1656, which contains 
Wallis’s discovery that the value is (2/1)(2/3)(4/3)(4/5)(6/5)(6/7). ... 
Until that time they had been neglected. Brouncker further employed 


1734 to 1740 135 


continued fractions to solve Diophantine equations, but Euler was the 
first to make them prominent. 

Building on these results and computations of e, the function sin (x)/x, 
and associated logarithms, in 1737 Euler obtained a form of his famous 
identity e*"= cos x + isin x, the cardinal formula of analytical trigonometry. 
His reading of volumes of the Philosophical Transactions and the correspon- 
dence between Johann Bernoulli and Abraham de Moivre suggest that 
Euler knew of the pioneering work on this by Roger Cotes and Moivre. 
The Philosophical Transactions for 1714 and Cotes’s posthumous Harmonia 
mensuram of 1722 contain Cotes’s equivalent of 


log(cos x + isin x) = ix 


though not in this notation. In addition, Moivre’s Miscellanea analytica of 
1730 implies but does not explicitly state the famous theorem 


(cos x + isin x)" = cos nx +7 sin nx 


now known as De Moivre’s Formula. From this, Euler’s identity can 
be simply derived, but in his initial computations with e he apparently 
found—independent of Cotes and Moivre—his result: 


(cos z+ V-I sin z)”" = cos nz + V-I sin nz 


Number theory continued to be Euler’s passion and a wellspring of 
challenging problems; its higher degrees of abstraction attracted him. 
Among the circle of scholars he met or corresponded regularly with were 
Goldbach and Krafft, both of whom particularly discussed number theory 
with him, and by 1736 Euler was inventing ways to prove its theorems by 
introducing the concepts, definitions, and methods required to complete 
these theorems; he assiduously tried to consolidate the methods. 

After beginning with studies of 2?-' — 1, in 1736 Euler stated (without 
modern notation) Fermat’s Little Theorem: if denotes a prime num- 
ber, then in modern notation a’' = 1(mod £), unless a is divisible by 
p—that is, a and p must be relatively prime.® This means that a’! - 1 
is always divisible by p. In “ITheorematum quorundam ad numeros pri- 
mos spectantium demonstratio” (A proof of certain theorems regarding 
prime numbers, E54) Euler gave his first of four proofs of the theorem, a 
clumsy additive one based on mathematical induction on the notation a 
in the formula a’— 1 with p prime and a’ — 1 always divisible by p, unless 
p divides a.°° His proof employs the binomial expansion of (1 + 1)’'- 1, 
the subtraction of consecutive binomial coefficients and their divisibility, 
and an appropriate rearrangement of terms. Subsequent proofs were de- 
vised in many ways; probably only the Pythagorean Theorem has more 
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proofs. Euler’s “Theorematum” article was not published until 1741 in 
the Commentarii. 

After noting in 1732 Fermat’s conjecture that if n + 1 is a prime and 
divides neither a nor b, then a" — b” is divisible by n + 1, Euler offered 
his proof in the essay “Variae observationes circa series infinitas” (Various 
observations about infinite series, E72; submitted to the Commentarii in 
1737 but not published until 1741).°’ Its introductory paragraph credits 
Goldbach with introducing him to what we today know as Bernhard Rie- 
mann’s zeta function and proves new results about it. E54 and E72 relate 
the distribution of prime numbers to properties of the zeta function, find 
the density of reciprocals of primes to log log n, and suggest a proof that 
there are infinitely many primes.™ Since cryptographers produced nearly 
unbreakable military codes with them, prime numbers and their decoding 
had from earlier on been of considerable interest to governments. Primes 
steadily become sparser, seemingly decreasing in number. Euler probably 
checked whether they follow a regular pattern, but they do not. 

“Variae observationes” showed Euler’s enthusiasm for computations 
and displayed well his skill and originality. He proved that the sum of 
the infinite series 1/3 + 1/7 + 1/8 + 1/15 + 1/24 + 1/26 + 1/31, +1/35+... 
is 1; this includes the sum of reciprocals of numbers one less than a per- 
fect power. In April 1729 Goldbach had posed this problem to Daniel 
Bernoulli. Euler apparently did not know about it until Goldbach sent 
him the problem in a letter (now lost) in 1737; Euler thereupon quickly 
solved it.°? His “Variae observationes” also introduces his famous product 
decomposition formula p for the set of primes, 


DQ-ey-Dn Ve 
Multiplying the right side of the equation yields })*_,n* = {(s). When s = 1, 
(1) is the harmonic series, which diverges to ». By applying the diver- 
gence of the harmonic series to the occurrence of primes, Euler proved 
indirectly their infinitude, a fact known since antiquity. The correspond- 
ing product must have infinitely many factors. Analytic number theory is 
thus said to have begun with Euler’s product formula. He demonstrated 
further that the series of reciprocals of primes diverges, and his study of 
the zeta function helped move him toward the prime number theorem, 
which concerns the distribution of such numbers. 

In June 1736 Euler sent James Stirling his zeta summations and con- 
struction of infinite series for logarithms of integers based on the harmonic 
series. In March 1738, Daniel Bernoulli wrote to Euler that Stirling, in his 
book Methodus differentialis, had been the first to solve the Basel Problem. 
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Yet while Stirling had obtained the most accurate approximation to eight 
decimal places, Euler wrote to Bernoulli in April of that year that he had 
made the connection to 7 two years before Stirling and was the first to find 
an exact summation. His earliest equation for computing that sum was 


sinx=x-4°/1-2-34+4°/1-2-3-4-5 


The equation is false. It gives only the first three terms of an infinite 
series. 

Finally, in June 1739, Stirling responded to Euler’s letter on logarith- 
mic series. Motivated by his attempts to sum the zeta series and similar 
problems, Euler had by 1732 invented the Euler-Maclaurin Summation 
Formula, submitting it that year for publication in the Commentarii under 
the title “Methodus generalis summandi progressiones” (A general method 
for summing series, E25). Three years later Euler gave a full exposition of 
that procedure.” But the article was not printed until 1738 (in volume 6 of 
the Commentarii)—the year Maclaurin independently made his discovery, 
which was scheduled to appear in his Treatise of Functions in 1742.” In his 
response, Stirling compared the methods of the two men; he also asked 
Euler to submit his independent findings for the Philosophical Transactions 
and to allow Euler’s name to be entered for election to the Royal Society 
in London. Since Stirling had taken two years to answer Euler’s letter, he 
feared that Euler might engage in a priority dispute, but Euler was char- 
acteristically gracious rather than proprietary. Relieved, Stirling wrote to 
Maclaurin in October 1738 that Euler “is under no uneasiness about your 
having fallen on the same theorem with him, because both his statement 
and its demonstration were publicly read in the academy about four years 
ago.... 78 

In 1738 Euler made two important contributions to number theory. 
In March Daniel Bernoulli inquired about Bernard Frenicle de Bessy’s 
Traité de triangles, which the Paris Academy had reprinted in its Mémoires 
for 1729 (volume 5); this volume had probably just arrived in Saint Pe- 
tersburg. In an article for the Commentarii for 1738, Euler treated in detail 
equations x*+ y'= Zand x*+ y*= 22°. For the first time he addressed what is 
called Fermat’s Last (or Great) Theorem: for n > 2, there are no positive 
integers x, y, and z, such that «” + y" = z", and in April he informed Daniel 
Bernoulli that he had proved it for n = 4. While Euler had earlier known 
the Varia opera (Various works) and Commercium epistolicum (Exchange of 
letters) of Fermat, his work in number theory in 1738 suggests a recent 
encounter with Fermat’s Diophantus of 1670; this probably set off a search 
through French correspondents for more documents by Fermat. Only in 
1748 and 1753 would Euler return to this conjecture on the part of Fermat; 
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he called it “a very beautiful theorem.” In 1753 he stated that he could 
prove Fermat’s Last Theorem for n = 3 and n = 4, but not beyond that.™ 

Before 1738 Euler had investigated separate isoperimetric problems 
and methods in three articles. In “Solutio problematis cuiusdam a celeb. 
Dan. Bernoulllio propositi” (The solution of a certain problem proposed 
by the celebrated Daniel Bernoulli, E99) in the Commentarii for that year, 
he embarked on more systematic variational studies. The opening sec- 
tions of “Solutio problematis,” which praised the Bernoullis, Hermann, 
and Taylor for their acuteness, classified variational problems according 
to their number of side conditions. Euler had studied the associated tau- 
tochrone, isochrone, and brachistochrone curves in detail, and he found 
that in isoperimetric problems they and related integrals become maxima 
and minima. Seeking formulas, he moved toward exhausting geometric 
techniques in the emerging calculus of variations. His goal after 1738 was 
to transform those techniques by devising differential equations and dem- 
onstrating the utility and full range of application of the new field, be- 
coming the first mathematician to do so. He did err, however, in treating 
problems with integrand variables connected by differential equations. 
Principally because he had other books to complete or put into print, 
Euler’s progress in variational studies was slowed for two years. 

After 1735 the number of technical projects and duties that the acad- 
emy assigned to Euler grew; the projects included research on such top- 
ics as magnetism and ship construction, which were vital to the status of 
Russia as a rising sea power on the Baltic. Euler served on several tech- 
nological committees that were testing and improving balances, clocks, 
fire pumps, machines, saws, and scales. Spurred by Jan Andrej (Johann 
Andreas) von Segner’s water-powered machine, in about 1737 he began 
to experiment on this and to develop a water turbine. Two centuries 
later, in 1944, Jakob Ackeret would build a turbine following Euler’s 
precepts that attained the remarkable efficiency of 71 percent out of a 
total possible of slightly over 80 percent. Euler also gave public lec- 
tures on logic and advances in mathematics. To introduce the sciences to 
the general public, he sent popular essays to the Petersburg Academy’s 
Primechaniya k Vedomostyam, and he reviewed papers of others, includ- 
ing an essay on the quadrature of a circle. These supplements were 
published from 1729 to 1741 in French and German simultaneously. In 
German they appeared under the title Anmerckungen iber die Zeitungen, 
which was a weekly journal; it appears that Euler anonymously wrote 
several articles for it; this is currently being investigated. His responsi- 
bilities at the Petersburg Academy went so far as ordering ink and paper 
for its printing press, and in 1738 he was appointed to the academy’s 
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Figure 4.4. A water turbine prototype built following Euler’s proposals. 


commission on weights and measures. For volume 10 of the Commentarii 
he wrote “Disquisitio de bilancibus” (An inquiry into balances, E93), de- 
scribing a perfect balance, the structure of balances, and conditions for 
equilibrium and stability in them, and “De machinarum tam simplicium 
quam compositorum usu maxime lucroso” (On the most profitable ap- 
plication of simple as well as composite machines, E96), examining mo- 
tion in simple and complex machines, introducing differential equations 
for it, and defining equilibrium attained in machines between active 
forces and resistances. Both articles were submitted in 1738 but the vol- 
ume was not published until 1747.% 

Although most of Euler’s publications were theoretical, he had a 
strong interest in practical questions and contributed extensively to 
mixed mathematics (now called applied mathematics) and to engineer- 
ing mechanics. In the late 1730s the court of Empress Anna and the Rus- 
sian and German intelligentsia in Saint Petersburg believed that what 
mathematicians had achieved in mechanics and astronomy they were 
obliged to do with numbers for military science and machine construc- 
tion. They also desired canons for a theory of beauty in the fine arts 
(aesthetics and the sublime), which became important in the later En- 
lightenment, especially in the writings of Johann Joachim Winckelmann 
and Immanuel Kant in German-speaking Europe and Edmund Burke in 
England. Aesthetics were about the only enterprise that Euler neglected 
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to pursue at length, and even in that field he made minor contributions 
as regards musical composition. 


Scientia navalis, Polemics, and the Prix de Paris 


Upon completing the Mechanica, Euler turned intently in 1737 to finishing 
the second of his volumes on the subject. This included, during his first 
Saint Petersburg period, his two-volume Scientia navalis (E110 and E111) 
on the construction of ships and problems of their propulsion and naviga- 
tion. He was the first geometer to undertake the project of making floating 
navigation a complete science; he had encountered the subject in 1735 in 
an article by the general commissioner of the French fleet, Cesar Marie 
de la Croix, in the Mémoires de Trévoux. Previously geometers had studied 
only elements of navigation and nautical astronomy, while the essays on 
mechanical principles submitted to a contest on the speed and maneuver- 
ing of ships around 1690 by Christiaan Huygens and lieutenant general 
Bernard Renau d’Elicagaray were imperfect. Euler worked on portions of 
the book in 1735 and completed most of it in 1738, but not until 1740 did it 
officially become a state project, commissioned by the Russian admiralty. 
In his program to develop rational mechanics, Scientia navalis was 
Euler’s second milestone work. Outstanding in theoretical and applied 
mechanics, it applied variational principles in its first volume, making 
Euler the first to mathematize ship propulsion with a degree of perfection. 
He set down the principles of hydrostatics with clarity and systematically 
ordered them, thereby establishing hydrostatics as a branch of science. To 
the present this work retains its importance. Euler’s investigation of the 
equilibrium of floating bodies in volume 1 provided a way to return sta- 
bility to a computed value. Effects of external forces upon floating bod- 
ies and the resistance of water to their motion posed difficult problems, 
and Euler corrected many false conclusions about ship motion. Through 
fluid pressure he defined an ideal fluid. Scientia navalis introduces the con- 
cepts of centroid and metacenter separate from center of gravity. Volume 2 
stresses applications, which allowed Euler to improve his general theory, 
particularly for ships. Among its topics are the rocking and oscillation of 
ships, the force of wind on sails, the effect of oars and rudders, and the 
masting of sailing ships. As Euler formulated the differential equations of 
ship motion he determined the optimal design of well-constructed ships, 
providing a foundation for the theory of naval architecture; general prin- 
ciples alone had been insufficient to determine construction. The search 
for utmost stability countered that for speed; the two had to be reconciled 
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by deciding which properties of each a ship required. Euler also began 
to develop the kinetics and dynamics of rigid bodies; by then he had es- 
tablished the principle of angular momentum regarding a fixed axis and 
introduced and defined the terms moment of inertia and, speculatively, 
principle axes of inertia. 

In part Euler’s close attention to practical design and problems of 
ship handling in Scientia navalis came from experiments with ship mod- 
els and, from 1736 to 1740, correspondence with the Danish naval officer 
Friedrich Weggersloff concerning the stability of moving ships.” Euler 
found the formulation of abstract laws to describe ship motion extraordi- 
narily difficult, and he appreciated Weggersloff’s reports for their worth- 
while examples and explanations, but he believed that to correct errors in 
important existing theories many more observations were needed. 

Euler’s work on the Scientia navalis runs contrary to the notion that 
he relied almost solely on theoretical mathematics and ignored experi- 
ence. Any reading confined to his published articles in the Commentarii 
to 1741, Benjamin Robins’s criticism of his Mechanica, and Condorcet’s 
“Eloge,” which treats Euler as purely an analyst, would be misleading. 
Above all, he sought to express physical problems in mathematical terms 
and was sure of his computational approximations, instinct, and analo- 
gies, but Scientia navalis demonstrates the importance of experience and 
more exact observations to stimulate and guide his devising of difficult 
partial differential equations and his confirming of theories. 

Although virtually completed in 1738, Scientia navalis was not pub- 
lished for eleven years. The delay in its publication may be traced in part 
to turbulent Russian political circumstances after 1740 and strained im- 
perial budgets, but it is more likely that it resulted from Euler’s move 
to Berlin in 1741 and Johann Schumacher’s reluctance to recommend a 
stipend for Euler and funding for the printing. The delay in the publica- 
tion of Scientia navalis meant that Euler lost priority among many of his 
constituents in ship theory because Pierre Bouguer published his Traité 
du navire in 1746. 

During the mid-eighteenth century, the transmission, confirmation, 
and elaboration of Newton’s dynamics and optics, together with the suc- 
cessful application of differential calculus to them, were the chief devel- 
opments in the physical sciences. The reception of Newton’s dynamics 
included responses to the inverse-square law of mutual gravitational at- 
traction, the principle of universal gravitation and its mutual action, and 
the principle of action at a distance.” Since the concept of gravitational at- 
traction presented in Newton’s Principia mathematica was more an intellec- 
tual than an experimental construct, natural philosophers, astronomers, 
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and geometers busied themselves attempting to uphold or deny it with 
quantitative measurements, experiments, and telescopic observations 
that became increasingly accurate with new technology. While during the 
1720s and 1730s Newton’s gravitational theory had more support than any 
other hypothesis, most geometers and astronomers stood against it, and 
each proposed a law of his own; three basic camps now arose in response 
to Newton’s dynamics. The British and a few Continental scholars like 
Willem ’sGravesande and Daniel Bernoulli generally accepted Newton’s 
dynamics. On the Continent, the Cartesians—who at the time dominated 
the Paris Academy—strongly opposed it. In the intense controversy be- 
tween Newtonians and Cartesians, Bernard le Bovier de Fontenelle and 
the astronomer Jacques Cassini led the partisans of Cartesian science. In 
central Europe the Wolffians followed Leibniz in questioning the exis- 
tence and cause of Newton’s attraction and his theories on the measure 
of force. Euler belonged to none of these three camps; in dynamics he 
was closest to the Continental Newtonians who allowed that a slight cor- 
rective factor might be needed to modify the law of the inverse square in 
celestial mechanics. Five subjects that Newton had begun to explore—the 
shape of Earth, the theory of sound, the tides, lunar motion, and the na- 
ture and orbits of comets—were the vital tests for determining which of 
the two sciences, Cartesian or Newtonian, more accurately described the 
phenomenon quantitatively. 

While it was agreed in astronomy that Earth has a round shape, two 
major views arose on the matter. In book 3, propositions 18 and 19 of his 
Principia mathematica Newton had argued that Earth is a spheroid flat- 
tened at the poles and with a bulge at the equator. He based that conclu- 
sion on gravity, along with its diminution toward the poles occasioned 
by Earth’s diurnal revolution, centrifugal force, and a uniform density of 
matter. To complete that perspective Newton added a crude hydrostatics 
that assumed a fluid spheroid in equilibrium. He crucially utilized the 
telescopic observations and study of pendulum clocks by the French as- 
tronomer Jean Richer in 1672-73 on Cayenne Island to confirm his com- 
putation of Earth’s shape.’”’ Newton also gave telescopic observations of 
Jupiter, including those of Gian Domenico Cassini in 1691, and main- 
tained that if Earth were not an oblate spheroid the equatorial region 
would be underwater. His finding of Earth’s shape provoked a sometimes 
angry controversy that lasted more than half a century.” Why the fluid 
spheroid should be in equilibrium was quickly questioned; that all laws of 
force projecting a spheroid Earth are virtually the same added confusion. 
Since attraction had no mechanical cause, the law of force became the 
heart of the controversy for the Cartesians. 
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During the 1730s the position of the Cartesians was eroding at the 
Paris Academy. Jacques Cassini, using measurements of arcs of meridian 
to the north and south of Paris, provided in 1718 the second major inter- 
pretation that Earth rotating in the ether is allongé, a spindle elongated 
at the poles; this blocked Delisle’s plan in the early 1720s for a polar geo- 
detic expedition. Delisle knew that measurements more geographically 
separated were needed, and justifying their concept of the shape of Earth 
was critical to the Cartesians. With scathing criticism, the editor Elie de 
Joncourt claimed in his Journal histoire de la république des lettres for 1732- 
33 that a margin of error of twenty seconds in measuring terrestrial arcs 
made it possible to prove or disprove Cassini’s conclusion. Cassini’s car- 
tographic data, he observed, were six times finer than what was possible 
with existing instruments, and Cassini had rejected figures contradicting 
his theory. The margin of error from the instruments placed great doubt 
in Cassini’s conclusions. 

An array of factors, including the dominance of the Paris Academy 
over geographical studies in France; the rejuvenation of mapping there 
in the 1730s; the ferocity of the dispute, which engaged strong person- 
alities; and a spate of papers on geodesy prompted a push to measure 
arcs of meridian in latitudes near the north pole and the equator to con- 
clusively determine the shape of Earth. These would also be a good test 
case for resolving a dispute among craftsmen over which new surveying 
equipment was superior. Cassini’s measuring of an arc of the great circle 
perpendicular to the Paris meridian in 1733-34 did not put an end to the 
discussion. The French monarchy and the Paris Academy funded geodetic 
expeditions to Peru (under Charles de la Condamine and Pierre Bouguer, 
1735-44) and to Swedish Lapland (under Pierre Maupertuis and Clairaut, 
1736-37). Both expeditions were equipped with the latest instruments, 
mainly for the purpose of measuring an arc of meridian of one degree 
in far different latitudes: inside the Arctic circle in Lapland and near the 
equator in Peru. Maupertuis and Clairaut wanted to confirm the correct- 
ness of Newton’s shape of Earth as aplati (flattened), not allongé (prolate 
or ellipsoid). 

In May 1736 the French and Swedish expedition left Dunkirk for the 
Gulf of Bothnia. Its fieldwork was based in the small military outpost 
town of Tornea in the north of Sweden. Battling swarms of insects in sum- 
mer and bitter cold in winter, the expedition made astronomical observa- 
tions to determine the end points of latitudes under consideration and 
a series of cartographic surveying triangulations to measure the ground 
length of an arc of meridian. Partly with the hope of forestalling future 
wrangles over the reliability of the expedition data, the new Graham 
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zenith sector was introduced, which Swedish astronomer Anders Celsius 
had spent most of 1735 gaining experience with in London. 

Maupertuis also brought to Lapland the abbé Reginald Outhier, who 
was respected for his surveying and mapmaking skills. To corroborate their 
results and lower inaccuracies, the members of the expedition gathered 
pendulum data with new clocks showing centrifugal force to be weaker 
near the pole. To his surprise, Maupertuis’s data indicated that Earth is 
flatter at the pole than Newton had thought. He returned quickly to Paris 
in August 1737, declaring the precision of his expedition’s telescopic ob- 
servations and geodetic measurements. To correct his observation of the 
motion of stars, Maupertuis even incorporated James Bradley’s discovery 
in the 1720s of stellar aberration, which is caused by the finite velocity of 
light and the motion of Earth in space. Although this was negligible, it 
demonstrated Maupertuis’s search for a higher level of precision. 

While Maupertuis’s claims for the achievement of the Lapland Ex- 
pedition were dubious and the accuracy of his results made in the Arctic 
terrain was later shown to be poor, he gained support from many crafts- 
men for the soundness of his geodetic methods and instruments.” But the 
general response at the Paris Academy was frosty at best. The Cartesians, 
especially Jacques Cassini, did not accept the accuracy of Maupertuis’s 
checks for his data, while their ally Johann I Bernoulli cited Clairaut’s 
myopia. Irritated, Maupertuis went briefly to Cirey to visit Emilie, Mar- 
quise du Chatelet, who lauded the exactitude of the expedition’s measure- 
ments and acclaimed its leader as Sir Isaac Maupertuis.” And Voltaire 
waxed enthusiastic: 


Herds de la physique, Argonautes nouveaux 
Qui franchissez les monts, qui traversée les eaux, 
Dont la travail immense et l’éxacte mesure 

De la terre étonée ont fixé la figure. 


Heroes of physics, new Argonauts 

Who cross mountains, who traverse seas, 
Whose immense labor and exact measurements 
The shape of Earth have determined.” 


Apollonius of Rhodes, the librarian of the ancient Alexandrian Museum, 
had retold the Argonaut myth of heroes in search of truths and treasure 
within the framework of quest and adventure amid treachery and intrigue. 
The Lapland data provided a major triumph for Newtonian science in 
Paris, but they did not silence the Cartesians. 

Daniel Bernoulli declared in a letter of March 1738 that the findings of 
the Lapland Expedition were definitive, and a month later Euler wrote for 
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the German community a series of seven articles in the Saint Petersburg 
newspapers, generally titled “Von der Gestalt der Erden” (On the shape of 
earth, E46), addressing the debate.” Euler’s articles mark somewhat of a de- 
viation from his avoidance of public disputes in the sciences. He had closely 
followed the Lapland Expedition, he noted, and judged it crucial for geog- 
raphy and for expanding knowledge of the deepest principles of natural 
science. He praised the precision of its telescopic observations and geodetic 
measurements of an arc of meridian near the north pole. These confirmed 
that Earth was not a perfect sphere but more like an orange, flattened at the 
poles; the oscillation of a pendulum near the equator had already shown 
centrifugal force to be greater there. A number of telescopic observations 
revealing the orange-like shape of Jupiter were also suggestive. Apparently 
Euler calculated and repeated in several articles in the Sankt Peterburgskie 
Vedomosti (Saint Petersburg gazette or news) and its Primechaniya k Vedo- 
mostyam that the shape of Earth is more like that of an orange than a lengthy 
melon; the existence of these articles has not yet been confirmed. By 1738 
he had completed “De attractione corporum sphaeroidico-ellipticorum” 
(On the attraction of spherico-elliptical bodies, E97), another important 
contribution to the science on the shape of Earth. 

Maupertuis started corresponding with Euler in May 1738, declaring 
his admiration for the Mechanica and sending a copy of his own book, La 

Jigure de la terre (The figure of the Earth), which was partly a travelogue 
of the expedition to Lapland. Responding to Maupertuis’s letter, Euler 
expressed the belief that the Lapland data were the most accurate so far, 
having been made with the best instruments available, but alone insuf- 
ficient to give the shape of Earth—a position that was similar in rigor to 
Clairaut’s. Telescopes were not yet accurate to less than five seconds, a 
measure that Euler required for a conclusive proof, and he awaited the 
return of the Peru Expedition. 

In a December 1738 article Euler proposed computing the polar flat- 
tening by assuming a diminution of the radius of the polar circle by 1/289. 
He correctly lessened the estimate that put the flattening at 1/233 to 1/234 
and Newton’s at 1/229 to 1/230. Euler discussed differing measures of an 
arc of meridian by Jean Picard, the Cassinis, and Pieter van Musschen- 
broek. Through his own computations Euler introduced a second assump- 
tion: that the internal density of Earth was not homogeneous but variable. 
While in Lapland, Clairaut had decided similarly to apply hydrodynamics 
and calculus in the determination of Earth’s shape. Euler made it clear 
that he had not found an error in Newton, whose dynamics were cor- 
rect; he continued to accept Newton’s inverse-square law of attraction but 
was considering a slight modification. Colin Maclaurin retained Newton’s 
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position holding the radius of the polar circle to be 1/229 less than that of 
the equator. Euler closely followed the continuing research on the shape 
of Earth, and this partly involved calculating the equilibrium of a fluid 
spheroid. As Euler was to inform Daniel Bernoulli in September 1740, 
he admired two articles on the polar flattening by Clairaut that had been 
published in the Philosophical Transactions. The most accurate result on 
the radius of the polar circle, a lesser flattening of 1/300, was to appear in 
Clairaut’s Théorie de la figure de la terre in 1743. 

Euler was the chief Enlightenment opponent of Newton’s corpuscu- 
lar theory of light—a qualitative description that Euler rejected as imper- 
fect in its foundations. In a 1737 letter Johann I Bernoulli asserted that 
he was secking to synthesize Newton’s corpuscular theory with Huygens’s 
wave theory, but ultimately his and others’ attempts at synthesis did not 
succeed. Euler—building on his powerful intuition in physics and hold- 
ing a strict analogy between the propagation of sound in air and light in 
ether (which was believed to fill the universe)—proposed his formative 
theory of light. He assumed that air was composed of infinitely small but 
springy particles compressed together and that sound was a pressure wave 
transmitted through it. Not unlike Cartesians Nicolas Malebranche and 
Jakob Hermann, with their concept of pressure waves, Euler proposed 
that pressure vibrations or pulses within the medium of elastic ether prop- 
agated light. His letter of September 1740 to Daniel Bernoulli stated that 
Newton’s explanations of reflection and refraction were unclear. Yet while 
Euler investigated optics at the end of his first Saint Petersburg stay, his 
mature optics—shorn of the ideas of Malebranche—did not appear until 
he had relocated to Berlin. 

The taciturn Euler had earlier refrained from joining the argumenta- 
tive Daniel Bernoulli in attacking the Wolffian philosophy. But in a letter 
of August 1736 to Karl Ehler in Danzig Euler gently opened criticism of 
Wolff's science in the Philosophia prima sive ontologia (First philosophy or 
cosmology), Cosmologia generalis (Universal cosmology), and the theory 
of positive and negative infinity presented in the latest edition of Wolff's 
Elementa matheseos universae (Elements of general mathematics).’’ A letter 
in February 1737 to Ehler noted regrets that no satisfactory book on in- 
tegral calculus existed and announced Euler’s plans to embark on such a 
project. While he had not yet read Wolff's forthcoming Theologia naturalis 
(Natural theology), he assumed that it would be no better than the Cos- 
mologia generalis, which had many computational errors. At the academy 
meeting on 16 May 1738, Euler—apparently for the first time—publicly 
disputed Wolff’s thought, submitting a notice now lost with a critique of 
faults in the Cosmologia generalis. A letter of 10 July to Georg Bernhardt 
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Bilfinger in Tubingen asked for comments on the notice but suggested 
that it was preliminary and should not be circulated to Wolff. In another 
letter to Bilfinger in November 1738 Euler especially questioned Wolff’s 
reduction of primal or elemental substance to animate monads in the On- 
tologia and Cosmologia, as implied in the discussion of infinitesimals with 
Ehler;” monads, he argued, contradicted the law of inertia in physics, and 
the acceptance of eternal monads as a basis for cosmology, he believed, 
would lead to atheism. This appears to be Euler’s earliest criticism involv- 
ing implications of Wolff’s science for religion. He reproved as mistaken 
the Wolffian rational method that reduced the importance of Leibniz’s 
principle of sufficient reason, and he found their employment of the prin- 
ciple otherwise inadequate. 

Another debate was over James Jurin’s vigorous criticism of the prin- 
ciple of the conservation of vis viva. Initially Jurin had opposed Bilfinger 
at the academy, but after 1735 he primarily assailed Johann I and Daniel 
Bernoulli. Their quarrels appeared in articles in Leipzig’s Acta eruditorum, 
and in a letter to Euler in April 1737 Johann I mentioned his ongoing 
dispute with Jurin. In 1741 Emilie du Chatelet reignited the debate when 
in the appendix to her Jnstitutiones de physique she supported Hermann’s 
arguments for the conservation of vis viva and challenged contrary views 
presented by the Cartesian Jean-Jacques d’Ortous de Mairan in his “Dis- 
sertation sur les forces motrices des corps” (Dissertation on the motive 
forces of bodies). 

Euler’s progress toward center stage in the sciences in Europe, which 
was among an efflorescence of his achievements in 1738, began with shar- 
ing the annual Prix de Paris from the Paris Academy of Sciences. After 
receiving an accessit (honorable mention) in 1727, Euler had submitted 
eighteen essays to the Prix de Paris competitions, sometimes anonymously. 
He won alone or shared these prizes and was the laureate an astonishing 
twelve times, including once under the name of his son Johann Albrecht 
in 1760, besides taking another accessit in 1741. He is also sometimes cred- 
ited with writing for Johann Albrecht in 1761 the winning paper on the 
ballast of ships and ways of obtaining greater speeds. Euler’s fifteen Prix 
awards (he won the prize itself twelve times and the accessit three times) 
is as yet unmatched; his closest competitor, Daniel Bernoulli, won a total 
of ten awards. In competing for the Paris prizes, which were offered in 
theoretical and applied subjects in alternate years, Euler engaged exten- 
sively in both categories. He was to receive five prizes for applied papers 
on navigation and shipbuilding. 

In the prize competition for 1738 on the nature and properties of fire, 
Euler and two others won. Along with air, electricity, heat, and magnetism, 
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fire was a crucial research subject of mid-eighteenth-century natural phi- 
losophers; they considered it the most volatile of the four Aristotelian ele- 
ments—earth, air, fire, and water. In central Europe lengthy studies were 
undertaken of the combustion and calcination associated with mining as 
well as investigations into Paracelsus’s three principles—ideal forms of salt, 
sulfur, and mercury—concerning the most basic elements. These texts led 
to the theory espoused by German physician Georg Ernest Stahl that sub- 
stances rich in something then called phlogiston burned readily. But this 
theory lacked adequate phenomenological descriptions and quantitative 
laws. To create a richer theoretical framework and identify better what to 
measure in the various phenomena of fire, natural philosophers began to 
address the crucial issue of its weight; notable among these was Musschen- 
broek, whose Elementa physicae was published in 1734. Musschenbroek re- 
jected the idea of innate bodies and called for accurate observations and 
careful experiments, conjecturing that fire had weight. He gave as an ex- 
ample the heating of iron: as the iron expanded the increase in the volume 
of displaced air produced an upthrust that exactly compensated for that 
weight. Others thought that fire possessed no weight, and the inability to 
properly weigh phlogiston was raising doubts about its existence. 

The methods and analysis in the Prix de Paris papers for 1738 were di- 
verse. In “Dissertatio de igne, in qua ejus natura et proprictates explican- 
tur” (Dissertation on fire, in which its nature and properties are explained, 
E34) Euler proposed a model for fire as resulting from the bursting of tiny 
glass-like balls of highly compressed air located within the pores of bod- 
ies; the phenomenon of heat, he posited, similarly involved motion of the 
smallest particles.” This made it possible to describe both fire and heat 
through the laws of mechanics without any appeal to the old, discredited 
occult qualities. Euler gave a formula for a law applying to both heat and 
fire, but did not explain how he had derived it. Of the two other winners, 
the Jesuit Louis-Antoine de Lozeran du Fesc rejected the idea that fire was 
an element, preferring instead to explain it by a theory of vortices, and 
Jean-Antoine de Créquy, Comte de Canaples, found fire to be caused by 
the motion in countercurrents of an ethereal fluid. 

As interesting as the winners are the two who received accessits: Vol- 
taire and Emilie du Chatelet, both of whom had submitted papers anony- 
mously. In a most unusual decision, their papers were published with those 
of the winners. Voltaire was upset at not winning the prize and blamed 
the outcome on a Cartesian dominance at the Paris Academy. Since his 
Lettres philosophiques (also known as Letters concerning the English Nation, 
1733 and 1734), he had been a partisan of Newton and opposed the Carte- 
sian imaginary vortices of ether; the Lettres gave the first published account 
of an apple falling on Newton in a garden. In 1738 Voltaire’s Elémens de 
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la philosophie de Newton (Elements of Newton’s philosophy)—a work pri- 
marily dealing with optics and intended to bring Newton’s science to the 
general reading public—appeared in Paris. The reviewer for the Journal des 
Trévoux observed that while few Parisians had previously known Newton, 
now “all Paris resounds with Newton, all Paris stutters Newton.”® But Vol- 
taire’s simple division of the academy into two camps, the Cartesian and 
the Newtonian, failed to recognize the complexities of arguments and the 
diversity within each group. Before writing his essay on the particulate na- 
ture of fire for the Prix de Paris, Voltaire had visited Leiden and conducted 
experiments in Cirey. His essay lacked originality, and its evidence regard- 
ing the weight of fire particles was derivative, coming from the research 
of ’sGravesande and especially Musschenbroek, and this fact was not lost 
on the judges. In scientific research, what the English physicist Charles 
Percy Snow later described as two cultures—one of literary intellectuals 
and the other of scientists—seemed to exist.*' For Voltaire, who possessed 
an essentially literary mind and was missing a strong education in math- 
ematics and the sciences, the sciences were becoming too complex; he was 
unable to make major advances in them. Although his essay was published 
anonymously, the Paris Academy’s description of its author as “one of our 
premier poets” (un de nos premiers poetes) left little doubt about who it was. 

In 1738 Euler had a valuable agent in Paris when Antiokh Kantemir 
was named ambassador to France, a post that he held until 1744. While 
ambassador to Great Britain from 1731 to 1738, Kantemir had grown in- 
terested in British science and studied it. Among the works that he read in 
London were selected mathematical papers and The Chronology of Ancient 
Kingdoms by Newton, along with James Gregory’s Manual of Geography 
and John Desagulier’s Course of Experimental Philosophy on Newtonian sci- 
ence. As a result Kantemir shifted his support from Descartes to Newton. 
He met Hans Sloane, Newton’s successor as president of the Royal Soci- 
ety of London, and had Sloane elected as a foreign member of the Peters- 
burg Academy of Sciences. 

The publication by the academy of the series of articles titled “Von 
der Gestalt der Erden” in 1738, under the protection of the Archbishop 
of Novgorod, Feofan (Theophan) Prokopovich, a staunch defender of the 
academy in the Holy Synod, improved the climate for Copernican astron- 
omy in the Russian capital.” These articles, most of which Euler wrote, 
supported Copernicus and Newton but did not criticize or belittle the 
Orthodox Church’s position that God had created the whole universe for 
the inhabitants of Earth; the censors found this acceptable. 

Although no longer a Cartesian, Kantemir saw the translation of Fon- 
tenelle’s Entretiens sur la pluralité des mondes (Conversations on the plural- 
ity of worlds, 1686) through the academic press in 1740, insisting that the 
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publication date given on the title page be 1730, the year of his original 
submissions. 

In Paris, Kantemir acted as a relatively modern Marin Mersenne;™ be- 
sides promptly delivering publications of the Paris Academy to Saint Pe- 
tersburg, he provided scientific savants in Paris—such as the academicians 
Georges-Louis Leclerc, Comte de Buffon, Clairaut, and Mairan, as well 
as Emilie du Chatelet—with reports and printed works of the Petersburg 
Academy of Sciences. In 1738 he had Maupertuis named an honorary 
member. The next year, at the urging of Emilie du Chatelet, he translated 
into Russian two books by the Venetian count Francesco Algarotti: Dia- 
logue sur l’Optique de Newton and the popularization I/ Newtonianismo per 
la dame (Newtonianism for the lady), a work also mostly on optics that 
had been published in 1737. At Kantemir’s urging, Algarotti traveled to 
Russia in 1739 to meet Empress Anna;™ Euler apparently met Algarotti 
during the visit. 

In the eighteenth century, finding evolutes (curves generated by a taut 
string, attached to a point, that is pulled along the tangent to that point) 
and their inverse, involutes (spiral or inward curves), was an important 
mathematical problem with applications in navigation, mechanics, and 
clocks. After developing the pendulum clock in 1656, describing it in his 
first Horologium (1658) and expanding upon this in his principal Horolo- 
gium oscillatorium sive de motu (Theory and design of the pendulum clock, 
1659), Huygens had studied this problem as it related to the oscillations 
of a pendulum. The pendulum problem was to become part of the unfold- 
ing conflict between geometric and algebraic descriptions of curves. In 
chapter 5 of Guillaume-Francois-Antoine, Marquis de L-H6pital’s Analyse, 
Johann I Bernoulli had turned this from a geometric problem in special 
cases to a problem in differential calculus.® Answering a question posed 
by Krafft, in August 1739 Euler submitted “Investigatio curvarum quae 
evolutae sui similes producunt” (Investigation of curves that produce evo- 
lutes that are similar to themselves, E129), which generalized Bernoulli’s 
solution. This was a developing stage in Euler’s turning differential cal- 
culus from the study of curves toward operations with functions. 


Pedagogy and Music Theory 


Euler enjoyed teaching and undertook it with enthusiasm. The director 
of the Petersburg Academy required leading members to write elemen- 
tary textbooks and handbooks, and Euler was assigned to write an arith- 
metic text in German for the academy’s gymnasium. He was pleased to 
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do so, and the result was Einleitung zur Rechen-kunst (Introduction to 
arithmetic, E17) in two parts.*’ After composing most of the first part in 
1735, Euler finished and published it in 1738; the second part appeared in 
print two years later. At the time German—even with the great Lutheran 
Bible as part of its history—was still in the process of becoming a literary 
language, not yet unified in grammar and spelling; Wolff (in Marburg) 
and later Johann Christoph Gottsched (in Leipzig) undertook formula- 
tion of the principles and rules for its grammar.” Particularly rigorous 
as regards sentence structure, Euler made the Einleitung easily readable; 
he also made small refinements in orthography, replacing the letter y in 
such words as seyen and drey with 7, or seien and drei, while teusch became 
deutsch. He simplified symbols, reducing the mathematical constants ck 
to k and tz to z, and he designated null by the word <iffern rather than 
Cyphren. 

The Einleitung defines arithmetic as a science that examines the na- 
ture and property of numbers and gives rules sufficient to solve problems 
in practical life and work. After explaining place-value notation in base 
10, Euler discussed the four basic arithmetical operations: addition, sub- 
traction, multiplication, and division. For each he gave numerical exam- 
ples and word problems involving whole numbers, fractions, and mixed 
numbers. Word problems incorporated basic knowledge from geometry, 
physics, commerce, and astronomy, and this must have made them more 
stimulating. The text also emphasizes the conversion of the many units of 
weight and money. 

The section on division, an operation that Euler stressed in his study 
of number theory, includes problems with remainders and the method for 
finding the greatest common divisor of two numbers, the Euclidean algo- 
rithm. Proceeding step by step, Euler found the greatest common divisor 
of 2,904 and 1,578. First he subtracted 1,578 from 2,904 to obtain 1,326, 
which he divided into 1,578, leaving a remainder of 252. The process was 
repeated until he reached an answer without a remainder. ‘The greatest 
common divisor is 6.*° Noting in one multiplication problem that a great 
circle is divided into 360 degrees and that 105 Werste (one Werst is about 
.66 miles) make up a degree, the Einleitung asks, how many Werste are there 
in the circumference of Earth? Since each degree has 105 Werste and Earth 
has 360 degrees, the number of Werste in its circumference is 105 multi- 
plied by 360, or 37,800 Werste. In reviewing each arithmetical operation 
with fractions, Euler computed practical monetary totals—for example, 
from denominations of rubles, gewirs, and kopeks. ”’ This elementary text 
did not critically and vertically develop problems, nor did decimals, pro- 
portions, or radicals appear in parts 1 or 2. 
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According to Fuss’s eulogy of Euler, music was one of the few relax- 
ations that Euler allowed himself. This suggests that he possibly played 
the clavier often and may have deepened his schema for music theory dur- 
ing moments of pleasure from the harmony that he achieved in playing 
compositions. Amid chords he likely calculated proportions. Harmony 
is central to most Western music, entailing a movement or progression 
among chords. The clavier was at this time becoming more complex; 
it had delicate tones and was intended for performance in a room. The 
larger harpsichord, with richer tones and meant for concert halls, Euler 
knew well and listened to, but no record exists of his playing it. His Basel 
notebook outlines a book on music theory. His correspondence with Jo- 
hann I Bernoulli reveals that subject as also being an assignment from 
the academy. By May 1731 Euler had nearly completed a short treatise on 
music theory, its first proofs bearing the title Tractatus de musica. It was not 
possible, however, to publish a science monograph so early in his career. 
Following the Tractatus, he worked diligently to perfect his ideas by add- 
ing new insights and conclusions. ‘The result was a more mature work, the 
263-page Tentamen novae theoriae musicae ex certissimis harmoniae principiis 
dilucide exposita (An attempt at a new theory of music composition ex- 
posed in full clarity according to the most certain principles of harmony, 
E33),°' which the press of the Petersburg Academy published in 1739. Of 
the trilogy of books from Euler’s first Saint Petersburg period it was the 
second text in applied mathematics, readied after finishing the Scientia 
navalis two years earlier; it is not simply an extension of the first work. 

In December 1738 Euler informed Johann I Bernoulli of his forth- 
coming book on music theory based on acoustical, aesthetic, and physical 
regularities: “At the beginning of next year my memoir on music, which I 
had written a few years ago, will now go into print, in which, so I think, 
are revealed the true and inherent principles of harmony.” In March Ber- 
noulli excused himself from the discussion, writing “in music I am not 
very well versed, and with the foundations of this science I am not suf- 
ficiently familiar that I could judge your discoveries in this area,” but he 
added, “what you touch on in your letter... seems... really outstand- 
ing.”*? Johann I wanted to concentrate on hydraulics; regarding priority 
over it, he was about to clash with his son Daniel.™ Johann did not return 
to the topic of music, but Daniel took it up; in 1739 he questioned Euler’s 
belief that “the general term 2°. 3"- 5? covers almost all pleasantly per- 
ceived tones.” He doubted that musicians would accept Euler, for they 
did not insist on perfect harmony; they would prefer to follow geomet- 
ric progressions, which have simple proportions and give tones exactly 
enough.” In March Euler replied that his book was nearly through the 
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press and that his general term was not simply an observation but that it 
accurately agreed with the latest temperate study of keys and tones.” 

In the late baroque period Euler was not the first to propose a new 
theory of the tonal structure and aesthetics of music. Independently, 
the French composer Jean Philippe Rameau had already published in 
1722 his systematic theory of composition, entitled Traité de ’harmonie 
réduite a ses principes naturels (Treatise on harmony reduced to its natu- 
ral principles). Rameau derived the principles of harmony from laws of 
acoustics and investigations with strings, and he anchored tonality in the 
tonic, dominant, and subdominant chords. He displaced the medieval 
counterpoint, which had a hierarchy of melodic relations among parts for 
voices and entailed two or more harmonious notes. The usual technique 
for these relations had been imitation. Because the Parisian music com- 
munity believed that music theorists could not be good composers, Ra- 
meau remained obscure for a time, but upon being adjudged a creation 
of genius, his Traité de l’harmonie quickly brought him recognition;*” he 
would come to be known as the Isaac Newton of music. Rameau’s Nou- 
veau systéme de musique of 1726 appealed to overtones and applied basic 
mathematics only when associated with observations. His system of har- 
mony worked for lower overtones but not higher ones. Euler opposed 
it. Throughout his career Rameau had critics, especially, at midcentury, 
Jean-Jacques Rousseau and the Encyclopedists. Among his defenses were 
to be Demonstration du principe de l’harmonie (1750) and Nouvelles réflexions 
de M. Rameau (1752). 

Still conceiving of music as a mathematical science, Euler continued 
a tradition dating from antiquity, when the Pythagoreans, building upon 
their doctrine that “everything is a number,” discovered empirically the 
numerical ratios of musical intervals for producing harmonious sounds. 
In these studies the early Pythagoreans employed stringed instruments, 
but they may have originated in Pythagoras’s hearing of different black- 
smith hammers. The Pythagorean system of tones and rhythm followed 
the same mathematical laws that operate in the physical world. The Py- 
thagorean quadrivium, a name that was adopted in the Latin Middle 
Ages, had been made fundamental in classical Greek schools by Plato 
and Aristotle; it continued to be dominant in the later Hellenistic period. 
Arithmetic, geometry, harmonia (music), and astrologia (astronomy) are 
its subjects, and all were considered branches of mathematics. Book 3 of 
Plato’s Republic argues for the importance of music in education. 

In addition to providing entertainment, music was believed to disci- 
pline the mind, and most composers accepted its doctrine that the affec- 
tions it arouses aid the control of the emotions. In antiquity two schools 
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of music emerged: the Pythagoreans stressed mathematical theory with- 
out giving adequate attention to hearing, while their critic Aristoxenus 
of Tarentum, a disciple of Aristotle and the author of Elementa harmonica 
(Elements of harmonics) and Elementa rhythmica (Elements of rhythmics), 
did the reverse. In the second century A.D., Ptolemy, the author of the as- 
tronomical masterwork Almagest, which significantly advanced all known 
mathematical sciences, attempted in his three-book Harmonics to build a 
mathematically satisfactory middle ground between the two schools of 
music. His work seems to have been a model for young Euler. 

Ptolemy’s Harmonics provided material for the Enlightenment work 
in music; Kepler, whose astronomy Euler admired, had read a poor Latin 
translation of Ptolemy’s treatise made before 1600. From Ptolemy’s belief 
that musical ratios exist in the heavens and the soul, the harmony of the 
spheres followed as a basic concept in astronomy. Explaining planetary 
motion by harmonic theory and its mathematical ratios intrigued Kepler, 
who based harmony on geometry rather than arithmetic. Kepler’s research 
in harmonics preceded his discovery of his three planetary laws, the first 
being the elliptical orbits of planets. Also within Euler’s reach was a new 
edition of Ptolemy’s Harmonics prepared by John Wallis in 1682. In book 
1, chapters 2, 5, and 6 treat the Pythagoreans, and chapters 9 and 12 dis- 
cuss Aristoxenus. Other seventeenth-century sources for Euler’s Tentamen 
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Figure 4.5. Late seventeenth-century frontispiece depiction of Claudius Ptolemy and 
the title page for the 1682 edition of his Harmonics, which Euler probably read. 
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include sections of the Discorsi of Galileo Galilei on acoustics and the pen- 
dulum, the Harmonie universelle of Mersenne, the Compendium musicae of 
Descartes, the popular Musurgia universalis of 1646 of Athanasius Kircher 
(Fuldensis), and writings of Leibniz “as amateur” exploring the range of 
consonance in music. The last three influenced Euler’s number theory 
conception of degrees of consonance. 

In revising his Tentamen Euler examined relevant portions of 
Newton’s Principia mathematica and musical experiments that Joseph 
Sauveur—a mathematician at Paris’s College Royal and a tutor in Louis 
XIV’s court—made from 1700 to 1716. Sauveur, whose results appeared 
in the Paris Academy’s Mémoires, along with the organ builder Pierre- 
Francois Deslandes, investigated the frequency and pitch of organ pipes. 
Using the rates of vibration of the higher notes, they measured the speed 
of sound. In not restricting his study of music to harmonics, Sauveur 
developed a new field that he called acoustique. Book 2, section 7 of New- 
ton’s Principia analyzes sound as pressure waves through a compressible 
medium and recognizes the finite velocity of sound as frequency multi- 
plied times wavelength. Frequency is vo 1/lVF/o, where lis length, F ten- 
sion, and o cross-sectional area. The first edition of the Principia in 1687 
had the velocity of sound as 968 feet per second. After Newton reviewed 
frequency measures by Sauveur in five-foot organ pipes and also those 
by William Derham, the second edition in 1713 increased the velocity 
to 1,020 feet per second, which is his closest approximation. Section 6 
of Euler’s Tentamen gives only the numerical result of his computations, 
an approximation of 1,100 Rhenish [and Danish] feet per second.” The 
Rhenish foot defined in chapter 1 of “Dissertatio physica de sono” (Dis- 
sertation on the theory of sound, E02) was later shown to be 313.835 
millimeters; converting these gives 1,134.8 feet per second. Euler was 
pleased to arrive at a result larger than Newton’s, and correctly believed 
it to be more nearly exact. (He was slightly high; the speed of sound has 
since been calculated at 1,125.8 feet per second.) Euler’s letter of August 
1737 to Johann I Bernoulli defends his computational technique and 
result.1” 

That letter also objects to Newton’s method for calculating the speed 
of light. Euler declared that light had the greatest velocity known in his 
time, and its speed became for him a long-standing interest. He com- 
pared the speed of sound to that of light by the difference in time be- 
tween seeing a bolt of lightning and hearing the thunder. Descartes had 
earlier held that the velocity of light was instantaneous, but Galileo be- 
lieved it to be finite. Through observations of the appearance of eclipses 
of Jupiter’s moons, the Danish astronomer Ole Romer had in the 1670s 
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scientifically established the value as approximately 140,000 miles per 
second, compared to the current value of 186,282 miles. Through mea- 
surements with optics Euler later arrived at a closer but somewhat high 
approximation of twelve million English miles per minute or 200,000 
miles per second.’ 

In the Jentamen Euler sought to provide a new music theory, one 
that was “part of mathematics and [would] deduce in an orderly man- 
ner ex certissimus harmonicae principiis [from the most certain principles 
of harmony] everything which can make pleasing a fitting together and 
mingling of tones.”'” His music theory had a dual foundation: from the 
sciences came an exact knowledge of sound and from metaphysics came 
the method of how the relations of the frequency of vibrations in the air 
by harmony please—or by disharmony displease—auditory perceptions. 
To decide all this Euler appealed to reason, experience, and adept com- 
putations. The Zentamen demonstrates his pursuit of systematic order, his 
skillful crossing of disciplinary boundaries, and his search for deeper con- 
nections among fields—in this case acoustics, optics, and vibration theory. 
Vibratory motion, he concluded, was the cause of sounds and hearing, 
with sound transmitted by pulses in the air. 

Chapter 1 of the Tentamen summarizes the principles and a structure 
of acoustics that expands upon Euler’s “De Sono.” Section 9 presents his 
formula for a vibrating string’s frequency: 355/113 = V3166n/a, where n is 
the ratio of a string’s stretching weight to its normal weight and a gives 
the string’s length. The value 355/113 = 3.1415929 is accurate to six deci- 
mal places of 7; in the late fifth century AD, the Chinese engineer and 
astronomer Zu Chongzhi had discovered this ratio. In section 34, Euler 
employed the Archimedean approximation of 22/7. 

Essential to Euler’s notion of order in music theory was basing the 
tonal scale upon numerical ratios of frequency. By preferring to pursue 
mathematical computations rather than philosophical analysis for foun- 
dations, he separated himself from his contemporaries; no one had taken 
music theory as far mathematically as had Euler. Seventeenth-century 
music theorists had shown pitch to be proportional to frequency: musical 
intervals were frequency intervals, the inverse of length ratios. Euler thus 
rejected Aristoxenus, who wanted no numerical ratios in music theory. 
Euler found the work of the Pythagoreans and Aristoxenus to be filled 
with confusion and errors, and he warned that Pythagorean principles 
alone were insufficient and, when their limits were unrecognized, a po- 
tential source of errors. He carefully built upon Pythagorean and Ptol- 
emaic laws, claiming an agreement between the ancients and his modern 
thought. 
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Toward scientific authority Euler displayed a critical, skeptical atti- 
tude that was sometimes playful. Vibrations are heard as tones,’ and in 
diatonic systems succeeding tones give the individual terms in the next 
octave. The ratio of frequencies of two sounds given in small integers from 
the simplest order of two notes in unison (1:1) proceeds through the fun- 
damental chords or consonance of the octave, 2:1, to the fifth, 3:2, where 
one of the numbers is not 1, to the fourth, 4:3, and so forth. Euler saw 
these as blows upon the tympanum of the ear conveyed through the inter- 
mediary of the air. 

One of Euler’s two supports for the metaphysical foundation for 
music in a text filled with mathematical formulas and notes is the degree 
of consonance or pleasantness among tones, his gradus theoria. He cau- 
tioned, however, that there were no clear borders between the notes C and 
D. He agreed with the ancients that the simpler the ratios of vibrations 
of the air the more consonant and pleasing the intervals would be. As 
had Ptolemy and Descartes, he calculated these tonal scales by intervals 
using the small prime numbers of the harmonic triad, consisting of the 
musical integers 2, 3, and 5, together with the “exponent of the Ptolemaic 
tonal system,” 2”- 3°- 5. N = 6 he called the exponent of accord, and he 
allowed for higher octaves with multiples and powers of these integers. 
From these Euler constructed a finite number of genera. He differed with 
his contemporaries in music, who employed only 3 and 5. Instead he gave 
2 an essential role. He disagreed with them, for example, that the pitch 
8 is a combination of 7 + 1 or 9 — 1. Rather, he maintained that it is 2’, 
the third octave of basic vibration 1. So far he confirmed the findings of 
Leibniz, who held that the musical world had not yet learned to count 
beyond 5. Measuring lengths, weights, and tensions of two strings for a 
given musical note, Euler calculated their absolute frequencies or vibra- 
tions per second. But he provided no experimental confirmation of the 
frequencies. His computations draw upon analogic reasoning and include 
difficult logarithms and continued fractions. 

Chapter 4 gives a first approximation of ratios in the progression from 
the octave to the fourth to the fifth. Multiplying two smaller semitones 
comes to .30103001/.1760903, or log 2/log 1.5. Euler expressed this as the 
continued fraction 
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Chapters 10 and 13 warn that attempts to introduce any number besides 
the triad (2, 3, and 5) are difficult and have produced numerous errors." 
In book 1, sections 19, 28, and 32 of the Tentamen Euler mostly fol- 
lowed Ptolemy. To reach one or more octaves and arrange all consonances 
by degrees, he multiplied by a second power of consonance: 1; 3, 2”; 5; 
3-5; 3°- 5; 33-5; .... Each octave of the diatonic-chromatic system of 
his time includes twelve tones. The octave for the first degree contains 
the relation of C:E:G:B, which makes a major seventh chord. Euler later 
computed it to be the proportion 36:45:54:64. The least common multiple 
or exponent of 8,640 is 2°- 3°- 5, which Euler named the exponent of ac- 
cord. This puts related figures into the seventeenth degree of consonance. 
How high a sound could be, Euler discovered, depended upon the rapid- 
ity of tones, and he investigated limits of hearing. In the development of 
vibration theory and continuum mechanics, the measurement of audible 
vibrational frequencies to their upper and lower limits was critical. 

A second essential support for the foundation of music theory, along 
with his gradus theoria, was Euler’s substitution theory concerning proper 
hearing as basic for explaining music. Section 20 of chapter 10 and sec- 
tion 19 of chapter 13 warn of the great difficulty for computing harmony 
in applying 7, the next prime number after the harmonic triad. Euler de- 
clared that attempts had produced numerous errors. He found it difficult 
to introduce 7, “since the consonances sound too hard.” He asserted that 7 
neither joined with 2 or 3 and added to 5 would produce pleasant sounds. 
For the moment, he did not clearly explain a dominant seventh chord on 
the tonal triad and treated it as purely a conjecture. But in the 1760s, and 
in a paper in 1773, he accepted it. The seventh leading note, 7:4, needed 
examination. Mersenne’s Harmonice universelle of 1636, which invoked 7 
and employed analogies between music and other physical phenomena, 
probably influenced Euler, and Leibniz’s extension to 7 of the basics for 
music most certainly did.’ Euler’s drawings in the Tentamen and his later 
Lettres a une Princesse dAllemagne (Letters to a German princess) are con- 
sidered the origins of Venn diagrams in mathematics. 

Good practice and his principles, Euler thought, might bring music 
to its highest perfection. Maintaining that theory alone cannot attain the 
requisite pleasure, he also intended his Tentamen to help musical instru- 
ment and machine makers improve their handiwork. Even Euler consid- 
ered music theory a dry and tiresome subject, one in which it was difficult 
to maintain interest. Composers, musicians, and savants did not agree 
that all music and related feelings could be reduced to mathematics and 
Enlightenment reason, yet it is not accurate to describe Euler’s work in 
music as purely mathematical. The Zentamen employs mathematics as a 
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Figure 4.6. Euler’s diagram of his “diatonic-chromatic genus,” which 
has twelve absolutely pure and twelve discordant notes. 


language to describe musical phenomena, while the work’s metaphysics 
also brings into play fundamental acoustical, aesthetic, and physical 
regularities. 

In November 1740 and January 1741, Daniel Bernoulli sustained a 
skeptical stance toward the Tentamen. A letter from January reads, “I with 
Mr. Pfaff, who is an excellent musician, decided... to have my piano 
tuned according to your prescribed manner. But he doubts that this will 
produce a good effect and, he said, one should not pay attention solely 
to the harmony, especially when one has to deal with imperceptible dif- 
ferences.”'”° No further correspondence addresses this matter, so the out- 
come is not known. 

At midcentury Euler’s Tentamen had many friends and many doubt- 
ers.!°7 A notable critic was Rameau, while the Wolffian Lorenz Mizler at 
Leipzig University provided, in volume 3 of his Mustkalische Bibliothek 
(Musical library, 1752) a commentary of more than a hundred pages. The 
Musical Library, a monthly that lasted to 1754, represents the beginnings 
of a formal journal reviewing important ancient and modern works in 
music. In it Mizler spoke mainly as an amateur and a lover of the field;’™ 
he had only briefly studied composition with Johann Sebastian Bach. 
Strongly influenced by the philosophy of Wolff and the style of Johann 
Christoph Gottsched, his teacher at Leipzig, Mizler held that music and 
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poetry were sister fields and that music was a philosophical field. He rec- 
ognized the prominence of Euler in the sciences, referring to him as “the 
famous Mr. Euler.” Both Euler’s partisans and critics, Mizler held, gave 
incomplete accounts. Mizler, who also stressed tones and consonance, 
examined vibrations through the air, in the ear, and in instruments with 
pipes and strings. To grasp beauty in music’s nature and its relations with 
sorrow and joy, he claimed, Euler should have begun with Wolffian meta- 
physics. Mizler reviewed numerical relations from the Pythagoreans and 
the improvements by Euler, finding some typographical errors in compu- 
tations, and held that further advances were needed. Unlike Euler, Mizler 
in his table of intervals for harmonic sounds lacked any prime numbers. 
In the study of nature, he agreed on the centrality of number, weight, and 
motion. An outsider to music, Euler had a deductive, mathematical tonal 
system that contrasted with Rameau’s concept of harmony emphasizing 
three vibrations. Euler’s system was not tempered by appeals to modern 
musical masterworks or current musical practice, and Rameau opposed it. 

While the many new ideas in the Tentamen elicited substantial discus- 
sion, the work encountered sharp criticism that soon led to its neglect. 
The principal criticism given was that the work was “for musicians too 
[advanced in its] mathematical [computations] and for mathematicians 
too musical.” For musicians, it was inadequate, its presentation sometimes 
seeming backward to the way they played their instruments, its complex 
computations of chords devolving into an excess of overtones or partial 
sounds. It lacked instruction. Most immediate criticism came from music 
theorists of empirical bent. This would be especially true in Berlin, where 
the musicologist Friedrich Wilhelm Marpurg,'’” a dominant figure at the 
court of Frederick II, countenanced no opposition to his empirical ap- 
proach. Euler wrote to Goldbach that he was disappointed that all of his 
critics left out the core of his music theoretical conceptions. 


Daniel Bernoulli and Family 


In 1739 and 1740 Euler continued corresponding with Daniel Bernoulli, 
and the letters indicate the breadth of Euler’s scientific studies. Recurring 
topics were elasticity, flood theory (which was a vital subject in Saint Pe- 
tersburg), hydraulics, isoperimetrics, and maximum and minimum values 
for integrals, along with lunar motion, the tides, Newtonian science and 
the Cartesian leader Cassini, and finances. Euler explored small trans- 
verse vibrations in an elastic bar and how to integrate related linear dif- 
ferential equations with constant coefficients. He read Alexis Fontaine and 
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Clairaut from Paris but still lacked a way for making computations on 
such integration. At least partly this seems due to Euler’s own emphasis 
on empirical mathematics, in which results of careful experiments guide 
the formulation of method. In a letter of May 1739 he reported that for 
the most part he had proved and found accurate the computations in Ber- 
noulli’s Hydrodynamica except for one error.'"” Among other topics were 
the thermometers of Maupertuis and Delisle, the election of Maupertuis 
as a foreign member of the Petersburg Academy of Sciences, the effect 
of the length of pendula on their swinging, computations with partial 
differential equations having two variables, the interpolation and summa- 
tion of infinite series, Musschenbroek’s law of magnetic attraction, Euler’s 
manuscript for Scientia navalis, and the influence of the sun and the moon 
on tides. Euler found Newton’s explanation for the reflection and refrac- 
tion of light to be unclear; in December 1738 he completed a manuscript 
in Latin on astronomical refraction and sent it to Delisle. Proceeding 
from a mass of astronomical observations, Euler developed formulas and 
checked data to construct tables of refraction; he enclosed a copy of a 
table by Bouguer that differed in places from his own observational find- 
ings. In May 1739 Delisle returned the manuscript, having found errors in 
it and stating that improvements needed to be made before publication. 
Euler probably revised the paper, but it remained unpublished, perhaps 
amid the unfolding turmoil in Russia. He soon proposed an alternative 
pulse theory in optics. Daniel Bernoulli observed that in their correspon- 
dence Euler preferred writing in German, remaining most comfortable 
in his native tongue.''’ But Euler also wrote in Latin and soon, like Ber- 
noulli, extensively employed French. 

In the years 1736-40, Euler mourned the deaths of three small daugh- 
ters, suffered from a serious health problem, and was troubled by the bil- 
leting of Russian soldiers on his property. Nonetheless, his achievements 
in research and writing continued uninterrupted—and, in fact, accelerated. 

Euler and his wife Katharina adhered to the eighteenth-century Chris- 
tian dictum that the chief purpose of marriage was to multiply; in Saint 
Petersburg, they had a child every year or two. They did not, however, 
escape the sorrow of high infant and child mortality of the time. The three 
children born after Johann Albrecht died quickly: Anna Margaretha, born 
in June 1736, survived less than a month; at almost two years of age Maria 
Gertrud passed away in May 1739; and Anna Elizabeth died two weeks 
after her birth in November 1739. During the two years of Euler’s worst 
fevers no children were born, and over the years five children survived. 

In 1736 Paul Euler attempted to draw his son Leonhard home to Swit- 
zerland for a visit at which he was to be named godfather to the child of 
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his sister Marie Magdalena. Marie, married to pastor Johann Jacob Nor- 
bel, had grown up with Leonhard and the two were close. Unable to re- 
turn, Euler allowed another to represent him. His father proudly entered 
his son’s name in the baptismal register as “[Herr Magister] Leonhard 
Euler, Prof. Math. Sublimioris of the Petersburg Imperial Academy.”!” 
In 1737 the painter and drawing instructor at the Saint Petersburg 
art gymnasium, Johann Georg Brucker, who came from Holstein and 
was probably a cousin, completed the oldest known portrait of Euler. 
The following March Daniel Bernoulli reported that he had received the 
very good portraits of Euler and his wife.' The portraits, which were 
intended for Euler’s parents, are now both lost, and what happened to 
them is not known. One unlikely conjecture, however, is that Katharina’s 
father, then in his seventies, had painted them rather than Brucker. An 
engraving by twenty-year-old Vassili Sokolow that was rediscovered in the 
mid-twentieth century in Leningrad preserved the portrait of Euler; the 
engraving is based on Brucker’s painting, and depicts a happy, confident, 
and seemingly playful individual. If it was completed after 15 April 1737, 


Figure 4.7. Earliest known portrait of Euler, 1737, from the mezzotint 
copy by Vassili Sokolow of the lost portrait by Johann Georg Brucker. 
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Euler would have been thirty years old, and no major problem with his 
eyes was yet apparent in the engraving, but that was soon to change. 

In late summer of 1738 Euler experienced his second major health cri- 
sis since moving to Saint Petersburg. A dangerously high fever and strong 
infection caused an abscess in his right eye. It was probably inadequate 
hygiene that worsened the condition and damaged his vision. Fuss’s “Lo- 
brede auf Herrn von Leonhard Euler” (Eulogy in memory of Leonhard 
Euler, 1783) incorrectly attributes the fever to three days of intense as- 
tronomical calculations to meet a deadline in computing the latitude of 
Saint Petersburg, which actually occurred in 1735. An abscess brought on 
by the fever of 1738 alone, the “Lobrede” reports, led to the total loss of 
sight in Euler’s right eye and began a steady course of problems leading 
to his near blindness by 1767.'* The notion of a constant deterioration 
in Euler’s sight from 1738 via a three-stage pathogenesis, in which exces- 
sive eye strain brought on a fever that led to blindness, is also doubtful. 
More likely the process transpired in four stages, typical in high stress 
cases involving eyesight, in which great stress leads to a high fever, which 
together with an infection produces an eye abscess that contributes to the 
evolution of blindness; there are nonetheless occasional partial remissions 
in one’s failing sight. Euler’s dangerous fevers, starting in 1735, support 
this interpretation. His failure to tell his parents and correspondents of 
the course of his illness perhaps came of a desire not to reveal that conva- 
lescence from these fevers required lengthy, persistent nursing. 

Assuming that the depiction of his eyes has not been altered, two 
portraits of Euler provide valuable information on his medical history. 
The Brucker portrait in 1737 displays no serious eye malady. Euler’s loss 
of vision in the right eye thus must have come later. In a pastel portrait 
from 1753, his Basler colleague Emanuel Handmann gave close attention 
to the eyes, detailing problems with the upper lid and a condition of stra- 
bismus in the right eye. That the right eye does not appear totally blind 
suggests a partial, temporary remission of some vision loss. A strong dark 
pupil in the left eye indicates that it was sound. A subsequent cataract, 
rather than a constant deterioration beginning in 1738, must have most 
harmed that eye. 

In the eighteenth century, European monarchs drew power to them- 
selves as they centralized their states and created standing armies, which 
generally contained an element of social misfits, criminals, and vagrants. 
Imperial Russia, which was extremely agricultural and suffered from high 
rates of illiteracy, raised most of its soldiers by conscripting serfs from 
rural areas. Rising military costs from wars against Sweden, France, and 
the Ottoman Empire, combined with chronic financial shortages in the 
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imperial treasury, meant that funds for sufficient barracks for the growing 
army in Russia did not exist; this resulted in the billeting of many soldiers 
in private homes. In 1738 eight soldiers stayed on the Euler property; 
they apparently were quartered not in his house but in a large shed with 
windows and a stove in his yard. The soldiers could be crude, rowdy, and 
dishonest, and their heavy smoking discolored the building’s interior. For 
Euler, his wife, their four-year-old son Johann Albrecht, a daughter less 
than two years old, and Euler’s brother Heinrich, this was an imposition. 
Euler strongly opposed billeting and went repeatedly to the imperial gov- 
ernment to complain, but to no avail. Freedom from billeting was a term 
that he later negotiated with the officials of Frederick II in Berlin. 


Chapter 5 


Life Becomes Rather Dangerous: 
1740 to August 1741 


[: 1740 Leonhard Euler’s accomplishments were growing and his repu- 
tation increasing, especially in France, where his Mechanica sive motus 
scientia analytice exposita (Mechanics of the science of motion set forth 
analytically) received a highly favorable review in the influential Parisian 
Jesuit journal Mémoires de Trévoux, and he won his third consecutive an- 
nual Prix de Paris. The reviewer credited Euler’s Mechanica with found- 
ing modern mechanics and declared that the older mechanics, to which 
Galileo Galilei had contributed so much, was only statics. The latter part 
of this assertion is odd, for Galileo had pioneered the mathematical study 
of the motion of bodies or kinematics. The reviewer also praised Euler for 
removing the difficult geometric impediments and abstruse calculations 
from Isaac Newton’s Principia mathematica. While Euler was already well 
known in the Paris Academy of Sciences, this review brought him for the 
first time to the attention of the broader Parisian scientific community. 
The Mechanica and winning the Prix de Paris were essential elements in 
catapulting Euler into the first rank of Europe’s geometers, and the Me- 
chanica’s analytical approach has dominated in physics ever since. 


Another Paris Prize, a Textbook, and Book Sales 


Along with three others—Daniel Bernoulli, the Jesuit mathematician An- 
toine Cavalleri, and Colin Maclaurin—Euler won the Prix de Paris in 1740 
for his paper “Inquisitio physicia in causam fluxus et refluxus maris” (An 
investigation of the physical causes of the ebb and flow of the sea, E57). 
Rarely had the Paris Academy seen such brilliant competition. Originally 
Euler’s submission was lost in the post, and when Antiokh Kantemir in 
Paris and the Petersburg Academy of Sciences learned this, they success- 
fully petitioned the Royal Academy of Sciences in Paris to accept a copy 
from Saint Petersburg.' In a letter in March 1740, Euler thanked Kantemir 
for making sure that his paper was not late for the competition.’ 
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For over a decade the Petersburg academicians, including Euler, had 
been examining the tides. Initially Euler studied the Cartesian concept 
that pressure from the lunar whirlwind caused the tides but rejected it and 
the entire Cartesian lunar theory for predicting low water levels at times 
when the water was generally high. Instead he accepted Johannes Kepler’s 
idea of an attractive force. Continuing his own work on the tides, Euler 
completed an article on observing their ebb and flow that appeared, with- 
out anything indicating the author, as parts 9 and 10 for the Primechaniya 
k Vedomostyam (Notes to the gazette, 1740), printed by the academy.’ These 
also appeared in Russian and in German as Anmerkungen tiber die Zeitun- 
gen. While Bernoulli’s Prix de Paris submission followed strictly Newto- 
nian principles, Euler’s began with a theory of vortices and explained the 
tides with the sea as an equilibrium figure and the water level as depend- 
ing on the horizontal disturbing force. He explained the tides as influ- 
enced solely by the force of the moon and sun on the sea, with the force of 
the moon being four times that of the sun. Euler’s theory of tides brought 
together the fundamental dynamics of the motion of the tides, their iner- 
tia, and alterations in them produced by these two forces acting as oscilla- 
tions. As he developed imposing integrations to calculate these forces he 
initially considered water inertia to be inconsequential but had to include 
it to explain reciprocal motion. Euler’s theory of tides moved beyond the 
earlier Newtonian theory of statics. While differing in approach, Euler 
and Bernoulli reached the same conclusions; both men likely began with 
precise results and worked backward to find explanations for them. The 
two also agreed on a few points, including those bearing on the case of 
tides located under the polar ice caps. Euler’s system accurately predicted 
the tides. In the controversy between Newtonians and Cartesians at the 
Paris Academy, the year 1740 represented a turning point: afterward no 
Cartesian paper won the annual Prix de Paris, though a modest debate 
continued there for another decade. 

Bernoulli, who in correcting Newton put at 2:5 the ratio of the forces 
of the sun and moon on the ebb and flow of tides, chided Euler in a letter 
in April 1740 for still questioning the extent to which Newton’s attraction 
accounted for celestial motions. Studies of the pendulum and the shape of 
Earth, he argued, made Newton’s superiority clear. In June, to confirm the 
remarkable precision of Newton’s dynamics, Bernoulli invoked a range of 
authorities: Newton, Alexis Claude Clairaut, and Colin Maclaurin. He 
also cited data from the recent Lapland Expedition and a comparison of 
the measure of a degree of meridian from the polar circle with those from 
Paris and Amiens accurately made by Jean Picard in 1670 and Dominic 
Cassini in 1701. That comparison supported the Newtonian position that 
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Earth is flattened at the poles. In September Euler responded that he was 
pursuing flood theory, which was crucial in Saint Petersburg, which often 
flooded; he pointed out the contrary judgment of Jacques Cassini on the 
shape of Earth based on conflicting data and also mentioned his own de- 
veloping eye problem. 

During his hectic schedule at the Petersburg Academy in 1740, Euler 
signed a contract to supply his manuscript on shipbuilding for a stipend 
of twelve hundred rubles, but the money was not forthcoming. For the 
geography section, Euler continued to pore over maps; he also computed 
more astronomical tables and ephemerides and called for new telescopic 
observations made with the latest instruments. There was not yet a research 
team with assistants to aid Euler, but he worked with Gottfried Wilhelm 
Heinsius in astronomy. At a meeting of the academy in March 1740 he 
presented an article for volume 12 of the Commentarii titled “Emendatione 
tabularum astronomicum per loca planetarum geocentrica” (Emendation 
to astronomical tables for locating the geocenters of planets, E131), which 
would be published in 1750.* The article examines the difficulties in com- 
puting planetary orbits precisely; Euler asserted that three observations 
can provide only a first approximation of them; for an exact accounting 
of entire orbits, he knew that a greater number of observations covering 
daily positions were required. He declared the heliocentric system com- 
pletely established and the pursuit of the geocentric thus useless. Ortho- 
dox clerics still opposed Copernican astronomy; they accepted the word 
geliotsentricheskiy (heliocentric) as an addition to the Russian language but 
criticized its meaning. The heliocentric system still needed theoretical ad- 
ditions; these would be vital for resolving anomalies arising from such 
matters as lunar motion and the orbit of Mercury. 

During 1740 the second part of Euler’s Einleitung zur Rechen-kunst 
(Introduction to arithmetic—art of computing, E17) was also published, 
and the first part was translated into Russian by Vasilii Adodurov, the 
only Russian made a member of the early academy, having entered as an 
adjunct in mathematics in 1733. The second part of the Einleitung covers 
addition and subtraction; multiplication and division for currency conver- 
sion; computation of wills; distribution of pensions monthly or yearly; 
comparisons of apothecary weights from a list of those employed in more 
than fifty European cities; and appreciation of time divisions—all mat- 
ters of interest to young nobles. Euler gave a long set of currencies from 
Russia and sixteen other European realms, converted these through both 
multiplication and division, and reduced answers to their simplest form. 
The Russian currency, for example, had a ruble (equal to one hundred 
kopeks), a pultin (fifty kopecks), and a griwen (ten kopeks). The English 
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had pounds, shillings, pence, and farthings, and there were the Prussian 
Thaler, Groschen, and Dreyer. In one problem Euler by three divisions and 
additions simplified the sum of 511 rubles, 926 griwen, 1,732 kopeks, and 
53 polushks to 621 rubles, 0 griwen, and 5 kopeks.° Another problem asked 
how many minutes there are in four weeks, five days, fourteen hours, and 
thirty-six minutes; Euler showed how to compute the answer: 48,936 min- 
utes. Given that the Julian year was 365 days, 5 hours, 48 minutes, 57 sec- 
onds, and 12 milliseconds, another problem asked what number divided 
into the year would give exactly one day. He went through the steps in 
finding the dividend of 365 + 52,343/216,000.° His showing of dexterous 
procedures or tricks—for example, for multiplying by 5/24 by substitut- 
ing (1/3 - 1/8), which requires dividing by 3 and 8 and subtracting— 
suggests a move to a higher level of arithmetic. 

Having completed the Tentamen novae theoriae musicae ex certissimis 
harmoniae principiis dilucide exposita (An attempt at a new theory of music 
composition exposed in full clarity according to the most certain prin- 
ciples of harmony, E33) and the Einleitung zur Rechen-kunst, Euler began 
in about 1740 to write Methodus inveniendi lineas curvas maximi minimive 
proprietate gaudentes (A method of finding curves that show some property 
of maximum or minimum, E65), which concluded a second stage of his 
research in founding a semigeometric calculus of variations.’ The exact 
dating of the second stage of this research is unclear. Probably Euler’s 
fourth and last paper in Saint Petersburg on the subject, which appeared 
in print in 1741, was written about 1736.* As was noted in chapter 3, a for- 
mative stage of his work on the calculus of variations had occurred in the 
early 1730s. Euler’s discovery of his mistake with integrand variables in 
this and the previous paper apparently set off a period of intense research 
on variational mathematics that produced greatly improved methods. As 
his correspondence with Clairaut and a letter of March 1746 to Pierre 
Maupertuis noted, he had completed the entire manuscript (except for its 
two appendixes on elasticity) by the spring of 1741, but the book was not 
published until 1744. 

In September 1740 Clairaut began corresponding with Euler. They 
were to exchange sixty-one letters that were friendly, respectful, and with- 
out disagreement. This set of letters is one of the most important sources 
for the history of science in the eighteenth century as well as the research 
of the two men. In 1733, seven years earlier, Daniel Bernoulli had first 
brought Euler’s attention to the precocious French genius Clairaut; Euler 
followed his achievements and in 1735 recommended Clairaut for a post at 
the Petersburg Academy. At the start, their letters were to deal with topics 
in infinitary analysis. In 1739 Bernoulli forwarded to Euler Clairaut’s 
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request for difficult problems to test his approach to integrating differ- 
ential equations and his comments on the theorems of Alexis Fontaine 
on differentiation as well as an inquiry into where Euler had published 
on these matters. Clairaut sent a letter in September 1740, and Euler re- 
sponded a month later, connecting the questions raised on his integra- 
tions with prior results of Nikolaus Bernoulli and Jakob Hermann on 
orthogonal trajectories, noted that the second volume of his Mechanica 
contained difficult integrations, and praised Clairaut’s work on the shape 
of Earth. Upon receiving Euler’s reply, Clairaut quickly generalized to 
multiple variable analogues his integration of differential expressions. In 
a paper for the Paris Academy of Sciences in 1740, he asserted that their 
correspondence had made the works of Euler better known to him. 

In addition to engaging in his own prolific research, Euler was active 
in most operations of the Petersburg Academy, even ordering paper and 
ink for the printing press and, from at least the time he became a full pro- 
fessor, assisting in editing. 


Health, Interregnum Dangers, 
and Prussian Negotiations 


Not all was well in Saint Petersburg in 1740. Because the astronomical 
observations Louis de I’Isle de la Croyére had sent from the Second Kam- 
chatka Expedition were nearly worthless, early that year Joseph-Nicholas 
Delisle traveled to Siberia to join his brother and make his own observa- 
tions. He left all of the work of the geography department in Euler’s and 
Heinsius’s hands. In July the imperial senate ordered the department to 
establish the reliability of its map materials and to give the earliest pos- 
sible date it could expect a general map of Russia. Heinsius, especially, 
felt that more geodetic measurements were necessary, and Euler immersed 
himself in this huge task. The work was extremely difficult for him; in an 
August 1740 letter to Christian Goldbach, the now presbyopic Euler of- 
fered a powerful health reason for modifying this assignment. Lapsing 
from his typical Latin into German, he claimed that more than his reading 
and writing his painstaking labors on land maps had strained his eyes and 
were worsening his eyesight problem, which he traced back as beginning 
in the summer of 1738. “Geography is fatal to me,” he wrote. “You know 
that I have lost an eye and [the other] currently may be in some danger. 
When a new batch of charts was sent to me this morning to examine, I felt 
a mild pain.”® It seems that Euler also had trouble declining new official 
assignments, and that he wanted his friend Goldbach to intercede to save 
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him from having more cartographic work. Alarmed, Goldbach responded 
the same day. In a letter of September 1740 Euler reported to Philipp 
Naudé in Berlin that his right eye was almost unusable and his left eye 
was deteriorating. 

Through the summer of 1740, Euler’s family was happily settled in 
Saint Petersburg. His brother Johann Heinrich continued to live with him 
and studied art and painting, and a second son, Karl Johann, was born to 
Leonhard and Katharina on July 15. Though he would always treasure the 
solid bourgeois, essentially republican culture of his native Basel, Euler 
felt that good fortune had brought him to imperial Russia, where an abso- 
lutist rule provided him a home for his family and freedom and the facili- 
ties in which to pursue his research. 

Even in the midst of Euler’s health problems, he was strongly re- 
cruited by the Prussian monarch Frederick II, a twenty-eight-year-old who 
had ascended the Prussian throne at the end of May 1740. The invitation 
was extended as part of the royal court’s effort to turn the nearly mori- 
bund Royal Prussian Society of Sciences into a leading scientific center. 
In a letter of 14 June, Frederick instructed his close friend and ambassador 
in Saint Petersburg, the Saxon count Ulrich Friedrich von Suhm, to offer 
the thirty-three-year-old Euler a position in a renovated and reinvigorated 
academy of sciences and belles-lettres in Berlin. Suhm—who had trans- 
lated writings of Christian Wolff into French and had helped Frederick as 
crown prince to understand them—was a strong advocate of a new science 
academy in Berlin. Probably from Jean-Henri-Samuel Formey’s circle, the 
Paris Academy prizes, and information from Naudé, the Prussian Society’s 
number theorist, the monarch knew of Euler’s European reputation. Even 
though he referred to Euler as “the grand algebraist,” Frederick offered 
him only a relatively modest salary of 1,000 to 1,200 Reichsthaler, while 
extending 1,600 and later 3,000 to Maupertuis; subsequently the monarch 
proposed 12,000 Reichsthaler for Jean-Baptiste le Rond d’Alembert and 
20,000 for Voltaire. 

Since the Petersburg Academy wanted to pay Euler twelve hundred 
rubles, the equivalent of sixteen hundred Reichsthaler, he declined to 
accept the Prussian position.'' Count Suhm was upset that the com- 
moner Euler wanted to make a counterproposal, but on 15 July Freder- 
ick ordered him to continue the discussion.” Suhm, who was of fragile 
health, agreed to convey Euler’s request for a salary matching the six- 
teen hundred Reichsthaler and up to five hundred more for moving ex- 
penses, but he died en route to Berlin in November. This salary was much 
higher than the average for junior members of the Brandenburg-Prussian 
Society, around three hundred Reichsthaler. When Johann I (Jean I) 
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Bernoulli—who received 262 Basel pounds annually in addition to a sup- 
ply of wine and grain—learned the amount of Euler’s pension he called 
it “a truly royal salary.” 

Beyond the pension request, Euler must have been reluctant to leave 
a secure position in Saint Petersburg for an unsure post in a kingdom 
ruled by an untested monarch who had ascended to the Brandenburg- 
Prussian throne only two months earlier. But in October 1740, soon after 
Frederick’s bargaining began, the Russian empress Anna died; in the tu- 
multuous factional struggle for control of the government, Euler’s more 
tranquil existence in Saint Petersburg came under threat, and life in Rus- 
sia grew dangerous. 

Shortly before her death, Anna had adopted her great nephew, the 
two-month-old grand duke, Ivan VI, and named him her successor; 
Anna’s chief minister, Ernst Johann von Biron, was to be regent. Biron, 
the most hated man in Russia because of his cruelty, so bullied Anna 
and her husband that they considered fleeing the country. After Anna 
confided this plan to the field marshal and count Burkhardt Christoph 
von Minnich, he conspired with others to remove Biron and earn the 
gratitude of the new czar’s mother, Anna Leopoldovna, who was from 
Braunschweig. General Christoph Manstein and the palace regiment 
participated in a late nighttime arrest of Biron at his house, and the fol- 
lowing coup d’etat ousted the very powerful minister of foreign affairs, 
Count Andrei Ostermann, and made Anna Leopoldovna regent."* Refus- 
ing to have Biron tortured or put on trial with possible quartering, she 
banished him to Siberia. 

By the end of November, Anna Leopoldovna feared a plot against her. 
The Russian nobles considered her weak and asked Elizabeth, the young, 
attractive, and charming but disorganized daughter of Peter the Great, 
to take over. Amid the turmoil the German noble courtiers and advisers, 
whom Empress Anna had gathered to her throne, fell from power, and the 
time of a terrible foreign domination in Russia was ending. ‘The capital 
seethed with hostility toward Germans and toward other foreigners. 

In addition to being a prominent center for the sciences, largely on 
the strength of Euler’s accomplishments, the Petersburg Academy was 
given several duties by the imperial court; its members were tasked with 
composing odes for state festivities, preparing fireworks, and forecasting 
the weather. Euler received the ticklish assignment of casting a horoscope 
for Ivan VI, who was deposed within a year and shortly thereafter impris- 
oned despite being still an infant. Since this was an astronomical and as- 
trological assignment, Euler passed it on to his friend Krafft, who during 
Empress Anna’s court had been well known for preparing horoscopes. 
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One matter that almost all academicians had strictly avoided was becom- 
ing involved in imperial court politics; Euler knew the peril, and the men- 
ace arising from the existing political maelstrom was a major factor in his 
relocating to Berlin. 

In his brief, unfinished autobiography and a letter of July 1763 to 
Gerhard Friedrich Miller, when the discussion of his return to Russia was 
well under way, Euler indicated his reasons for leaving Saint Petersburg 
after residing there for fourteen years. In 1740 life became awkward and 
unsettled there; for years Euler’s wife Katharina could not think of that 
time without recalling fear. The death of her father in 1740 also severed 
for Katharina a tie with the city. On 15 February 1741, apparently partly at 
her urging, Euler met with the new Prussian ambassador, the aging Baron 
Axel von Mardefeld, to inquire about his counterproposal to Suhm. 
Mardefeld informed him that the king had received and accepted it, in- 
cluding the payment of travel costs; Euler thus agreed to move to Berlin. 
In March he announced to his friend Miller, who was in the Siberian 
town of Tobolsk, his decision to go to Prussia and enter what was becom- 
ing the renewed and reorganized Royal Prussian Academy of Sciences 
and Belles-Lettres. He noted that of the foreigners invited, only Mauper- 
tuis had accepted, while Wolff would return to the University of Halle. In 
another letter in April, Euler revealed the urgency of his decision, confess- 
ing that he had thought nothing less likely than that he would have to 
establish himself in another place." 

Euler quickly informed his parents in Riehen and the Bernoullis in 
Basel about his planned move to Berlin. In letters dated 28 January and 
20 September 1741 Daniel Bernoulli, Euler’s closest friend, complimented 
him for his appointment in Berlin and noted that, along with their father 
Johann I, Daniel and Johann II (Jean II) had also been invited to Berlin 
but they had misgivings; Johann II probably wanted to accept, but the 
situation was not yet resolved." It is possible that Frederick II wanted first 
to draw Euler to Berlin as a magnet to recruit the Bernoullis; but Daniel 
did not want to accept a position there, for with Euler as a member the 
academy already had the highest level of mathematician. He added that 
he feared that the First Silesian War could stop the whole project. On 
September 20, he wrote that “dass die Wissenschaften und der Krieg in- 
compatibel mit einander seyen” (it seems that the sciences and war are in- 
compatible).'’ The First Silesian War had taken Frederick’s attention away 
from the academy. Daniel stated that Johann I did not know what his sons 
would decide but hoped that as soon as the war, which was being fought 
under the young and pregnant Maria Theresa, neared its end, they would 
move to Berlin. That was not to occur. In April 1743 Daniel Bernoulli 
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continued his response. He accepted that “in einer Akademie muss eini- 
germassen eine Subordination seyn, als wie in dem Militarstande” (in an 
academy one must to some extent be a subordinate, as in the military). 
He thought it best to have a small number of scholars of superior abil- 
ity direct others to find practical uses for new knowledge and counted 
himself among those spirits. But Frederick was to be engaged in war and 
would not have time for the academy. 

Maupertuis, who was located near Paris, apparently did not know 
Daniel’s brother Johann II, and Daniel would remain in Basel. The re- 
sponse of the Bernoulli family to Euler’s new Prussian position, then, was 
mixed, but Euler seems to have disregarded the warnings of the younger 
Bernoullis. Berlin, with a population that by 1740 reached 70,000, had an 
energetic French Huguenot colony that helped make it a social oasis from 
the military; Euler must have deemed it a safer place to live than Saint 
Petersburg. 

Writing in Latin, Euler’s seventy-three-year-old teacher Johann I Ber- 
noulli composed a letter dated 18 February 1740 that, for the uncertainty 
of knowing the address in Saint Petersburg, was not sent until 1 Septem- 
ber 1741, when it was instead forwarded to Berlin. At this time Bernoulli 
added a postscript: “With joy have I heard that you have been invited in 
the name of the Prussian king to organize a new academy in Berlin. May 
God assist you in your enterprise and be with you on your journey. . . . [I]f 
I were twenty years younger, I would join you in the blink of an eye.” He 
was pleased that Euler would now be much closer to Basel, and he greatly 
hoped that Euler would make a trip to his home city to visit his parents. 
This would provide Bernoulli the opportunity to see Euler once more be- 
fore he died, and he declared it his most ardent desire: “Nihil jam reli- 
quum est hac vice, quam ut Te, Amice exoptatissime, quamvis absentem, 
animo exosculer, donec id, si Superis placet, coram facere possim. Vale, 
iterumque vale.” (Nothing now remains, most longed for friend, other 
than to kiss you, although absent, in spirit, until if it pleases the higher 
powers, I can do it in your presence. Farewell, again and again farewell.)" 
In another letter in October he added to advanced age his asthma, gout, 
and responsibilities to the University of Basel as reasons for staying put;” 
Bernoulli still held out hope that Euler would succeed him at the Univer- 
sity of Basel. 

Euler had first to obtain release from his Russian contract through 
the academy’s director, Johann Schumacher, and opposition from Schu- 
macher, followed by Euler’s illness, delayed Euler’s leaving Saint Peters- 
burg. He kept an almost daily journal from 15 February to 10 March of 
his stubborn efforts to gain permission to depart. Schumacher responded 
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that he was under contract and could not leave Russia for a year. Euler 
explained his situation to the powerful Mardefeld, who in a note to fellow 
noble Andrei Ostermann and a visit to Karl von Brevern stressed Freder- 
ick’s desire. In February and March Euler wrote three letters to Brevern. 
In the first two letters, of 23 February and 5 March, Euler claimed that 
the difficult climate in Saint Petersburg might ruin his health and that his 
geography tasks could destroy what was left of his eyesight. The second 
letter also expressed his great satisfaction to be in Brevern’s service at the 
Petersburg Academy of Sciences, but repeated that the harsh climate made 
it pressing that he relocate to a milder region. In Berlin as well as Saint 
Petersburg, Euler’s letters raised some alarm. He considered but rejected 
a proposal that he agree to return to Russia in a year, a stipulation that he 
thought cowardly. In a letter to Miller in early March he stated that while 
Frederick II was engaged in the conquest of Silesia, “I await now daily 
the latest orders of His Majesty and [the acceptance of] my resignation 
in order to undertake my trip.””! After Euler received no answer, he again 
went directly to Brevern, who on 10 March assured him of the passage of 
a cabinet resolution granting his release. In May Brevern succeeded Korff 
as academy president. Ultimately Euler left with the good wishes of the 
Petersburg Academy, and he pledged to continue to collaborate as an hon- 
orary member with an annual salary of 200 rubles (about 270 Reichsthaler). 

In June Euler asked Schumacher, apparently unsuccessfully, not to 
hold back part of the money agreed to in his last contract, and in Sep- 
tember he reviewed from Berlin the final terms and promises in his ne- 
gotiations with Schumacher, requesting payment of the promised annual 
salary due him as an honorary member. Such a stipend was not simply a 
matter of altruism: Euler was to purchase books and scientific instruments 
for the academy, write reports on the sciences in western and central Eu- 
rope, and tutor Russian students who resided with the Euler family, be- 
sides submitting a stream of papers for the Commentarii, for which he had 
become the de facto editor. 

In early June 1741 Euler and his wife packed the family belongings. 
On 19 June the Euler family—Leonhard, Katharina, their sons Johann 
Albrecht and Karl, and Leonhard’s brother, Johann Heinrich—boarded 
a ship to begin their journey from Saint Petersburg to Berlin; Euler left 
with deep regrets. After a rough, three-week passage on the Baltic, the 
family arrived in Stettin; in a letter to Goldbach, Euler announced that 
he was the only family member who had not suffered from seasickness.” 
Stettin conferred various honors on Euler, and there he also attended a 
gymnasium disputation. Using a carriage and a freight wagon, the Eulers 
left Stettin on 22 July, arriving in Berlin three days later. 
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Ina letter in September Euler thanked Schumacher for his friendship, 
and a letter from October mentioned his work for the academy as well as 
his joy at news of the Russian victory over Sweden and the sale of his Rus- 
sian house; he meticulously noted that the house must be repaired before 
winter. His August letter to Goldbach had noted that while the chancel- 
lery architect estimated its value at four hundred rubles, Schumacher had 
paid only a paltry hundred rubles for it.” Now Euler was settled in Berlin, 
and ready to begin the work of the new Royal Prussian Academy. 


Chapter 6 


A Call to Berlin: 
August 1741 to 1/744 


“Ex Oriente Lux”: Toward a Frederician 
Era for the Sciences 


| Deas before he ascended the Prussian throne on 31 May 1740, the fu- 
ture Frederick II wanted to found a vibrant royal science academy 
in Berlin comparable to institutions in Paris, London, and Saint Peters- 
burg. He saw it as an instrument for building industry and the power of 
his state and for bringing intellectual distinction to Berlin. A letter of 
6 July 1737 from Frederick to Voltaire speaks of Louis XIV’s establish- 
ing the Paris Academy of Sciences, gathering astronomers pledged to 
discover stars, and attracting innovative botanists and physicians.' The 
Paris Academy and the Académie francaise would serve as Frederick’s 
guides. In the early stages of correspondence between Voltaire and the 
young crown prince—which would last forty years—the sciences were a 
continuing topic. When Frederick first wrote in August 1736, Voltaire was 
forty-two and famous; Frederick was twenty-four. Voltaire’s letter of 20 
August to Frederick mentioned the research of Isaac Newton, Gottfried 
Wilhelm Leibniz, Robert Boyle, John Locke, and their partisans. That 
December Frederick sent as a gift a treatise by Christian Wolff, whom he 
called “the most celebrated philosopher of our day.” Voltaire considered 
the treatise nonsense and did not study it, but his paramour Emilie, Mar- 
quise du Chatelet did, wanting to learn more of Leibnizian and Wolffian 
philosophies. Voltaire was becoming a Continental champion of Newto- 
nian science. Regarding the Frenchman’s nearly completed popular ex- 
position Eléments de la philosophie de Newton the Prussian monarch wrote 
in December 1736 and again in March 1737 that he awaited the book 
“with great impatience”; it was published in 1738. Frederick’s eagerness 
to make a name for himself and his country in the sciences was manifest 
in his letter to Voltaire in July 1737, which reviewed the history of the 
Royal Prussian Society of Sciences in Berlin from its establishment on 
Sunday, 11 July 1700. 
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Building upon the model of the Paris Academy, Leibniz had planned 
the Prussian society and received financial support from the well-educated 
patroness Queen Sophie Charlotte, whom he had known in Hanover. An- 
other founder of the society was Daniel Ernst Jablonski, the ecumenical 
Calvinist court preacher. The society consisted of four classes: physics, 
medicine, and chemistry; mathematics, astronomy, and mechanics; Ger- 
man language and history; and literature, stressing oriental writings for 
missionaries spreading the Gospel to the east. Under Leibniz, its name 
was to change from the Electoral Brandenburg Society of Sciences to the 
Royal Prussian Society of Sciences; this followed the new higher status of 
the realm in moving from an electorate to a kingdom. 

Frederick’s correspondence does not bring out the importance of the 
society’s observatory, which he planned to replace.’ The effort of the Cor- 
pus Evangelicorum to improve the calendar in Protestant lands,* particu- 
larly by abolishing the Julian model, argued for its quick building, and 
records gathered from observatories in France, England, and China aided 
the calendric reform project. Pastors and astronomers were also eager to 
confront the claims of astrology. To fund the society as a whole, moreover, 
the Prussian court had followed the earlier suggestion of Leibniz by allo- 
cating all of the revenue from the privilege of the royal Prussian calendar 
monopoly, though that proved inadequate. 

Uncertain financing and the lack of support outside the French com- 
munity in Berlin, then a town of thirty thousand, delayed the inaugura- 
tion of the society until 1711. Under the military king Frederick William I, 
who ruled from 1711 to 1740, it declined, for he did not protect it and in 
fact disdained it; in 1731 he named the royal jester at court its vice presi- 
dent. Royal contempt, refusal to provide funding sufficient for the mainte- 
nance of the observatory and hops garden, and an absence of the freedom 
enjoyed by the Paris Academy meant that except for adding a medical 
and surgical section in 1724 the Prussian society languished, and save for 
its research on phosphorus it was nearly moribund by the late 1730s, as 
Frederick II would later lament to Voltaire.* Under Frederick William I, 
for example, the forty articles in the last two volumes of the society’s occa- 
sional journal Miscellanea Berolinensia, in 1737 and 1740, included fourteen 
on the mathematical sciences, and these were not significant. 

The original intent of the Royal Prussian Society of Sciences had been 
to make Berlin the capital of Protestant science and, in northern Europe, 
of historical apologetics. On 6 June 1740 the new monarch, Frederick II, 
ordered the Prussian state minister Adam Otto von Viereck, the society’s 
protector or chief official, to prepare a report on its condition. On 9 June, 
Viereck responded that the underfunded and poorly managed society had 
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not achieved European distinction, and two days later Frederick broke 
the constraints on the institution. He resolved to end the odious reference 
to its members as “collected royal buffoons” that Frederick William I had 
employed; he restored to Philipp Naudé, professor of mathematics, an an- 
nuity of two hundred Reichsthaler; and he extended his favor and protec- 
tion to the society’s members.° The king urged these members to be more 
active and proclaimed that an era in learning was about to begin in Berlin. 

Frederick envisioned a rejuvenated, reorganized, and expanded acad- 
emy of sciences and liberal arts as the hub of the cultural and intellectual 
community in the city. It was essential to making Berlin what he dreamed 
it could be, an Athens on the Spree River.’ In the sciences, Frederick 
wanted utility to have precedence over theory. The leading members of 
the old society, such as the philologist and zoologist Johann Leonhard 
Frisch; the French theologian, chronologist, and mathematician Alphonse 
des Vignoles; and its theologian founder Jablonski, its president since 
1731, were elderly, and Frederick set out to recruit scholarly celebrities 
from outside Prussia. As possible sources, he and the high nobility re- 
jected scholastic thought as pedantic and Protestant theology as dated. 
In north German states the most dynamic element in intellectual life was 
Wolffian philosophy, not Cartesian mechanical thought or the English 
critical empiricism of Boyle, Locke, and Newton. The French high culture 
of the Parisian salons, debating the merits of the Cartesian and Newtonian 
sciences, also influenced the high nobility and the French community in 
Berlin. In Paris the advocates of each science took up specific components 
but not necessarily the complete system. Later celebrated as a hero of Ger- 
man nationalism, the king was both Francophile and Francophone, and 
awkward in the language of his own country, and he searched among the 
French for academicians. 

The recruitment of scholars of the highest caliber to conduct impor- 
tant pure and applied research and to lead the new science academy, all 
with the idea of gaining prestige for Frederick’s court, began with the se- 
lection of a president. Ideally he wanted the president to be French and of 
noble descent; he should possess experience in mobilizing resources and 
carrying out major projects in the sciences. Frederick wished the president 
to be a lively conversationalist who mixed easily in noble company and 
who could be a close friend. But above all, the president was to have a dis- 
tinguished reputation for scholarship that extended beyond the scientific 
community. Apparently, the monarch’s first choice for the presidency was 
not a noble but Voltaire—based on his fame.’ Up to 1740, however, Vol- 
taire rebuffed invitations from Frederick to visit Berlin. The next French 
savant who met all of Frederick’s criteria was Pierre Maupertuis. 
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After studying in Basel under the aging Johann I (Jean I) Bernoulli 
in 1729-30 and becoming a protégé, the nobleman Maupertuis had first 
gained attention in Paris with his Discours sur les differentes figures des as- 
tres avec une exposition des systems de MM. Descartes et Newton (Discourse on 
the various shapes of stars, with an exposition of the systems of Mssrs. 
Descartes and Newton), which was published in Paris in 1732. Mauper- 
tuis did not join with Jacques Cassini, Bernard le Bovier Fontenelle, and 
Jean-Jacques d’Ortous de Mairan in opposing Newton’s concept of action 
at a distance over empty space. Nor did he accept Bernoulli’s attempt to 
develop a synthesis that held the inverse-square law to be explainable by 
fluid mechanics and thus to agree with the theory of vortices. Although 
professing to be an agnostic regarding Newton’s theory of attraction, Mau- 
pertuis compared it favorably to the Cartesian notion of vortices, which 
he, like Newton, found incompatible with Johannes Kepler’s laws of plan- 
etary motion. Maupertuis was the first to discover a case of the operation 
of attraction outside the solar system between two rotating stars. In Paris 
he became the center of the spirited circle at the Café Gradot, fostering 
connections among savants to converse with in the absence of hierarchical 
aristocratic constraints. In the 1720s there were 380 cafés in Paris; some of 
them were known for meeting circles that were exclusively male, but Mau- 
pertuis insisted that Emilie du Chatelet be allowed to join the discussion. 
To strengthen his position in the republic of letters he actively participated 
in salons, such as that of Madame Marie-Thérése Rodet Geoffrin. In 1735 
the Royal Prussian Society elected him an associé étranger (foreign associ- 
ate). But Maupertuis had little reason to be connected with a society not 
among the first rank of scientific institutions, and he did not respond until 
after he returned in 1737 from the famous Lapland Expedition. 

From 1736 on, Frederick apparently had another criterion for the so- 
ciety: he wanted a copresidency, and hoped that Wolff would be the other 
officeholder. In May 1740 Frederick, having read Wolff in French transla- 
tions, declared him “the teacher of princes,”’ and on 6 June he got the pro- 
vost of the University of Halle, pastor Johann Gustav Reinbeck, author of 
a Wolffian tract, to begin trying to draw Wolff into royal service. 

Wolff’s expulsion from the University of Halle by Frederick William I 
in 1723 had made him a cause célébre. His Latin texts, including Cosmo- 
logia generalis, published in 1731, and Theologia naturalis, published in two 
volumes from 1736 to 1737, brought him the title Praeceptor germaniae 
among his admirers. The previously dominant Scholastic philosophy of 
University of Wittenberg professor Philipp Melanchthon had already 
been weakened in the sixteenth century by criticisms from adherents of 
Petrus Ramus and in the seventeenth century by attacks launched by the 
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Cartesians and particularly Samuel von Pufendorf, Christian Thomasius, 
Walter von Tschirnhaus, and Leibniz. But the works of these four men 
were insufficient to overthrow Melanchthon’s peripatetic thought. By 1740 
Wolff had succeeded in dethroning it and providing the German world 
with a new school of philosophy. The next year the prestigious Académie 
frangaise named him a foreign member, the first German so honored since 
Leibniz. Wolff possessed in full the scholarly stature Frederick was seek- 
ing in his academicians. In 1736 a royal Prussian commission found no 
dangerous errors in his writings, and the next year the elderly Frederick 
William I invited him, at Reinbeck’s urging, to return to Halle or Frank- 
furt,'® but Wolff rejected the offer. In dedicating the first volume of his Jus 
naturae et gentium (Law of nature and nations) in 1740 to the crown prince, 
he gave hope that he might return under a new monarch. 

On 7 June, a day after the newly crowned Frederick IT contacted him, 
Reinbeck wrote to Wolff asking him to enter royal service. On 15 June 
Wolff declined to come to Berlin, citing privately to Reinbeck several ob- 
stacles. The Berlin winters, he stated, were too cold for him; he had a 
severe problem with his feet even on cool summer days, and would thus 
have to remain inside for most of the winter. That the language of the 
academy would probably be French posed another difficulty; Wolff read 
French but could not speak it fluently. He resented Frederick’s preference 
for the French, and wondered whether materials in Latin and German, 
including his own, would get adequate attention. He also disapproved of 
the king’s invitation to Maupertuis, who spoke only French and would 
represent Newtonian science, and Wolff did not wish to share the presi- 
dency; he knew that as a commoner he would not be as close to the king 
at the palace as would be the French noble." In his open response he cited 
only the Berlin winters, writing that he would come to Berlin only if the 
king ordered him. Wolff’s larger distaste for Berlin accorded with that of 
many scholars. The city was a military outpost in provincial Prussia. For 
the sake of commerce with people of differing faiths it practiced religious 
toleration, but there was little freedom in the city. Until the end of the 
Seven Years’ War in 1763, few potential Royal Prussian Academy of Sci- 
ences members chose to relocate there. 

A skilled administrator, Frederick persisted into the summer trying 
to recruit Wolff. In late June the king had Reinbeck offer a two thousand 
Reichsthaler salary and restated his intention to have an academy of dis- 
tinction with a new observatory.” Wolff repeated on 29 June his preference 
for university life and on 29 July added—privately to Reinbeck—his desire 
not to have to teach and raise military cadets in Berlin, which he consid- 
ered a demotion.” Reinbeck believed that Wolff could still be enticed to 
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Berlin; he asked the king to comment on the freedom of research in the 
academy, raise Wolff’s salary to three thousand Reichsthaler, which Mau- 
pertuis was offered, and to provide up to one thousand Reichsthaler for 
transportation—particularly for moving Wolff’s library and instruments. 
Frederick, eager to get the academy built quickly, was meanwhile court- 
ing Maupertuis. On 14 July the king had written to the French savant of 
science and former lieutenant in the French musketeers, inviting him to 
inject the French Enlightenment into Prussian culture." Frederick looked 
to Maupertuis to create and lead the academy and, rather than vacillate 
any further, he granted Wolff’s request to be reappointed to his old posi- 
tion of professor of philosophy at the University of Halle as well as its 
vice chancellor and offered him a two thousand Reichsthaler income. On 
10 August, Wolff accepted; in December he made a triumphant return to 
Halle as “a professor for the human race.” Soon after arriving in Berlin 
during the next summer, Leonhard Euler was to become his chief critic. 

Amid the negotiations with Wolff, the twenty-eight-year-old Freder- 
ick II wrote to Voltaire in June 1740 that among his first royal decisions 
were to enlarge the army and to “establish the foundations of our new sci- 
ence academy.” The military growth was for the sake of aggrandizement, 
the common term at the time for the monarchical business of territorial 
expansion. Prussia was among the three royal states becoming major Eu- 
ropean military powers in the eighteenth century, the other two being 
Russia and Britain. The king wanted to acquire the adjacent imperial Aus- 
trian duchy of Silesia, with its 1.5 million people, its richness of natural 
resources, and its linen industry. Silesia was also desirable for its strategic 
location, and a conquest he thought crucial to making Prussia a power in 
Europe. The speed of Frederick’s invasion of Silesia in December was to 
surprise Europe’s rulers and diplomats. The republic of letters opposed it 
but greeted with enthusiasm Frederick’s decision to establish a prominent 
science academy. Voltaire, who had corrected and seen through the press 
the monarch’s treatise AntiMachiavel, hailed him as the Marcus Aurelius 
of the north. 

Apparently not anticipating difficulty in recruiting leading scholars, 
Frederick happily asserted in a letter in June to Voltaire, “I have acquired 
[the services of] Wolff, Maupertuis, and [the Venetian count Francesco] 
Algarotti. I am waiting to hear from [the Dutch physicist Willem | ’sGrave- 
sande, [the Parisian inventor Jacques de] Vaucanson, and Euler.”" But his 
letter was in large part wishful thinking: Wolff preferred to return to Halle, 
and Maupertuis had consented to visit Berlin to plan the academy but not 
to remain there. Count Algarotti would occasionally visit Frederick’s court 
in Berlin and later in Potsdam, but rarely interacted in academic affairs 
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with commoners in Berlin. Perhaps Frederick calculated that getting Vol- 
taire to believe the recruitment a fait accompli might tempt the French 
philosophe to join in a triumvirate with Wolff and Maupertuis to head the 
academy. If so, he badly misjudged Voltaire. ’sGravesande and Vaucanson 
declined the invitation, as would many others. Only Euler came to Berlin, 
and the condition in which he found the Royal Prussian Society and the 
observatory dismayed him.” 

The attempt to recruit Maupertuis continued. In June 1740, the king 
extended a flattering invitation, stating, “My heart and my inclination 
aroused in me, from the moment I assumed the throne, the desire to have 
you here, so that you should give the Berlin Academy the form that only 
you can give it. So come and graft the slip of the sciences onto the seedling, 
that it may flourish.”’® The invitation became the talk of Parisian salons 
and was published in August by the Gazette d’Utrecht. Afterward Frederick 
met with Maupertuis in Wesel in early September, while Voltaire saw the 
king near Cleves. Maupertuis was pleased that Voltaire, whom he now 
considered a competitor for the king’s favor, had not yet gone to Berlin. In 


Figure 6.1. Pierre-Louis Moreau de Maupertuis. 
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late September Maupertuis traveled to the royal court in Berlin; Algarotti 
was also there. In Paris considerable gossip arose over Frederick’s role for 
Maupertuis. Madame Francoise de Graffiny, who saw him frequently, at- 
tested that he was in Berlin “to set up an academy.” Even so, prospects for 
it were unclear. Maupertuis wrote to the younger Johann II (Jean II) Ber- 
noulli that he simply “wanted to see what direction the academy would 
take.”!® Frederick offered Maupertuis a lavish salary of twelve thousand 
livres. No matter how beneficial the offer, Maupertuis refused to settle 
permanently in Berlin; he desired only an honorific position with the pos- 
sibility of returning occasionally. In Berlin Maupertuis met Prussia’s min- 
ister for state and war, Pomeranian noble Kaspar Wilhelm von Borcke, 
who was also one of the first translators of Shakespeare into German. In 
1745 Maupertuis would marry Borcke’s close relative Eleanor, a lady in 
waiting at court.” But Maupertuis found the king directing his primary 
attention to Silesia; the academy would have to wait. 

In November, Voltaire joined Algarotti and Maupertuis in Berlin, but 
during neither this visit nor any of his others was he active in planning 
the academy. The king, infatuated with the charming Algarotti, had spent 
the summer traveling with him; this is likely what led Voltaire, in a letter 
to Maupertuis, to refer to Frederick as an “amiable whore.” As his letters 
of 15 November and 17 December to the younger Johann Bernoulli show, 
Maupertuis remained in Berlin but had refused to agree to settle there 
permanently. Not wanting to cut ties with France, he was negotiating with 
the French royal ministers and had given his word to return to Paris. On 
2 December, Voltaire departed before the invasion of Silesia, which he 
opposed. 

The exchanges by mail between Maupertuis and Euler had begun 
in May 1738, when Maupertuis sent comments on Euler’s Mechanica sive 
motus scientia analytice exposita (Mechanics of the science of motion set 
forth analytically) and promised to forward his own book on the figure of 
Earth. In February 1740 Euler thanked Maupertuis for dispatching to him 
a collection of three Prix de Paris 1738 papers on the nature of fire and two 
more on the same subject—one by Emilie du Chatelet and the other by 
Voltaire. He was especially eager to see the work of Madame du Chatelet. 
In a letter of August 1740, Maupertuis wrote to inform Euler that he had 
shared the winning position in the Prix de Paris competition on the tides. 
Euler wrote enthusiastically in October of Maupertuis’s data on the shape 
of Earth and later that year suggested that the two might collaborate in 
research at the planned Berlin academy. In January 1741, Euler informed 
Maupertuis that he had received Frederick’s invitation to come to Berlin 
and wanted to accept it. 
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The Battle of Mollwitz in April 1741 was to eliminate direct collabo- 
ration in research for another four years, however. As a former French 
cavalry officer, Maupertuis had agreed to join Frederick at the front. At 
Mollwitz in Upper Silesia, 21,600 Prussian troops faced 19,000 Austri- 
ans.” In a day of battle in heavy snow, the Austrian cavalry charges de- 
moralized the Prussians and drove them from the field. They seemed near 
defeat, and Frederick was advised to leave the battle to avoid capture. Ac- 
cording to one account, he and a small coterie departed to find lodgings 
for the night in the town of Oppeln, only to learn later that the steady, 
disciplined Prussian infantry had prevailed. 

The Austrians, however, having anticipated his destination, had a 
squadron of fifty of their hussars waiting for him; when Frederick and 
his party arrived at Oppeln late in the evening, the town gate was closed. 
Recognizing a trap, the king turned his horse and escaped before the Aus- 
trian hussars could open the gate and give pursuit, but the Austrians were 
able to overtake Frederick’s slower companions. Among them was Mau- 
pertuis, whose horse is reported to have bolted. He was stripped of his 
possessions and clothing and, had an Austrian officer who spoke French 
not taken pity on him, would probably have been killed. Officers on op- 
posing sides were closer to each other than to the peasants, artisans, and 
mercenaries of their own armies. The Austrian officer took Maupertuis 
to the general, Count Wilhelm Reinhard von Neipperg, who recognized 
him and provided him with a new outfit and gold coins for compensation. 
Instead of being carried to a Hungarian fortress, he persuaded his captors 
to take him to the Habsburg court in the imperial capital of Vienna. There 
he charmed the monarch, Archduchess Maria Theresa, who treated him as 
an honored guest. 

After a short stay in Vienna, Maupertuis returned to Berlin to draw 
up plans for the renovated academy and asked Frederick’s approval for 
recruiting and other practical matters. Because he was occupied with the 
war Frederick did not respond, so Maupertuis traveled on to Paris to con- 
tinue his scientific research, leaving Berlin before Euler arrived and giving 
no indication of when he might return. In 1742 he was named director 
of the Royal Academy of Sciences in Paris. Supported by Charles-Louis 
de Montesquieu and Count Jean Maurepas, he was also elected the next 
year to be one of the forty immortals of the Académie frangaise;” to its 
strengths in poetry, literature, and rhetoric, he added mathematics. Al- 
though Maupertuis encountered acerbic opposition from Jacques Cassini 
for his Newtonian position on the shape of Earth, he was now at the peak 
of his career. 
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The Arrival of the Grand Algebraist 


On 25 July 1741, the Eulers arrived in Berlin from Stettin. Apparently 
Heinrich departed on his previously planned trip to Paris and Italian cit- 
ies to continue his study of art. The Euler family moved into the Barbo- 
ness house at the Potsdam Bridge near Unter den Linden. To help Euler 
make contacts in Berlin, the French ambassador in Saint Petersburg had 
written three letters of introduction to Prussian nobles, while Joseph- 
Nicholas Delisle added two—to Johann Wilhelm Wagner, the Prussian 
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royal astronomer, and to Christina Kirch, the daughter of the late astron- 
omer Gottfried Kirch.* But the letter that Euler had awaited from the 
monarch since March did not arrive until 4 September when, engaged 
in the First Silesian War, Frederick wrote a brief note of welcome from 
his camp at Reichenbach in Silesia. The king was delighted to know that 
Euler was pleased to be in Berlin, and acknowledged Euler’s importance 
to his plans for a new science academy, ordering the general directory to 
pay him the annual salary of sixteen hundred Reichsthaler.* Frederick 
asserted that should Euler still need anything he had only to await the 
king’s return to Berlin, and added that he was looking forward to meet- 
ing Euler.” 

Although the Prussian state minister Philippe Joseph de Jariges, the 
permanent secretary of the Royal Prussian Society, interceded on Euler’s 
behalf, neither the salary nor the meeting with the monarch was quickly 
forthcoming. This did not deter Euler’s initial enthusiasm to be in Berlin, 
however; a letter of 9 September to Christian Goldbach requesting plans 
for the academic buildings in Saint Petersburg reports Frederick’s inten- 
tion to construct a new edifice for his academy.” Nonetheless, in Decem- 
ber Euler noted that Frederick had postponed its establishment. Through 
the last quarter of 1741, Euler and his family had to live on credit in Ber- 
lin, awaiting his official appointment and first salary payment as well as 
the promised five hundred Reichsthaler for moving expenses (though the 
receipts he submitted for moving costs exceeded that amount). Fully en- 
gaged in the Silesian Wars and not attending any academy meetings, the 
king apparently would not meet Euler until September 1749. In a court 
that valued French wit over intellectual distinction and viewed the pur- 
pose of science as its utility to the state, Euler was not popular. Still, ina 
letter to Voltaire celebrating Euler’s arrival, Frederick wrote, “You can see 
that war has not deadened my taste for the arts.””’ 

Also taking note of Euler’s coming to Berlin were Voltaire and Mau- 
pertuis. Writing to Maupertuis in 1741, Voltaire—perhaps thinking of the 
mounting war costs facing Prussia—asked, “Is he going to run an acad- 
emy at a discount?” Maupertuis sent to Euler’s friend Johann II Ber- 
noulli a puzzlingly caustic message; regarding the negotiations for the 
Berlin position, he remarked that “Euler has conducted himself singularly 
throughout these,” but in the strictest confidence he proceeded, “he is an 
extraordinary and quite annoying person . . . who enjoys getting involved 
in everything. ... How can he be such a great mathematician and be so 
lame in philosophy, where he hardly measures up?”” This was the general 
response to Euler among the French philosophes as it would be later from 
Joseph-Louis, Comte de Lagrange; Euler’s commitment to religion and 
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his philosophy, addressing metaphysics and the high sciences, clashed 
with radical elements of the French Enlightenment. 

Nicolas, Marquis de Condorcet’s “Eloge de M. Euler” relates an epi- 
sode usually cited to demonstrate Euler’s reticence to engage in the show 
of court life in Berlin, which very possibly expressed in part a good Swiss 
bourgeois distaste for it. Probably soon after New Year’s Day 1742, Con- 
dorcet’s anecdote relates, the queen mother, Sophia-Dorothea, invited 
Euler to a gathering of her salon at the royal palace in Berlin to which no- 
bles, literary figures, French scholars, and Calvinist pastors were invited 
to engage in enlightened discourse. The daughter of George I of Eng- 
land, Sophia-Dorothea as crown princess in Hanover had known Leib- 
niz. But her efforts to draw Euler into the spirited conversation failed. 
He responded only to queries in monosyllables. The exasperated queen 
chided him, asking, “Why do you not wish to speak with me?” Euler, who 
remembered the brutality of the Bironovschina period in Russia (see chap- 
ter 3), responded, “Madame, it is because I have just come from a country 
where a man’s words can get him hanged.” 

Euler was referring to reality in czarist Russia where—since his ar- 
rival in Berlin—politics had become more dangerous. The Russian palace 
revolution in November 1741 replaced Anna Leopoldovna (the mother of 
the infant czar Ivan VI) with Elizabeth (the daughter of Peter the Great), 
who had the support of the palace regiments. Anna was sent into exile 
under heavy guard, and the law courts sentenced her chief supporters to 
death. They condemned Andrei Ostermann, who had headed the foreign 
office, to be broken on the wheel and then beheaded; Count Burkhardt 
Christoph von Minnich of the army was to have his hands and then his 
head cut off. But after the humiliation of being put on the scaffold, both 
were spared at the last moment and sent into exile in Siberia. The acade- 
mician Christian Friedrich Gross was not so fortunate; having spoken on 
the wrong side during the throne revolt, he was arrested and sentenced 
to hang on New Year’s Day 1742. Apparently Euler thought for a time 
that the sentence had been carried out, but a letter of February 1742 from 
Gottfried Wilhelm Heinsius informed him of Gross’s suicide following the 
sentencing. 

That year Euler was getting settled in Berlin. In October he wrote 
to Goldbach that he had just purchased for two thousand Reichsthaler 
“ein artiges Haus” (a nice house) with a large garden. The original asking 
price had been twice that amount; Euler bought it from a Mademoiselle 
Mirabel when she married the brigadier Charles de Baudan.*' The loca- 
tion delighted Euler. The house was well situated between the Friedrich- 
strasse and the Dorotheenstadtstrasse, near where the king had decided 
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to construct a new palace, the science academy, and the observatory. The 
situation could not have been more advantageous. Remembering his ex- 
periences in Saint Petersburg, Euler persistently requested from Freder- 
ick’s officials the privilege of being exempt from any military billeting 
whatsoever, and the king graciously agreed. * 

Euler did not occupy the house until Michaelmas, 29 September 1743, 
nearly a year after the purchase. Before moving into the house, Euler made 
various necessary repairs costing several hundred Reichsthaler. The ad- 
dress from the Calendar for the Royal Capital City for 1743 lists the Eulers 
as living on Baerenstrasse (later Behrenstrasse); the current address is 21 
Behrenstrasse. The house was two stories tall in the eighteenth century (a 
third floor was added in the nineteenth), and it exhibited a warm domes- 
ticity. Possessing a religious frame of mind, Euler never forgot the reli- 
gious practices he had observed in his father’s house and closely followed 
them. Every evening after dinner Euler gathered his children, servants, 
and students lodging at his house for a domestic devotion; there were bib- 
lical readings and sometimes explanations and discussions. Before bed, 
he also often read passages from the Bible or scriptural stories for the 
children. Euler’s property included the land of 20 Behrenstrasse, where 
the Eulers cultivated a large garden. Among the vegetables most common 
in such plots were tomatoes, potatoes, and strawberries, and the family 
likely shared any surplus with neighbors. For the next twenty-three years, 
Euler was to reside at the Behrenstrasse address, where a small circle of 
friends, students, and colleagues gathered around him.” 

In 1742 Euler, who had a passion for teaching, was short of funds 
from the Prussian Society, as money was being drained into the First Sile- 
sian War; he thus sought permission from Frederick to give lessons in 
mathematics to the sons of the Duchess of Wiirttemberg at her home. 
Writing from his Znaym camp in a letter in March 1742, the king “with 
pleasure” authorized it.** The duchess was an important contact; in the 
winter of 1741—42 Voltaire had encouraged Jean-Baptiste de Boyer, Mar- 
quis d’Argens, a major Provengal critic of intolerance and the Catholic 
Church, to relocate in Berlin;*® D’Argens came with his close friend and 
protector, the duchess. He became the royal chamberlain, and in 1743 he 
helped found the Nouvelle Société littéraire in Berlin and joined in the 
advocacy of a new science academy. 

Euler had also agreed to tutor and teach the mathematical sciences 
to students selected by the Petersburg Academy of Sciences whom, until 
1755, the Russian government supplied with meager and inadequate 
monthly stipends.* The students, most of them sons of Russian nobles, 
boarded at Euler’s Behrenstrasse house; although the Euler family 
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continued to grow the house had plenty of room for these students. For 
a year beginning in the summer of 1743, the sixteen-year-old count Kirill 
Gregor’evich Razumovskij, who had journeyed west “to acquire habits 
of civilized societies,” resided there along with Grigorij Nikolaevich 
Teplov. Euler gave them mathematical instruction in the Russian lan- 
guage, and he reported to Maupertuis that the students “lived happily 
there.”*’ But Teplov gave a different account; accustomed to large man- 
sions, he reported that Razumovskij and he had to leave in April 1744 
“parce que sa maison est trop petite pour nous (because his house is 
too cramped for us).”* In his letter Teplov continued that Euler’s house 
was “also too far away from the residence of Count Mikhail Bestuzhev- 
Ryumin,” the Russian envoy in Prussia, “but we continue using Mr. 
Euler’s lessons.”*’ From 10:00 to 11:00 a.m. on weekdays, Euler taught 
mathematics, astronomy, and physics to these students and others, in- 
cluding Karl Eugen, Duke of Wiirttemberg and later, for four years, 
Louis Bertrand, a student from Geneva. 

By 1743 the Euler family had grown to six. Joining Johann Albrecht 
and Karl Johann were Katharina Helene, born in November 1741, and 
Christoph in 1743; both survived beyond childhood. The children were a 
source of happiness for Euler, but more losses from the high infant mor- 
tality rate of the time were soon to come. 


The New Royal Prussian Academy of Sciences 


From the time of his arrival in Berlin during the first Silesian War, Euler 
not only pursued his research but strove to reorganize the structure, op- 
erations, finance, and publications of the Royal Prussian Society. At the 
Petersburg Academy he had gained administrative experience in manag- 
ing and editing its journal, the Commentarii, and in helping to plan and 
prepare instructions for the Second Kamchatka Expedition across eastern 
Siberia. 

On 6 September 1742, at its first meeting of the autumn session, 
which was held in the observatory, the mathematical class of the Royal 
Prussian Society formally welcomed according to protocol “the famous 
Professor of Mathematics Mr. Euler, whom his majesty has called from 
the Petersburg Imperial Academy.” Greetings also went to another new 
member: Euler’s close ally Johann Nathanael Lieberkithn,”’ a physician, 
astronomer, and natural philosopher who judged the society’s French 
members and its men of belles-lettres to be producing useless work. Direc- 
tor Vignoles and the members pledged counsel, assistance, and friendship 
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in working for the betterment of the institution. Euler, who was soon to 
choose Naudé’s successor, had completed seven papers since arriving in 
Berlin and at these early meetings of the society he read them all. In one 
indication of the continuing fertility of his research in Berlin, he submit- 
ted the first five for volume 7 of the society’s Miscellanea Berolinensia. With 
the addition of these five of them it came to 242 pages, long enough to 
make its publication possible. As society protocols and space limitations 
required, the last two pieces, on properties of conic sections and on lin- 
ear differential equations, were to appear instead in a separate research 
volume. Euler was placed in charge of publishing volume 7 of the Miscel- 
lanea, which took a year. 

On 7 September, the day after the welcoming ceremony, Euler wrote 
to the society secretary Jariges with detailed recommendations on how to 
“aid astronomy, which has fallen into such a sad state.” Recognizing that 
gathering astronomical data was crucial for compiling the encyclopedic 
almanacs in nine regional varieties that provided almost all of the soci- 
ety’s revenues, he included a request for funds to appoint as astronomer 
Johann Kies of the University of Tubingen.“ In November 1742 the funds 
came through. 

In 1742 Euler and the Royal Prussian Society of Sciences enjoyed 
favorable conditions. His letter of 10 April to Gerhard Friedrich Miller 
in Saint Petersburg reported that he was living in Berlin in peace, unaf- 
fected by the war, receiving his salary, and depending only on the king.” 
Though the First Silesian War had eroded the royal treasury, after the 
Peace of Breslau with imperial Austria in June 1742 Frederick released 
twenty thousand Reichsthaler to the society; this revenue was intended to 
make it more than comparable in resources to the royal science academies 
in Paris and Saint Petersburg. 

But funding was a continuing problem, and the income from the 
Prussian almanac monopoly remained insufficient. Early in 1740 readers 
rejected the new academic calendars, preferring weather forecasts and the 
predictions of the old ones. But David Kohler, who had run the sales 
since 1738, increased the number of calendars in production; an order in 
December 1740 and the following January of 6,750 calendars by the only 
bookseller carrying them in Frankfurt-am-Oder suggests healthy sales.* 
In 1741, after the conquest of Silesia, a governmental protocol had pro- 
posed publishing a new Silesian almanac to increase the income of the 
Prussian Society. The main problem was not with the total calendar rev- 
enue; it was an open secret that K6hler skimmed 25 to 50 percent of it for 
himself. By making himself indispensable to the operation of the acad- 
emy he avoided removal, while Euler seems to have been unaware of the 
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amount of the losses. Ingratiating toward Euler since his arrival, Kohler 
paid his salary punctually from 1742 on, thereby earning his support. But 
the calendars still needed further refinements regarding sales, and Euler 
became an energetic advocate for increasing their yield. 

Impatient that the new academy was so slow to take form, in a letter 
of January 1743 to the king Euler reckoned that the revenues of the so- 
ciety from the sales of better calendars for Silesia and Prussia should ex- 
ceed twelve thousand Reichsthaler. While the almanac funds were kept a 
state secret, Euler assumed that they could be as high as twenty thousand 
Reichsthaler. Even the lower sum was great enough to found an academy 
on the same financial footing as its fellow institutions in Paris and Saint 
Petersburg. These funds were to allow Euler to recruit a sufficient number 
of able savants in the sciences, who in short time would theoretically sur- 
pass the Parisian academicians in scholarly distinction. At the Petersburg 
Academy of Sciences, Euler had independently recorded astronomical 
observations for Delisle. For improving the computation of ephemerides 
to refine the Prussian almanacs, he now introduced the methods that he 
had developed in Saint Petersburg and streamlined production. His con- 
tributions increased the almanac income that year from ten thousand to 
thirteen thousand Reichsthaler. Some booksellers and printers were fail- 
ing to charge tax on almanacs, which deprived the crown of these funds.“ 
The academy’s General Register was to list many such violations, and local 
officials in Prussian lands had to police the collection of taxes from the 
almanac monopoly, which was not an easy task. 

While the total income was nevertheless substantial and exceeded the 
funding for the Petersburg Academy, in a letter of 21 January 1743 from 
Charlottenburg Frederick rejected Euler’s “ideas on pretended funding,” 
insisting that his revenue account using “abstract calculations out of the 
grandeur of algebra” violated the ordinary rules of arithmetic; otherwise, 
he posited, Euler could not have obtained “the imagined grand revenues 
from the Silesian almanacs.” Instead Frederick foresaw debits. Euler, the 
king believed, should stop being deluded about the academy’s income and 
how to raise the finances needed mainly to reward the good works of its 
members. At this point Frederick’s response did not refer to an academy, 
and this was probably because many of the scholars whom he believed 
necessary for beginning the new institution—above all Maupertuis—were 
not yet available to him. Determining income from the almanac monop- 
oly was to be a source of friction with the monarch until Euler’s departure 
from Berlin years later. 

Euler did not retreat from the king’s cutting letter as the hierarchical 
order of society might have caused him to do. Quickly replying to the 
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king on 24 January 1743, he stated that the entire funding for the society 
from almanacs would soon suffice to establish the new academy and that 
Lieberktihn might better show the financial soundness of his projection.” 
Having the new academy was his “infinite desire,” Euler claimed. In his 
previous letter Frederick had approved Euler’s recommendation to hire 
his Swiss compatriot and engraver Johann Karl Hedlinger to make med- 
als and work on finances for the academy. Euler informed the king that he 
had offered a contract to Hedlinger, who was working in Sweden. He also 
confidently announced, “I have discovered the physical causes of the ef- 
fects of magnetism, which perfectly explains all related phenomena” and 
he asked permission to submit his fourth paper, an essay on how best to 
construct inclination compasses to make possible the most precise ob- 
servations of the inclination of magnetized needles on sea or land, to the 
annual Prix de Paris competition for 1743.” 

That paper included Euler’s results from the study of the physical 
cause of magnetism in which he had mounted a magnetic needle on a 
pivot.” Euler’s Prix de Paris paper rejected Roger Cotes’s position that 
gravity was universal in all bodies, a view that had been erroneously as- 
cribed to Euler. As Daniel Bernoulli later noted, the academy wanted to 
perfect inclination compasses to make them more useful in navigation; it 
was thought possible to determine longitude through the intersections of 
different inclination and declination curves.“ In his Lettres a une princesse 
dAllemagne (Letters to a German princess, E343, E344, and E417) Euler 
was to continue this magnetic and longitudinal study. 

On 29 January 1743, Frederick extended best wishes in authorizing 
Euler’s entry of his essay into the competition, and its capture of the Prix 
de Paris for that year brought Berlin the kind of glory that the king had 
been seeking. The topic of magnetism had been given for the prize com- 
petition in 1742, but no paper won that year.*° While the prize went to 
Euler in 1744, the official award was not made until two years later. Pub- 
lication of this essay on magnetism came in the Réceuil des pieces qui ont 
remporté le prix de lAcadémie Royale des Sciences (Collection of papers that 
have won the prize of the Royal Academy of Sciences) for 1744. Euler’s 
letter of 24 January had included a request that the monarch employ his 
brother Johann Heinrich as a painter. The king urged that Johann Hein- 
rich exhibit his art, and in a marginal note stated that he would see what 
he could do to help, but a position was never found. 

In 1743 Frederick clearly differed from Euler over how swiftly to es- 
tablish the academy. As he was in his research, Euler was restless to get on 
with the project. But the king had reasons to delay; for the society’s found- 
ing Frederick wanted to have pomp and circumstance similar to that which 
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had attended the beginnings of the Royal Academy of Sciences in Paris 
under Louis XIV and Jean-Baptiste Colbert, and he hoped for support for 
literary in addition to scientific works. The rapid deterioration of his state 
treasury to about 150,000 crowns and the strain of the fight against impe- 
rial Austria, for which the French were lending him little assistance, had 
prompted Frederick—in his own wording, “prudently”—to leave the First 
Silesian War with a temporary victory in the Peace of Breslau in 1742.°! 
‘The next year and a half he was uneasy, sharply increasing the military by 
adding nine field and seven garrison battalions along with twenty squad- 
rons of light cavalry. War was his priority, for a permanent acquisition of 
Silesia would place Prussia among the major powers of Europe. Frederick 
recognized 1743 as the midpoint of what in fact was a single long war, 
and the approaching Second Silesian War gained most of his attention. 
The king was also hindered over the selection of the “arcanists”—that is, 
the directors, protector, and secretary of the academy. At the time, Viereck 
held all of these posts. And until he could bring Maupertuis from Paris to 
be its president, Frederick would not proceed with plans for the academy. 

Euler possessed the skill and experience to organize and recruit mem- 
bers for a distinguished new academy. In April 1743 he informed Daniel 
Bernoulli of his intention to seek “a few superior geniuses who discern the 
nexus of the sciences and real applications, study it, and discover more 
practical uses of the sciences.”” Even in an academy subordinate to the 
military, Euler observed, utilitarian discoveries came of an illuminating 
spirit. But Frederick did not consider higher mathematics the primary 
font for practical invention. To inform nobles, officials, and scholars not 
versed in mathematics, Euler later wrote a brief article titled “Commen- 
tatio de matheseos sublimioris utilitate” (Commentary on the utility of 
higher mathematics, E790), which clearly and comprehensively argued 
that higher mathematics, like elementary mathematics, was a greatly utili- 
tarian science.* He held it to be indispensable to the advancement of 
mechanics, astronomy, hydraulics, hydrostatics, artillery with a greeting 
appended from the king, optics, physics, and physiology.™ In the article 
he pointed out the exactness in the mathematics expressed in Kepler’s 
discovery of elliptical planetary orbits given in Astronomia nova and sup- 
ported in Newton’s Principia mathematica.® Scientific progress, he in- 
sisted, required explorations with higher analysis, and limits placed upon 
mathematical research restrained developments in many fields. Because 
this article was written primarily for nonmathematicians, it is curious that 
he chose Latin as its language, especially given that he had to convince 
the Francophone king, the /iterati from Paris, and the doubtless unper- 
suaded French-speaking German nobility. Higher analysis, he contended, 
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sharpened the mind and led to the securing of truths. He knew that his 
opponents would seek in his paper materials for dispute, and his abrupt 
reference at the end of his paper to them as “the enemies of mathematics” 
may have been, upon reflection, a reason he did not submit it for publica- 
tion. The article was not translated into French or published until seventy 
years after his death. 

Euler informed Goldbach in December 1742 that the preparation of 
volume 7 of the Miscellanea Berolinensia was “progressing quite well”; a 
work, dedicated to Frederick, it was published in 1743 upon the king’s re- 
turn from the First Silesian War. The volume contained a mélange of good 
papers—on chemistry by Johann Heinrich Pott, and on astronomy and 
mathematics by Naudé and Alexis Claude Clairaut’s father, Jean-Baptiste, 
in Paris. Euler had evaluated all of them. As he had told Goldbach, “fast 
die ganze classis mathematica von mir kommt” (almost all of [the articles] 
of the mathematical class are by me.)** The volume includes his papers ad- 
dressing the first five of the seven significant problems that he had posed 
at the academy in 1742: determining the orbit of the comet observed 
that year, theorems concerning reducing certain integral formulas to the 
quadrature of circles, the finding of definite integrals that assign the value 
determined after the integration of the variable quantity, the summation 
of series of reciprocals generated from powers of natural numbers, the in- 
tegration of differential equations of higher degrees, common properties 
of conic sections corresponding to a family of other curves, and solving a 
special differential equation.*’ This was the first of four lists of problems 
that Euler issued during his career, and this group was given not as a 
challenge but as a selection of major ideas that he was examining. That 
the essay by Jean-Baptiste Clairaut is in French rather than Latin makes 
the Miscellanea a transitional work preceding the language shift at the new 
academy; including those two essays also represented an important ad- 
vance toward such a shift. Euler saw through the press this final issue of 
Miscellanea Berolinensia, and its publication made for a graceful point in 
the demise of the old Royal Prussian Society. 

In 1742 and 1743 a clash between Johann I and Daniel Bernoulli sad- 
dened Euler. In Basel the splitting of the Prix de Paris of 1734 between the 
two Bernoullis on the subject of the inclination of planetary orbits, along 
with Daniel’s work in hydraulics, which Johann I also addressed, had 
added jealousy and bitterness to a strained relationship between father 
and son. Their competition degenerated into Johann I’s publishing in his 
Hydraulica and Opera omnia of 1742 materials plagiarized from Daniel’s 
Hydrodynamica. Earlier Daniel had agreed that his father, despite suffer- 
ing from gout and asthma, should expand upon the Hydrodynamica. But 
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Johann I now argued for his own priority, claiming to have completed his 
manuscripts a decade earlier; to the world he presented his son as stealing 
his ideas. Daniel protested, but he was devoted to his father and had no 
desire to dispute him publicly. 

The affair weighed heavily upon Daniel, who endured it with resigna- 
tion. In October 1742 he wrote to Euler of Georg Bernhardt Bilfinger’s as- 
serting that Daniel had taken everything from his father and contributed 
nothing himself. The dispute produced such disdain for his studies up 
to that point, Daniel complained, that he would liked “to have learned a 
shoemaker’s trade rather than that of a mathematician.” Bernoulli’s let- 
ter of September 1743 to Euler asserted that the Hydrodynamica was the 
fruit of ten years of his own research and that he owed not one iota to his 
father for it, a fact Euler knew well. The letter dealt principally, however, 
with such scientific matters as the motion of several bodies in a rotating 
tube and extremals in mechanics; it also reported that Euler’s teacher Jo- 
hannes (Johann Jakob) Burckhardt had recently died.** The dispiriting 
news from Basel did not distract Euler from his institution-building ef- 
forts in Berlin, but it likely delayed his research on the foundations of 
fluid mechanics until after the death of Johann I Bernoulli. 

By the summer of 1743 Euler, together with French savants in Berlin 
and high nobles in Frederick’s court—above all his military mentor and fa- 
vorite field marshal, Count Samuel von Schmettau—were dissatisfied with 
the lack of progress toward a new academy of sciences, which had by now 
been a subject of discussion for three years. Schmettau, whose mother 
was the daughter of the pastor to the French enclave in Berlin, possessed 
a military education that included the sciences. He had met Fontenelle of 
the Paris Academy, and after serving for thirty years in Sicily, Corsica, Po- 
land, and Sweden, accepted Frederick’s invitation to return from imperial 
Austria for the rank of field marshal and to oversee what would roughly 
be an interregnum. 

On 1 August, Borcke and d’Argens joined with Schmettau to found 
the Nouvelle Société littéraire, intended as a basis for the academy. The 
new society had three classes: mathematics, literature, and physics— 
essentially the same divisions as in the old Royal Prussian Society of Sci- 
ences. Initially it operated without new protocols. The statutes stressed 
its intent to cultivate what was useful and more than an entertaining di- 
version; shunning “pure speculation and mathematical calculation,” it 
would “instruct and perfect the mind” in history, literature, mathematics, 
natural history, astronomy, and the other sciences. Its original members 
were divided into two categories: twenty were ordinary and sixteen honor- 
ary or aristocratic. Half of the ordinary or working members were French 
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Figure 6.3. Euler’s letter of 21 May 1743. 


Huguenot or of French extraction, and society sessions were in French. 
Following the statutes of the Paris Academy of Sciences, the Nouvelle So- 
ciété littéraire rejected the old hierarchical authority and committed itself 
to freedom and democratic elections.” The director and vice director were 
to be elected semiannually, and the society planned to have twenty-one 
weekly meetings, the first on 1 August at Schmettau’s residence. Frederick 
gave limited support by providing a room in his Berlin palace. On 8 Oc- 
tober Voltaire attended a session, adding distinction to the efforts. At that 
meeting, Euler conducted some physics experiments. 

When Cardinal André-Hercule de Fleury died the French Acad- 
emy did not elect Voltaire to replace him. The angry philosophe accepted 
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Frederick’s blandishments to return to Berlin. Still disapproving of the 
monarch’s military conquests, Voltaire explained that he was paying his 
respects to a protector of the arts. If his paramour Emilie du Chatelet 
opposed his trip, Voltaire wrote, he would sacrifice Minerva for Apollo, 
an allusion Frederick reveled in. But the relationship between the two 
remained difficult; Frederick considered forging a letter to ruin Voltaire’s 
relations with Louis XV, while Voltaire wanted to be a French spy in Prus- 
sia, and the Prussian monarch thought him possibly to be on a mission 
for the Court of Versailles. 

During the autumn of 1743, Voltaire and Madame du Chatelet trav- 
eled to Halle, where Wolff was now university chancellor. After 1740, when 
Madame du Chatelet had anonymously published her Institutions de phy- 
sique, Wolff’s reputation had continued to grow. She defended Leibniz’s 
organicism and his concept of living force, vis viva, and its conservation. 
Johann Samuel K6nig, introduced to Leibnizian natural philosophy in the 
late 1730s in Basel and studying under Wolff in Marburg, had recently tu- 
tored her in it, but with the exception of embracing the disputed Leibniz- 
ian principle of the conservation of living forces, she remained generally 
a Newtonian. K6nig helped her revise her treatise, which Wolff admired. 
From 1741 to 1750 Jean-Henri-Samuel Formey in Berlin was publishing 
the six volumes of his modest, supportive La Belle Wolfienne, which in his 
detailed attention to personal relations, quarrels, and collaboration reads 
like a novel about the Wolffians. The series confidently proclaims the vic- 
tory of Wolff over the Scholastics, Pierre Bayle, and John Locke. 

In 1743 the king was trying to draw together Voltaire and Wolff, en- 
visioning them in collaboration with Maupertuis as the trio he needed to 
lead the new academy. Sometime during the fall, the king and Voltaire 
were traveling through Halle. But Voltaire claimed that his health was too 
bad to visit Wolff, now elevated to the nobility as a baron.*' Despite mis- 
givings that Voltaire was a materialist and skeptic, the chancellor came to 
the philosophe and found him agreeable and jolly. In November 1743, the 
Royal Society of London elected Voltaire as a member. 

The Nouvelle Société littéraire continued to assemble for weekly 
meetings through 16 January 1744. Minutes of the meetings have been 
preserved, but the official record breaks with no minutes extant for six 
more meetings to March 1745. 

In pursuing the sciences at the Nouvelle Société littéraire, Euler 
worked with the chemists Andreas Sigismund Marggraf and Johann 
Heinrich Pott, the physician Christian Friedrich Ludolff, and the natural 
philosopher Johann Theodor Eller. To hasten the creation of a new acad- 
emy, the Nouvelle Société littéraire scheduled its meetings at the homes 
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of nobles at the same time as sessions of the Royal Prussian Society. By 
the autumn of 1743, no one thought well of the old science society, and 
Schmettau as well as Euler wanted it terminated, but since that society 
had funds in its treasury and a meeting place at the old observatory, it 
survived for a time. 

Euler, who was unhappy with the inactivity at the Royal Prussian So- 
ciety, joined the Nouvelle Société littéraire but had no administrative role 
in it. He was also not selected for the statute commission or named the 
director of the mathematics class; Viereck asked the king to confirm Euler 
for that directorship, but it went to native Berliner Abraham von Hum- 
bert, who was an engineer.” Probably at his own request, Euler was not 
elected a deputy or secretary of a class. His correspondence with Russian 
colleagues indicated that he did not hold the Nouvelle Société littéraire in 
high regard, but he nevertheless worked diligently to promote high scien- 
tific standards at it. Avoiding simple speculation and complex mathemati- 
cal calculation, at ten meetings he lectured or read papers, most of them 
on physics, as well as numerous items of correspondence from scholars 
across Europe.™ Over the next two months he read a letter from Heinsius 
in Saint Petersburg covering observations of comets made in 1742 by the 
Jesuits in Beijing, and another from Heinsius on the shape or phases of 
the rings of Saturn. Both Delisle and Heinsius corresponded with the Je- 
suits in China, and in September Euler compared observations of comets 
made in Beijing, Paris, and Saint Petersburg. In November he read the 
observations of the transit of Mercury across the sun, reported in two let- 
ters by Martin Knutzen, the University of Kénigsberg professor of logic 
and metaphysics. 

Frederick was displeased with the beginnings of the Nouvelle Société 
littéraire; in a letter from a miltary camp to d’Argens in June 1743, he noted 
that he was engaged in serious affairs that demanded all of his attention 
and counseled delay in founding it. In the fall, when he returned to Ber- 
lin for a few weeks, he reiterated that the royal scepter should initiate the 
new academy. But pressure grew quickly on Frederick from his court. A 
letter of 19 October from Euler also reminded the king of his “gracious 
promise” to establish the institution and recommended that Daniel Ber- 
noulli be appointed to the academy and given a small salary to work from 
Basel on mathematics and astronomy.” Noting that he knew of no more 
capable scholar, Euler argued that a return of Heinsius to the German 
states would be vital to developing a distinguished academy. Frederick 
granted neither proposal, and did not act on Euler’s request for payment 
of three hundred Reichsthaler for moving expenses from Saint Petersburg 
in 1741. The expenses actually totaled almost five hundred Reichsthaler, 
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including a rebate of two hundred Euler paid to the Petersburg Academy 
of Sciences for salary remitted to him for time beyond his departure. But 
during a respite between the first two Silesian wars, the king responded 
to the demands for creation of the institution, working to retain control 
over its formation. 

On 2 November Frederick instructed Viereck to review funding needs 
and privileges. Schmettau wanted the old Royal Prussian Society and the 
Nouvelle Société littéraire joined in a new Royal Academy of Sciences and 
Belles-Lettres of Prussia. That month Vignoles, the ninety-five-year-old di- 
rector of the mathematics class of the Royal Prussian Society, expressed 
a wish to retire and recommended that Euler succeed him, but Euler de- 
clared that he would not accept that directorship unless the two societies 
were united. Such a fusion was not a simple task, however: the secrecy 
of the noble curators in handling their economic affairs had generated 
discontent; the observatory of the old society was antiquated; and many 
members, fearing that they would be dropped in new elections, did not 
want to surrender their funds or traditional prerogatives. Frederick did 
not warmly receive Euler’s joining in the recommendation that Kohler, for 
his experience and ability, continue to manage the sale of the almanacs; 
the king found fault with the past overseeing of the almanacs by Kohler, 
whom he knew was suspected of skimming profits. 

On 9 November the king appointed a royal commission, headed by 
Viereck, to obtain proposals for combining the two institutions into a 
completely new academy, to disseminate these for discussion, and to sub- 
mit a final recommendation to him. The ten members of the commission 
consisted of three government ministers, three honorary and two ordi- 
nary members from the Literary Society, and two members from the older 
Prussian Society; Euler was, conspicuously, not included. In the cabinet 
order of 13 November to Schmettau, a commission member, the king ac- 
cepted the idea of unifying the two societies. 

The commission meetings on 22 and 29 November discussed the 
king’s intentions. Did he wish to restore the old society or set up some- 
thing new? Schmettau wanted a new start, and the 6 December mecting 
was informed of Frederick’s support for Schmettau’s position. The king 
wanted the academy to assemble the best intellects, keep to religious free- 
dom, and introduce the French Enlightenment to his archconservative 
Prussia and its capital. 

Within the various proposals and statutes submitted, the structure 
and administration of the academy generated the most debate. The com- 
mission did not concur with Frederick’s desire to put imperial and Prus- 
sian history in a special position, and it wanted medicine and the German 
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language to have separate statuses. Not proceeding through regular chan- 
nels, Euler happily presented to Viereck in November a proposal con- 
sisting of sixteen propositions that would bring high distinction in the 
sciences and prevent the academy “from becoming a place of institution- 
alized honor and ceremony.” Drawing upon procedures of the Paris and 
Petersburg academies as well as the Nouvelle Académie francaise and a 
refinement in the structure of the Royal Prussian Society of Sciences,® he 
defined four small classes or departments: mathematics, medicine without 
physics, a new class of philosophy that included physics, and the two old 
philology classes collapsed into one; the four classes were to have a total 
of between twenty and twenty-four regular (“ordinary”) members. Shift- 
ing physics from the medical to the philosophical class meant increasing 
attention to experimental and theoretical physics; Euler faulted Wolffian 
metaphysics for its opposition to this, along with its version of the mo- 
nadic doctrine and its reduction of the importance of the principle of 
sufficient reason. He urged the academy to hire secretaries; have postage- 
free correspondence, as was the case in Saint Petersburg; circulate papers 
before a meeting so they could be studied in advance; and publish an 
annual volume of the best papers. As he saw it his principal proposition 
of the sixteen was his twelfth: ordinary members must be designated with 
great care in each class, the selection based solely on ability and achieve- 
ment. This was the practice at the Royal Academy in Paris. The role of the 
noble curators heading each division was simply to present the names to 
the king. The reputation of the academy would rest only on the contribu- 
tions of each of its ordinary members. 

Although the commission did not name Euler’s proposal and publicly 
ignored it, the statutes for the new royal academy of sciences are in fact 
indebted to him. The commission slightly modified his four classes by re- 
moving medicine, giving prominence to physics, and ranking mathemat- 
ics, philosophy, and philology behind it; Euler’s realignment of classes 
thus satisfied neither the king nor Schmettau. Shortly after his arrival, 
Maupertuis would also alter the proposal. 


Europe’s Mathematician, 
Whom Others Wished to Emulate 


Among the fields of academic study, which during the Enlightenment 
had not yet reached the separateness of modern academic specialization, 
the mathematical sciences along with critical history were attaining the 
greatest development, and the exemplar of the mathematical sciences was 
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Euler. In his twenty-five years in Berlin, he completed or wrote more than 
380 articles and books (about 280 of these published before he left the 
city) whose combined depth, originality, difficulty, range, and sheer num- 
bers make his achievement unmatched in the history of the mathematical 
sciences. 

Up to 1744, when the First Silesian War occupied the king, Euler 
had few Prussian state projects or administrative chores. In a letter to 
Clairaut in 1742 he proclaimed that in Berlin “je jouis cependant d’un 
parfait répos” (I enjoy meanwhile a perfect rest).’” Such time allowed him 
to immerse himself in extensive and profound research in the mathemati- 
cal sciences, and Euler continued to contribute substantially to fields pur- 
sued in Saint Petersburg, among others. In pure mathematics, infinitary 
analysis and number theory, together with rational mechanics, remained 
central to his labors. In applied mathematics Euler expanded his major 
topics by adding to astronomy the subjects of ballistics and optics, and 
he began in more detail to investigate magnetism and electricity, which 
were generating the most excitement within the sciences. In this work he 
was advancing a second phase of what Clairaut called “l’epoque d’une 
grande revolution dans la Physique” that had commenced with Newton’s 
Principia.” Euler’s program in mechanics treated elastic, flexible, fluid, 
and interacting bodies,” and prior to the work of William Rowan Ham- 
ilton it was Euler, rather than Newton, who formulated most of the basic 
differential equations for rational mechanics, engineering mechanics, 
and celestial mechanics.” To guide his creation of differential equations 
for celestial mechanics he pursued more exact observations from more 
powerful and finely graduated telescopes and improved sextants and 
chronometers; Delisle had prepared him well in astronomical observa- 
tional techniques. In making calculus the basis of mechanics and theoreti- 
cal astronomy Euler—more than his competitors—was transforming these 
fields into the modern mathematical sciences, the chief achievement of the 
Enlightenment in the sciences. 

Between 1741 and 1744 Euler completed one book and nearly fin- 
ished four others, but none was yet published. He had eight articles in 
print, nine more that had been submitted, and in his extant correspon- 
dence had about 240 letters. A change of residence did not slow his ex- 
ceptional accomplishment. While Euler now wrote between five and ten 
articles a year, many awaited the publishing of the Berlin Academy Mé- 
motres de lAcadémie Royale des sciences et des belles-lettres de Berlin, which was 
to begin in late 1745. 

Euler’s correspondence fell into three categories—scientific, per- 
sonal, and administrative—that reveal an important circulator of scientific 
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information, known then as an intelligencer. Amid a time of war, the num- 
ber of letters he wrote annually grew sharply, from 47 in 1740 to 105 in 
1743. Because there was no franking privilege for the Berlin academicians, 
Euler had to pay for his own postage; a letter of August 1755 to Goldbach 
declared that of his postage fees, none gave him greater joy than those 
for the letters to his academician friend, and noted that his yearly cost 
for correspondence was two hundred Reichsthaler.” This was not a small 
amount, for the annual salary of a junior academician was three hundred 
Reichsthaler. Many of Euler’s letters on the sciences are like modern re- 
search articles, and in turn elicit from correspondents the latest informa- 
tion on scientific discoveries; thus, his correspondence basically doubles 
his contributions to the sciences. The letters included personal informa- 
tion on health, families, travels, marriages, births, and deaths, and also 
illuminated Euler’s ongoing close connection with the operation, publish- 
ing, and research of the Petersburg Academy of Sciences. 

From the time of his arrival in Berlin, Euler was making a host of 
discoveries in infinitary analysis, accelerating its articulation, and forging 
three of its core branches—infinite series, differential equations, and the 
calculus of variations. These were rapid outgrowths of the field. Initially 
Euler emphasized isoperimetrics or the fledgling calculus of variations. 
After briefly setting aside work on variational theory, in 1741 in Saint 
Petersburg he had determined that in articles published earlier that same 
year and in 1738 he had erred in treating problems with integrand vari- 
ables connected by differential equations. This recognition had occurred 
during a breakthrough in computational methods that prompted him to 
make a second phase of massive calculations of different trajectory curves 
using older methods and powerful new techniques to obtain as many so- 
lutions as possible.” As David Hilbert would later do, Euler considered 
problems to be the heart of mathematics. 

By the spring of 1741 at the latest, Euler had finished in Saint Peters- 
burg a draft of Methodus inveniendi lineas curvas maximi minimive proprietate 
gaudentes (A method of finding curves that show some property of maxi- 
mum or minimum, E65), though without the two appendixes that would 
come later. In May 1743 the publisher Marcus-Michael Bousquet visited 
Berlin to present the king a copy of Johann I Bernoulli’s Opera omnia; 
Bousquet was impressed with the work of Euler, who handed him the 
main body of the Methodus inveniendi manuscript. That month Euler wrote 
to the Genevan mathematician Gabriel Cramer, asking him to proofread 
and correct for Bousquet that small book written on isoperimetric prob- 
lems. Cramer was known to Euler in part for his commentaries and anno- 
tations to Bernoulli’s Opera. Finding the manuscript admirable, Cramer 


August 1741 to 1744 203 


agreed. Daniel Bernoulli, attempting at the time to determine maxima 
and minima of elastic curves, recommended to Euler the addition to the 
Methodus inveniendi text of two appendixes on elasticity. Among all curves 
of a stated length that had tangents at the ends, Euler would minimize the 
integral of an element of the arc length divided by the radius of curvature 
squared. By the end of that summer Euler had completed the appendixes, 
but they were not sent to Bousquet in Lausanne until December. 

At the same time as the near completion of the entire manuscript for 
Methodus inveniendi (1741-43) and his overseeing of its printing (1743-44), 
Euler pursued a second phase of massive computations in infinitary analy- 
sis, making a host of discoveries preparatory to his two-volume Introductio 
in analysin infinitorum (Introduction to the analysis of the infinite). Ap- 
parently a breakthrough in his perfecting computational methods in 1741 
prompted this. His work in subsequent stages to perfect the computing of 
infinite series, along with elementary transcendental functions, illustrated 
Euler’s pattern of research: he never abandoned a major research subject, 
but returned to it relentlessly in order to deepen and broaden on each 
revisiting his understanding of it. Daring and occasionally reckless in his 
computations, he was safeguarded by his sure instinct. Euler’s procedure 
was to make exhaustive calculations until the limits of existing procedures 
blocked him from going further. Then he set aside his research in the 
field for a few years, during which others might reach breakthroughs or 
ideas could progress in his mind, perhaps subconsciously, while he was 
working on problems not necessarily related. Once a breakthrough was 
achieved he returned to the field with powerful new techniques for mak- 
ing extensive computations. Euler possessed an eye for what was essential 
and unifying. Characteristically he proceeded from simple to ever more 
complicated examples in his search to uncover underlying connections 
within branches of a mathematical field or among fields. He sought to 
make computations simpler and more exact; even when a topic seemed 
resolved he did not stop but continued to search for what he called more 
direct and more natural proofs.” 

By deriving sums for coefficients in the zeta series from sums of Taylor 
expansions until they begin to diverge rapidly, and by determining the 
remainder guided by the aid of his potent instinct, by 1741 Euler stream- 
lined summing zeta functions for even integers less than 26.” The sums of 
zeta series of even integers to 16 he calculated to eighteen decimal places. 
His “Démonstration de la somme de cette suite 1+ 1/44+1/9+1/16+...” 
for the Journal littéraire dAllemagne two years later contains his first sat- 
isfactory proof for zeta functions.” Since the Journal was popular with 
those who frequented the salons, he may have been trying to reach a wide 
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readership. But it was not until 1750 that he would solve the zeta problem 
for all even integers. 

Using Taylor expansions, clever substitutions, continued fractions 
from Second Viscount William Brouncker, and methods from John Wal- 
lis’s Arithmetica infinitorum for finding the area of a circle, plus analogies, 
conjectures, and his near unerring honed instinct, Euler computed the 
sums of many infinite series, especially for m and e, almost always more 
precisely than his predecessors. After employing continued fractions in 
1737 to find that e = 2.718281845904, he proposed at the latest in 1744 
a power series for the logarithm that approximates it accurate to seven 
decimal places.” Using the binomial theorem, Euler expanded (1 + x).%° 
In sections 114-16 of his Introductio he would treat the exponential func- 
tion. When not dealing with a finite expression, he resolved continued 
fractions with integral equations. Earlier Euler had studied Abraham de 
Moivre’s formula (cos x + isin x)” = cos nx + isin nx, though not yet with 
the 7 symbolism. He now returned to it, strengthening the connection 
among ordinary trigonometric functions with both exponential and loga- 
rithmic types, while extending their domains to the complex numbers. 
By 1744 he had perfected his derivation of cos x + isin x = e and obtained 
2cos x = e** + e**. From the first follows e* = -1. Euler did not have the 
modern form of his identity, e” + 1 = 0; this would not be revealed until the 
early nineteenth century.” 

Defining natural logarithms as the inverse of the exponential func- 
tion meant that In (-1) = im; that is, the logarithm of —1 is an imaginary 
number. Euler and Jean-Baptiste le Rond d'Alembert were soon to de- 
bate the nature of logarithms of negative numbers. Euler also derived 
the expressions (e* + e*) /2 and (e — e*)/2. This arose from his search for 
infinite product representations of the sine and cosine functions. He did 
not employ the term hyperbolic functions or make notations for them; the 
first is today cosh x. Euler’s results stemming from his revisiting Moivre’s 
formula were probably his concluding work on the Introductio; he took de- 
light in making and perfecting the extensive computations for it and was 
peerless in them. In the history of mathematics, only Carl Friedrich Gauss 
compares in importance to him in performing them. In May 1743 Euler 
had signed a contract with Bousquet to publish the Introductio,” but he 
did not submit the entire manuscript until a year later. Bousquet wanted 
instead to begin with the Scientia navalis, but Euler awaited word from the 
Petersburg Academy of Sciences on funding its printing. 

During his first three years in Berlin, Euler’s contributions to number 
theory flowed without interruption. While the Royal Prussian Society em- 
phasized application, Euler insisted that number theory was not distant 
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from infinitary analysis or repugnant to it; on a deeper level, he posited, 
the two were closely related. Euler’s view that number theory was a sig- 
nificant discipline, on equal footing with other fields of mathematics, was 
not widely shared among mathematicians; Clairaut, Daniel Bernoulli, and 
many mathematicians of the time considered it more an amusing diver- 
sion. Throughout his career, Euler enjoyed returning to number theory to 
state conjectures precisely and attempt proofs.” 

In September 1740, when Euler was still in Saint Petersburg, Naudé 
had asked from Berlin, “How many ways can the number 50 be written as 
the sum of seven different positive integers?”** This letter initiated Euler’s 
interest in partition numbers: determining the number of ways that a posi- 
tive integer could be represented as a sum of whole numbers. In a series 
of articles he was to pursue the subject intermittently over the next nearly 
thirty years. Almost alone this work founded the theory of partitions. In 
April 1741 Euler responded to Naudé with the paper “Observatione ana- 
lyticae variae de combinatione” (Various analytical observations about 
combinations, E158), which was published in 1751 in volume 13 of the 
Commentarii.® In it he examined relations comparing a series with the sum 
of its powers and of its products. He obtained the answer 522, describing it 
as “a most perfect solution of Naudé’s problem.” Euler would later improve 
his method and add detail in chapter 16, section 3.3.1, of the first volume 
of his Introductio. As he wrote to Goldbach in September 1741, he had long 
known that for m and n positive integers, 4mn — m — 1 could not be a 
square, but it took him a year to prove this. That year he also completed one 
of four of his proofs of Pierre de Fermat’s Little Theorem, which in modern 
symbols is a’"'= 1(mod p), where p is a prime, ais relatively prime to p, and 
the exponent is p — 1. In this case, divides the difference a’! -— 1. From 
Euler’s proof using Fermat’s Little Theorem, it follows that a? + 5°, when 
a is prime to b, does not have any prime divisors of the form 4n + 1. This 
statement opened the first phase of Euler’s seven-year project to investigate 
sums of two squares and prove all of Fermat’s statements about them.” 

After believing in the 1730s that Fermat had lacked proofs for many of 
his conjectures, in a letter to Clairaut in April 1742 Euler expressed regret 
for the loss of Fermat’s proofs of these, noting that during the previous 
fourteen years he had been able to prove only a small portion of them. He 
inquired whether some unpublished papers of Fermat with proofs existed 
and urged a search in France to recover them, adding, “Ce seroit un grand 
avantage ... sil’on publioit ces démonstrations, peut étre que les papiers 
de ce grand homme se trouvent encore quelque part” (It would be an ex- 
cellent thing if these proofs were published; maybe the manuscripts of the 
great man can still be found somewhere).*” Euler confidently noted that 
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“T am far from having exhausted the topic. .. . Innumerably many splen- 
did properties of numbers remain still to be discovered.”** Number lovers 
and number theorists were enthusiastically discussing Fermat’s statements, 
and Euler became Fermat’s successor. But number theory was one area 
of mathematics on which he and Clairaut diverged, and his attempts to 
draw Clairaut into its study were to no avail. In his response to the April 
letter, Clairaut declared that he had “never heard of Fermat’s theories, nor 
do I know what happened to his papers.” The study of problems in num- 
ber theory, he asserted, was “not fashionable and is said to be dry.”* Clai- 
raut found their study little more than a means of “exercising the mind,” 
and described as extremely subtle but unnecessary Euler’s discovery of a 
method for determining whether a large number is prime. Euler indicated 
that the Royal Prussian Society in Berlin was also investigating whether a 
perpetuum mobile was possible. Euler’s restraint regarding it prompted 
Clairaut to respond in July 1742 that it was indeed impossible. 

In 1741 Euler had written to Goldbach that he was exploring the 
“curious properties” of prime divisors. Proceeding from his research on 
Mersenne numbers and Fermat’s divisors, he worked diligently, system- 
atically, and intermittently to bring out the prime divisors of binary qua- 
dratic forms mX° + nY°, where n may be a positive or negative integer, 
and he studied solutions of Diophantine equations; he examined sixteen 
positive and eighteen negative values for n. He sent his results to the Pe- 
tersburg Academy, which published them in the Commentarii for 1750. 
His guesses on the arrangement of these numbers and his research on the 
sums of two squares would lead him slowly to his greatest discovery in 
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number theory, a clear statement of the complete law of quadratic reci- 
procity, which is one of number theory’s two fundamental laws.** When p 
and q are distinct odd primes, it addresses whether the pair of quadratic 
congruences x? = g(mod pf) and x’ = p(mod gq) are both solvable or only 
one of them is. The first preceding symbols indicate that x? — q is divisible 
by p. Congruences, then, involve divisibility. In a letter to Goldbach in 
August 1742, Euler gave a special case of the law of quadratic reciprocity. 
(Conjectures on the other basic law in number theory, the prime number 
theorem, still lay a half century in the future.) While primes appear quite 
irregularly among the positive integers, this theorem shows their distribu- 
tion by giving an approximation of how many primes are less than n or 
equal to it. 

In 1742 Goldbach proposed that every integer greater than five was 
the sum of three prime numbers; such numbers were among Euler’s major 
interests. The stronger binary form of the Goldbach conjecture was that 
every even number greater than two was the sum of two prime numbers. 
The conjecture remains unproven. Mathematicians have explored differ- 
ing ways of writing a number n as the sum of two primes, now known as 
the Goldbach Partition, which must consider the order of those primes. 

The same year as Goldbach’s proposal concerning integers, Euler’s 
research in rational mechanics was to engage leading geometers in Basel 
and Paris who addressed and solved an intriguing problem: the motion of 
a heavy straight tube rotating about a fixed point on a horizontal plane 
under the influence of gravity. The year before, Euler had posed the prob- 
lem to Johann I Bernoulli. By March 1743 Bernoulli solved it in the form 
given by K6nig, which did not take into account the influence of gravity. 
It differed from that which Euler sought: a solution applicable to celes- 
tial mechanics. Clairaut and Daniel Bernoulli were also sent the problem. 
Using the same methods in developing differential equations that con- 
sidered changes in succeeding infinitesimal instants of time, dt, Clairaut, 
d'Alembert, and the Bernoullis independently arrived at basically equiva- 
lent solutions. Daniel Bernoulli had the rod and a sphere move along an 
infinitesimal line with the sphere independent of constraints in the second 
instant dt but arriving simultaneously at a given point. For this he had to 
add external pressures. Through the application of what amounts to the 
conservation of angular momentum and vis viva, Clairaut arrived at his 
solution, which appeared in his “Sur quelques principes,” submitted to 
the Paris Academy’s Mémoires in 1742 but not printed until 1745. Prob- 
lem 2 of d’Alembert’s Traité de dynamique of 1743 has a similar resolution. 
Euler was just becoming aware of d’Alembert’s work; in a letter in Decem- 
ber 1743, Daniel Bernoulli introduced Euler to the brilliant young French 
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mathematician. Clairaut’s second infinitesimal instant dt varied, while that 
of d’Alembert was constant. Euler’s distinctive solution included probably 
the first statement of the concept of a moment of inertia and one of the first 
of the conservation of momentum.®' He began by solving the problem of 
a tube and enclosed body after force has acted in the first dt. He derived a 
series of equations and made skillful substitutions in these in solving for 
the second infinitesimal instant, which he had as an integral constant. He 
proved the conservation of the vis viva of the whole system and extended 
the problem to the case when the tube contains three bodies. 

Observations by Delisle and Heinsius in Saint Petersburg along with 
Cassini the elder and Clairaut in Paris of the comet visible there in March 
1742 seem to have elevated Euler’s interest in the study of the orbits of 
comets, their tails, and celestial mechanics in general. The same comet 
was seen for eight days in Berlin. European astronomers still understood 
only poorly the nature of comets and their paths, and Euler was seeking 
information on complex questions involving them: Did they belong to the 
solar system? What force produced their motion? Attempts to compute 
their orbits remained daunting, for inclined to any angle of the ecliptic 
plane they travel in highly eccentric orbits regardless of their direction. 
In their polemic with the Newtonians, the Cartesians held comets to be 
transitory, while Newtonians considered them permanent. Each investi- 
gated whether Newtonian dynamics or Cartesian vortices most accurately 
describe their orbits. 

In June 1742 Delisle wrote of the difficulties he had determining the 
actual course of the comet that March, and thanked Euler for helping him 
obtain a copy of Berlin astronomer Christfried Kirch’s observations.” In 
addition to commenting on how difficult it was to compute the eccentrici- 
ties in the orbits of comets, Delisle included a pamphlet that his own sis- 
ter had sent from Paris containing Clairaut’s response to James Bradley’s 
theory of the aberration of the light of fixed stars. Euler considered the 
discovery of aberration significant for observations and for establishing 
the Copernican system in astronomy. That same year Delisle reportedly 
sent his observations of the comet and Jupiter’s satellites, which Euler 
compared with satellite records of Gian Cassini from 1655." Euler’s letter 
to Heinsius in Saint Petersburg in August 1742 requests the chartings by 
the academy, which were scheduled to be published soon. 

Euler wanted to compare the Saint Petersburg results with earlier cal- 
culations of the orbits of comets by the Germans, French, and British. He 
knew that Johann Kies, in not using accurate enough logarithms, had cal- 
culated as elliptic the orbits of the comets of 1729 and 1730, while Pierre 
Bouguer mistakenly found them to be hyperbolic. Euler discovered an 
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error in Edmond Halley’s computations, and examined Delisle’s reckon- 
ing that the paths of comets were close to parabolic. Quarreling with the 
director Delisle, Heinsius was not visiting the observatory, so the publi- 
cation of their shared work on comets was delayed. In September 1742 
Clairaut had promised to forward his observations, and from his research 
on fluid mechanics and polar flattening of Earth he gave results that drew 
upon the work of Daniel Bernoulli. In February 1743, Euler reported on 
Clairaut’s determination—based on hydrostatic principles—of the modi- 
fied Newtonian shape of Earth as a spheroid flattened at the poles rather 
than a Cartesian spindle, a prolate ellipsoid. As Euler had projected in 
1738, the flattening is less than the Newtonians believed; Earth had an 
orange rather than a tomato shape. In April Clairaut sent him a copy of 
his recently published book, Théorie de la figure de la terre. Euler’s response 
has been lost, but he considered Clairaut’s work to be exceptional. For 
Euler the argument over Earth’s shape was still to be resolved; the Paris 
Academy’s expedition to Peru under Charles Marie de la Condamine, sent 
to measure an arc of meridian to indicate whether the Newtonian bulge 
at the equator existed, had yet to return and Euler awaited its data. Clai- 
raut’s observations of comets were not sent until December. Heinsius only 
communicated early in 1744 his writings on the comet of 1742; Euler be- 
lieved these to be among the most important on the topic. 

After asking Delisle, Heinsius, and Clairaut for their sightings of the 
comet of 1742, Euler had requested three more for the comet of 1743. He 
anticipated that comparing these good observations from different places 
would enable him to map comet paths more precisely. He wanted more 
accurate observations of comets, to be obtained by applying calculus to 
precisely compute all points in their orbits. He credited Delisle with the 
principal achievements of the early observatory. After receiving the obser- 
vations of the comet of 1743, Euler found the paths of both comets to be 
nearly parabolic ellipses. 

In 1742 Euler had another source of information on comets and their 
paths. Maupertuis published anonymously in Paris a short, popularized 
book, Lettre sur la cométe, which neatly ventured across scientific discourse 
into cultivated literature. Many people saw comets as wonders or portents 
and thus a source for prophesying, while noble women thought of them as 
curiosities. Maupertuis, who followed the style of Fontenelle in addressing 
his tract to women, removed comets from the province of the astrologer and 
placed them under the rule of physical laws. Cartesian vortices, he believed, 
could not account for the supposedly very elliptical orbits of comets, and 
even Newtonian dynamics left unresolved the computation of these orbits. 
But Maupertuis’s cosmology was Newtonian.” Euler explained the extreme 
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improbability of a comet’s crashing into Earth, a possible event that was 
exciting worried speculation. The Scriptures, he thought, suggested that 
this would not occur, which agreed with his scientific studies. 

Euler believed exact lunar tables to be the best instrument for proving 
the validity of Newton’s mechanics, which held the law of gravitational at- 
traction to be the explanation for all celestial motions. These provided a 
case for the application of the three-body problem. But to develop the dif- 
ferential calculus for theoretical astronomy Euler required more accurate 
and extensive telescopic records of the motion of comets and the moon. 
He thus began his study of the three-body problem through its applica- 
tion rather than its theory. 

At a meeting of the Prussian Society in February 1743, Euler pro- 
posed that Clairaut be elected a foreign member. At the following meet- 
ing this was agreed upon, and Euler also read his paper “Dissertation 
sur la lumiere et les couleurs.” He spoke in French, not Latin, so that the 
Prussian ministers present could understand; after the fact Naudé cor- 
rected the French in the paper. The essay discusses Euler’s continuing 
research on a new medium theory of light and colors, including his dis- 
covery through experience of an “admirable harmony” between the two.” 
He concentrated on the physical characteristics of light rather than “pure 
mathematical speculation and calculus.” Having rejected in Saint Peters- 
burg Newton’s theory of light as corpuscular, he disagreed with the gen- 
eral Parisian acceptance of Newtonian optics. Knowing the importance of 
the French language at the academy and the cachet it gave a candidate for 
president, Euler worked to improve his mastery of it. The translation from 
German to French of his first paper for the Mémoires, which appeared in 
print at the end of 1745, was in his own hand.* 

Frederick’s Prussian court pressed the connection between military ar- 
maments and higher mathematics. The monarch and his General Directory 
wished especially to make their gunnery officers more competent. Artillery 
had long been part of applied mathematics, particularly the study of ballis- 
tic curves as well as the strength of metals in cannons and the firepower and 
elasticity of explosives, and the search for accurate descriptions of ballis- 
tic curves had drawn important early modern geometers. In 1546 Niccol6 
Fontana Tartaglia had published in Quesiti et inventione diverse his discovery 
of parabolic trajectories, and Galileo’s Two New Sciences of 1638 had given 
a nascent ballistic theory neglecting air resistance and therefore holding 
true only for mortar shots of low velocity. After writing by late 1727 a 
short piece on the testing of guns, Euler had continued to investigate the 
subject; in his study of artillery fire he read widely on fortifications by such 
authors as Nicholas Francois Blondel; Jean Errard; Hermann Landsberg; 
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Count Raimondo von Montecuccoli; Blaise Frangois, Comte de Pagan; 
and Sébastien Le Prestre, Marquis de Vauban.** Computing the curved 
paths that mortar missiles traced in the air or in any fluid still posed a dif- 
ficult challenge, although Euler credited Newton with solving it. Among 
other authors he read on the topic were Huygens, Johann I Bernoulli, 
and Daniel Bernoulli; he also studied Jakob Hermann’s Phoronomia and 
Brook Taylor’s Propositiones of 1721. These recognized that natural philoso- 
phers underestimated the resistance of air to projectiles of higher speed. 
Air resistance continued to be a major problem, and Johann I Bernoulli 
investigated whether it is proportional to v or to v’. To this point no math- 
ematician had yet provided the differential equations needed for practical 
artillery—a subject that Euler’s Methodus inveniendi lineas curvas began to 
touch upon by investigating curves that apply to ballistics. 

In 1742, as a good way of displaying the practical application of higher 
mathematics to the court, Euler apparently proposed an additional worth- 
while task, translating into German Benjamin Robins’s recently published 
New Principles of Gunnery, a 150-page book that Euler considered the best 
work on the subject. Ballistics had long been part of applied mathematics, 
and Euler’s concentration on it met with an enthusiastic response from 
the king and his General Directory. 

Prior to writing his New Principles of Gunnery Robins had severely criti- 
cized Euler’s Mechanica, calling its author nothing more than a “calcu- 
lating machine.”! This attack, which stemmed from a rivalry between 
the British and the partisans of Bernoulli in mathematics, did not color 
Euler’s judgment. In his “Eulogy in Memory of Leonhard Euler,” Nicho- 
las Fuss explained that “while giving Robins his due [for the New Princi- 
ples], Euler in modest fashion corrected his errors, thus avenging Robins’ 
disparagement of the Mechanica by making his book famous.”" In a let- 
ter in December 1743, Daniel Bernoulli briefly commented on Robins’s 
new gunnery book, which Euler admired. It is generally easier to translate 
from a foreign language than into one, but Euler’s knowledge of English 
was sufficiently limited that he may have had assistance with the transla- 
tion of Robins’s work into his Neue Grundsdtze der Artillerie (E77), which 
appeared in print in 1745.1 


Relations with the Petersburg Academy of Sciences 
Alongside his range of activities in Berlin and among scholars in central 


and western Europe, Euler still closely collaborated with the Petersburg 
Academy. His title, foreign associate, reflected neither the academy’s 
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response to him nor the magnitude of his labors on behalf of it. Nicolas 
de Condorcet remarked that Russian officials did not consider Euler a 
foreigner, and Fuss correctly wrote that he was member d tous les titres (in 
full status). Euler submitted papers for the Commentarii and its newer se- 
ries after 1747, the Novi Commentarii.'* Despite sending only two papers 
in 1742 and none in 1744 or 1745, Euler published with the Petersburg 
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Academy of Sciences a total of ninety-six articles written in Berlin. 
general, these were more theoretical than his Berlin papers. Since the 
handful of publishers in Saint Petersburg took little notice of writings 
by academicians, Euler sought to find publishers for them in other cities, 
including Leipzig and Amsterdam. In Leipzig, then a major European 
book market, the dealer Jacob Schuster sold publications of the Peters- 
burg Academy. 

Euler also purchased books, instruments, and scientific materials, in- 
cluding a copper printing press, for the Petersburg Academy; He sent 
information on research in the West, evaluated the studies of academy 
members, and recommended scholars to fill vacancies. While in philoso- 
phy Wolff was the principal disciple of Leibniz, by building up European 
scientific centers in Berlin and Saint Petersburg Euler was Leibniz’s insti- 
tutional successor. 

Between 1741 and 1757, Euler exchanged 299 letters with Johann 
Schumacher of the Petersburg Academy. Under Empress Elizabeth, 
Schumacher’s authority in the academy slightly diminished, but he con- 
tinued to be the leading power in it, a good source of information on 
changes it was undergoing, and effectively Euler’s boss there. The extent 
of Euler’s correspondence and its scientific detail sent to an official little 
interested in the sciences suggests that he was attempting through Schu- 
macher to guide the academy’s research program.!% 

Euler’s letter of September 1741 expressed gratitude for the “great af- 
fection and friendship” shown toward him in Saint Petersburg, but noted 
that in Berlin he had more opportunities for research than he would have 
had in Russia.” The next April he reported that being situated at the 
center of the German states he could more easily correspond with able 
people across central Europe in such cities as Bern, Dresden, Géttingen, 
Halle, and Leipzig. That month Schumacher thanked Euler for his letters, 
related that Goldbach had left the academy to join the College of Foreign 
Affairs in Moscow, and inquired about Euler’s progress on the Scientia 
navalis and the Introductio in analysis [sic] infinitorum,'® indicating that the 
Petersburg Academy would pay for their publication. In the spring of 
1743, Euler informed the astronomer Christian Nikolaus Winsheim that 
Scientia navalis had been completed.’ 
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Regarding his annual salary, Euler was tenacious. The financial con- 
dition of the academy was poor, but Schumacher reported in April 1742 
that Euler’s salary had been approved. In sending it the next month he 
nudged Euler to forward articles. The next year Empress Elizabeth pro- 
vided no budget line for salaries to honorary members, but funds were 
nonetheless raised for Euler. As was typical, Euler sent greetings from his 
family to Schumacher’s family, his wife, his brother Jakob, the academy 
architect, and Schumacher’s brother-in-law Johann Conrad Henninger.'” 

The professional relations between Euler and Schumacher were 
proper but strained. Euler had avoided political quarrels between faculty 
and the chancellery official that had led many foreign members to depart. 
His immunity to professional assault grew with his reputation. His neu- 
trality irked some members, but privately he was disturbed by Schumach- 
er’s attempts to undercut members and pit them against one another. In 
a famous case in 1743 Schumacher attacked Mikhail Lomonosov, having 
him imprisoned for eight months. Nevertheless, Lomonosov was named 
professor of chemistry two years later and read his paper “Meditationes 
de caloris et frigoris causa” (Reflections on the reasons for heat and cold), 
which rejected the dominant phlogiston theory of combustion. 

Foremost among the many topics in the natural sciences that Euler 
covered in his correspondence with the Saint Petersburg academicians 
was astronomy, and he attempted to turn the academy more toward its 
study. He worked at devising differential equations to compute more pre- 
cisely the orbits of comets, meanwhile developing his second lunar theory, 
which he knew had practical and theoretical significance.'"! Euler’s skill- 
ful and extensive application of the calculus had phenomenal success; it 
supported his rejection of the notion that metaphysics and the sciences 
had separate truths that occasionally contradicted each other, and made 
that notion the basis for the modern exact sciences. In formulating and 
refining differential equations for astronomy, Euler supported the record 
keeping of improved observations gained with better instruments, and he 
was critical of mathematicians and natural philosophers who did not keep 
such records. 

In April 1737 he had sent two letters to the Basel booksellers Johann 
and Ludwig Brandmiiller requesting information on books of interest to 
him. They agreed to send him many books for his own use or for sale by 
consignment in the academy bookstore. After Euler left for Berlin Ludwig 
Brandmiiller made repeated requests to the academy official Sigismund 
Preisser for an inventory of the books sold and unsold, but he received 
no reply. So he pleaded with Euler for help. In response Euler wrote to 
Georg Wolfgang Krafft and Heinsius about the matter. In February 1743 
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he asked Nikolaj Golovin, the president of the admiralty college, for clari- 
fication on the book sales. In June and July he corresponded with state 
councilor Andrej Konstantinovich Nartov, congratulating him for attain- 
ing the distinguished rank of head of the academic chancellery, asking 
about the pension owed him as an honorary member of the academy, and 
urging Nartov to order the bookstore to prepare a report detailing the 
number of the Brandmiller books sold and how many remained. Euler 
reported on his own sales and the payments he had sent to Basel; the 
remaining books he had turned over to the bookstore in care of Johann 
Albrecht von Korff. Apparently Nartov agreed to the request, thus putting 
an end to the problem—two years after Euler left Russia. 


Chapter 7 


“The Happiest Man in the World”: 
1744 to 1746 


n 23 January 1744, the eve of Frederick II’s thirty-second birthday, 

his royal commission approved the statutes founding the Royal Prus- 
sian Academy of Sciences. It was a spectacular occasion; a meeting on the 
monarch’s birthday at his palace in Berlin conveyed his commitment to 
the new academy, which was portrayed as a rebirth of the old society. Be- 
yond serving as the royal living residence, the palace of more than seven 
hundred rooms and salons was the seat of many branches of the Prus- 
sian government, including the treasury, and the center for the monarch’s 
birthday festival week. Rather than convene in the old observatory, as 
had the Royal Prussian Society, or in the private homes of nobles, the new 
academy would meet in redecorated rooms above the royal stables. ‘The 
long planned but incomplete academy building was to be part of a Forum 
Fredericianum made up of the royal opera house south of Unter den Lin- 
den, a new royal palace to the north, and the academy to the west of the 
opera.’ A new observatory tower was planned to rise above the stables, but 
astronomers soon complained that the warmth and fumes rising from the 
stables clouded their instruments. Directors of all classes from the Royal 
Prussian Society were reappointed, except for Alphonse des Vignoles in 
mathematics, whom Abraham von Humbert replaced; here the king fol- 
lowed his selection for the Nouvelle Société littéraire. Leonhard Euler’s 
recent refusal to become director of the Royal Prussian Society’s math- 
ematics class unless it and the Nouvelle Société littéraire were joined may 
have angered the king, who passed over him for that post in the academy. 


Renovation, Prizes, and Leadership 
Disturbed by the pace at which the academy was taking shape, Euler in- 
tensified his efforts to hasten the process. He continued to give close at- 
tention to astronomy, and on 29 January he urged the quick construction 


of a replacement of the old observatory. In a February meeting Count 
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Samuel von Schmettau, the acting president of the academy during its 
first three months, reported on the necessity of rebuilding the observa- 
tory, acquiring the latest instruments and models, and assembling a li- 
brary.” As astronomers he appointed David Naudé, the son of Philipp, 
and Augustin Nathanael Grischow, whose father was also named Au- 
gustin; both Philipp and the elder Augustin had been prominent in the 
Prussian Society. Both sons had experience at the old observatory, and 
Grischow had studied in Paris and Saint Petersburg. At Euler’s request, 
the president paid David Schumacher, the calculator of the Prussian cal- 
endar, one hundred Reichsthaler for continuing the Manfredini ephemeri- 
des, which the Italian geometer and astronomer Eustachio Manfredi had 
published since 1715 in Bologna. Ephemerides—astronomical tables of 
positions of a celestial body over specified intervals throughout the year— 
were used by navigators to determine longitude and by astronomers to 
follow the course of such celestial objects as comets. Schmettau agreed 
with Gottfried Wilhelm Leibniz’s earlier proposal that the royal monop- 
oly over the Prussian state almanac be the primary source of revenues for 
an academy. Because of his capacity and experience he recommended that 
David Kohler, who had recently conducted an accurate study of calendar 
debits, continue to manage and distribute the state almanacs, a project 
that Euler supported; Kohler was given precise instructions on the use 
of funds. In March Schmettau and the king had the academy investigate 
establishing as a source of revenue a new press to print the almanac, its 
Opera, and translations of small Protestant religious books. Euler led in 
bettering astronomical and mathematical bases for the preparation of cal- 
endars for Prussia and elsewhere. An attempt by the academy in 1744 to 
force booksellers and printers to collect taxes on its almanacs would have 
little success. 

In February 1744, Euler wrote to Joseph-Nicholas Delisle express- 
ing his relief at the founding of the new academy but adding, “I was 
very much mistaken when I thought they would put the new academy 
on the same footing as that of Paris. The thing is done. We have joined 
into one body the old and new society [soon officially] under the name 
of an Academy of Sciences and Belles-Lettres.” Euler recognized that the 
institution faced financial problems; only a few members had pensions, 
and the almanac revenue could not fully fund adequate equipment for 
the observatory. Euler lamented to Delisle the poor condition of the old 
Berlin observatory, noting especially that its telescopes were inadequate 
for checking the observations of the transit of Mercury that Martin Knut- 
zen was making in Konigsberg. Bad weather slowed the academy’s re- 
search, and from a comet briefly visible from Berlin it was not possible 
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to obtain enough accurate observational data to test Knutzen’s new 
method for computing the paths of comets; that method required four 
exact observations in order to determine the orbits. Throughout 1744, 
Knutzen sent his observations of comets and the moon with Newtonian 
telescopes, which he claimed were more accurate. On the basis of obser- 
vations of comets that Johannes Hevelius had made in 1652 and Gian 
Domenico Cassini in 1698, Euler came to believe that they appeared in 
a forty-five-year cycle. He knew that Britain had more precise telescopes, 
and the Berlin observatory lacked instruments exact enough to develop 
systematic, reliable astronomical records needed for him to devise and 
refine differential equations for celestial motions. While his mathemati- 
cally formulated theories and celestial mechanics were based on physical 
principles, in the project on the shape of Earth and many others Euler’s 
mathematics was empirical.’ 

In a letter to Christian Goldbach in July 1744, Euler called Alexis 
Claude Clairaut’s Théorie de la figure de la terre “indeed an incomparable 
work... where profound and difficult questions . . . are treated with pleas- 
ant, light methods, following which the author makes the most sublime 
matters completely clear and intelligible.”* He cautiously awaited the re- 
turn of the Paris Academy of Science’s geodetic expedition to Peru under 
Charles Marie de la Condamine to support the Newtonian calculation that 
there must be a bulge at the equator. Sent to a section of Peru that is today 
Ecuador, the expedition faced difficult conditions, including substantial 
ranges of temperature and heights, but made excellent measurements of 
an arc of meridian. Pierre Bouguer returned from the expedition to Paris 
in 1744, but La Condamine, delayed in Cayenne for five months because 
he was unable to find a ship to France, did not arrive until the next year 
with his data confirming the equatorial bulge.® The measurements of a 
degree of an arc of meridian made by the Lapland and Peru expeditions 
taken together challenged the Cartesian position and the authority of 
the Paris Observatory astronomers headed by Jacques Cassini, and the 
question of the shape of Earth was now essentially resolved. Euler, who 
acquired La Condamine’s description of his trip to Peru and Bouguer’s 
account of their measurements, sent both to Delisle in March 1746. 

The new academy accepted the practice in the Nouvelle Société lit- 
téraire of having a yearly prize competition to examine an issue in the 
natural sciences important throughout Europe. The model was the Paris 
Academy’s Prix de Paris, which carried an award of fifty ducats, as would 
the new Berlin prize. The subjects chosen for the Berlin prize competi- 
tions were indicative of what awakened curiosity within the educated pub- 
lic in Prussia and across the Continent at that time. The topic in 1744, 
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electricity (which was then conceived of as a subtle fluid), addressed a 
field of research that had become popular in Europe and North America. 
It was thought that electrical phenomena would most likely demonstrate 
the interatomic forces of attraction and repulsion that Isaac Newton had 
defined. Berlin academicians experimented with rotating glass tubes that 
generated shocks or fire when touched.® In May 1745 Euler announced, 
on his own initiative, the granting of the prize to the Kassel physicist 
and treasury official Jakob Sigismund, Freiherr von Waitz for his paper 
“Abhandlung von der Electricitat und deren Ursachen” (Treatise on elec- 
tricity and its causes).’ In Saint Petersburg Georg Wilhelm Richmann 
began his writings on electricity in 1744-45, while at the Berlin Academy 
of Sciences Christian Friedrich Ludolff ignited gaseous spirits with an 
electrified iron wand. The next year Ewald Georg von Kleist of Koslin, 
fascinated by electrical flares, constructed the Leiden jar, which collected 
a powerful electrical force in the bottom of a bottle. This contradicted 
the belief, prevalent at the time, that electricity could traverse thick glass. 
Pieter van Musschenbroek explained an experiment similar to Kleist’s ex- 
citing discovery and now gave the jar its name. 

Prompted by members of the Royal General Directory formerly 
belonging to the Nouvelle Société littéraire, the new academy had pro- 
ceeded in early 1744 to address questions concerning faith and reason, 
immortality and free will, and the clash of materialism with idealism. Be- 
tween Calvinist ministers in the French community in Berlin and parti- 
sans of the German stream of the Enlightenment as well as among the 
Aufkldrer (Enlighteners) themselves a rift in what became their world 
outlook was growing. The teachings of Benedict de Spinoza provoked 
the most vehement discussions; Reform clerics considered Spinoza a pro- 
moter of atheism, whereas Calvinist clergy and noble leaders of the Nou- 
velle Société littéraire generally associated Cartesian mechanistic science 
with Spinoza’s teachings and considered Wolffian philosophy among 
movements incompatible with full spirituality. In March 1744 academy 
secretary Philippe Joseph de Jariges tried to refute Spinoza’s thought.® 
Pietistic charges of atheism against Christian Wolff from twenty-five years 
earlier in Halle were revived. Attempting to bring strains of the radical 
French Encyclopedists into the academy, Jean-Henri-Samuel Formey pre- 
sented in April a paper on rights and injustices in connection with the 
natural law of Hugo Grotius and Samuel von Pufendorf. Formey, the pas- 
tor of the influential Franzésische Friedrichstadtkirche (French Reformed 
Church in Friedrich City), which Euler attended in the Gendarmenmarkt, 
supported the Wolffian philosophy to which the minister had converted 
in 1739. Church services were conducted in French. 
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Figure 7.1. The Franzésischer Dom in Berlin was built from 1780 to 1785 
adjacent to the Hugenot Franzésische Friedrichstadtkirche (French 
Reformed Church). Euler attended the Friedrichstadtkirche. 


Central to this quarrel in which science stood in varying relations 
with faith was the question of what was the least component of matter. 
The Nouvelle Société littéraire had embraced the monadic doctrine of 
Leibniz as modified by Wolff. Monads, in Leibniz’s later description of 
the physical universe, are geometric points of energy; composed of these 
points, matter is infinitely divisible. In the north German states, Wolffian 
philosophy exercised its greatest influence in Berlin, where, according to 
Nicholas Fuss, the reading public then spoke of nothing but the monadic 
doctrine and its metaphysical foundation.’ On 4 and 18 June, and on 19 
September, Euler spoke out against Wolff’s science; he was determined to 
keep its core doctrine from becoming dominant. Euler warned that the 
concept of animate monads on which Leibniz had based his cosmology 
would lead to atheism. He did not accept the belief on the part of Leib- 
niz and Wolff that reason was the basis of all knowledge and the highest 
court for resolving issues of faith. Like Pierre Bayle, Euler argued instead 
that faith and reason are equals and that reason was not the basis for 
knowledge provided by revelation. While in his criticism of the monadic 
doctrine many of Euler’s initial arguments on the theory of matter were 
scientific, his underlying purpose was to defend traditional Protestant the- 
ology against what he considered Wolffian freethinking and determinism. 
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In June 1744 Euler delivered his first paper to the Berlin Academy, 
“Recherches physiques sur la natur des moindres parties de la matiere” 
(Physical research on the nature of the smallest parts of matter, E91), but 
it did not appear in print until 1746, in his Opuscula varii argumenti.'° The 
paper praised the microscope for opening the study of the infinite and di- 
verse least parts of matter, which Euler labeled as molecules; the subject, 
he asserted, belongs to physics. To confirm the existence of molecules 
he presented Newton’s demonstration that the mass of a body is propor- 
tional to its inertia and that all molecules have the same density and spe- 
cific gravity; inertia, he asserted, replaces the two forces that Leibniz and 
Wolff had attributed to monads. Euler looked for similarities and differ- 
ences between total force and Leibniz’s living force. The paper presented 
a very subtle matter, fluid and elastic, comprising the ether that fills the 
physical universe; this was a view that differed from that of Newton and 
was sometimes mistakenly associated with the Cartesian concepts of cor- 
puscles and the plenum rather than Euler’s pursuit of fluid mechanics and 
the beginnings of field theory. While the divisibility of matter is incom- 
parably great, the paper maintained, it is finite and the least elements of 
matter are indivisible. Euler was about to revise sharply his theory of mat- 
ter, however. Along with the telescope he called the microscope crucial in 
making possible further scientific discoveries. 

In September 1744 Euler argued that the fundamental attribute of 
the smallest constituent of material substance is impenetrability, which the 
monads lacked. That November he rejected as a basis for mechanics the 
indivisible and immaterial Wolffian monads endowed with perception. 
The next year the academy set the monadic hypothesis as the prize topic 
for 1747, presumably for the philosophy class to conduct. The general 
cause of winds, the topic for 1746 under the direction of the mathematics 
class, was a temporary distraction from this greatly controversial issue. 
The placement meant that Euler would be the primary judge in choosing 
the winning paper. 

After the Second Silesian War began in May 1744, Frederick II, mov- 
ing from one military camp to another, had almost no dealings with the 
academy until January 1745, when following the death of Philipp Naudé 
the curators proposed allocating to Johann Nathanael Lieberkiihn the 
two hundred Reichsthaler from Naudé’s retirement. In a handwritten 
note, the king responded with an emphatic “No!” and proposed that 
Euler identify an able scholar in Russia capable of succeeding Naudé.” 
Euler apparently thought that the leadership of the academy, and particu- 
larly the presidency, was not yet assured; he seemed to believe that in the 
absence of Pierre Maupertuis he might be eligible for the post.’ As the 
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foremost mathematician in Europe and winner of several Paris Academy 
prizes, he considered himself a logical candidate, but while creating a bet- 
ter future for the sciences, Euler occasionally lived in that future and not 
within the aristocratic restrictions of his time. His translation into French 
of his first article for the opening volume of the Mémoires de lAcadémie 
Royale des sciences et des belles-lettres de Berlin was probably intended to sup- 
port his case for the presidency. But the Swiss burgher Euler was not an 
enlightened philosophe, witty in conversation, well-versed in French—the 
attributes that Frederick sought in a prospective president. 

In 1745 Maupertuis’s most popular book, Venus physique, on the life 
sciences, appeared in print. Maupertuis had opponents in Paris, and to 
protect himself from censors he published it anonymously. The debate 
over the book’s authorship only increased its readership, however. In the 
controversy over embryology Maupertuis defended epigenesis, which 
held that organisms develop from both parents rather than being pre- 
formed. Critics charged that this led to materialism and pantheism; they 
also questioned Maupertuis’s morality for studying the female role in gen- 
eration—as well as his readiness to leave Paris for Berlin. But since July 
1744, when he had sent Euler a copy of his Astronomique nautique on navi- 
gation that accepted Newtonian attraction, Maupertuis was not in contact 
with the academy or the king. Only after Frederick’s victory at the furious 
Battle of Hohenfriedberg in June 1745, which was disastrous for the Aus- 
trian and Saxon Army, did Maupertuis write that he had permission from 
the Paris Academy and would return to Berlin. On 4 July Frederick re- 
ceived the message, and a week later he urged Maupertuis to come to Ber- 
lin as quickly as possible.’* Up to this point Maupertuis had conducted 
research and negotiated allegiances and privileges from Paris while Euler 
was directly involved in the formation of an important academy. In a let- 
ter to Euler from July 1745, Daniel Bernoulli praised Maupertuis on his 
impending arrival in Berlin and observed that Frederick’s entire court 
would accept the nobleman and distinguished scholar Maupertuis, thus 
assuring his elevation to the presidency; he predicted that Maupertuis’s 
leadership would bring an expansion in support for the academy." Mau- 
pertuis’s return to Paris in August ended for the moment any possibility 
of Euler’s appointment to the position. 

Between July and the end of the Second Silesian War with the signing 
of the Dresden Treaty at Christmastime 1745, Maupertuis sent Frederick 
sixteen letters. The title Maupertuis’s Academy has described accurately 
his autocratic ways and his court politics at Potsdam, which should not 
be misconstrued to indicate that he was the primary source organizing the 
institution and the scholar conducting the foremost research in Berlin.” 
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Even before Maupertuis arrived, Frederick approved his salary of three 
thousand Reichsthaler. At the academy meeting on 22 September 1745, 
the monarch welcomed him and instructed him to proceed with electing 
directors along with preparing and managing the budget. But Mauper- 
tuis was not yet president and lacked the authority of the royal ministers; 
he introduced himself to the nobility residing in Berlin but soon moved 
also to the royal court at Potsdam. His marriage to Kaspar Wilhelm von 
Borcke’s close relative Eleanor in October aided his integration into Ber- 
lin’s high society and the Prussian aristocracy. The marriage outside the 
Catholic Church made Maupertuis uneasy, but he and his wife seem to 
have had good relations, although they lived apart during many of his 
frequent trips. Activities at court occupied Maupertuis while Euler, never 
gaining admission to the noble circles in Berlin and Potsdam, had more 
time for research. 

In the absence of Maupertuis until July, and deprived of the full mea- 
sure of Euler’s productivity while he struggled late that year with a severe 
fever and a period of recovery lasting into December, the new academy was 
slow to develop in 1745. News in 1744 of the death of both Euler’s father 
in March at age seventy-five in Richen and of his maternal grandmother 
Maria Magdalena Brucker-Faber (with whom he had lived for most of 
his Swiss years) saddened him, but he did not return to Basel.’® Euler 
remained as active as his sickness permitted him. In July 1745 Goldbach 
wrote from Saint Petersburg, congratulating him on becoming director of 
the mathematics class,'’ an appointment that was still unofficial. Euler’s 
primary organizational project now was to press for building a new obser- 
vatory equipped with the latest instruments. Astronomical observations, 
many of them contradictory, were being made across Europe and Asia; 
their unresolved differences and complications arising from irregularities 
in the motion of celestial bodies puzzled many geometers. Notably, ad- 
equate mathematical methods to solve coupled second-order differential 
equations and equations of motion, in part to determine the resulting 
forces, did not yet exist to reach a well-founded mathematical theory in 
celestial mechanics. And few dioptrical rules existed for the construction 
of better telescopes, a subject that he soon addressed. Euler considered 
the observatory vital to research and discoveries in the mathematics class; 
he was encouraged by the findings of Delisle, whom he wanted to draw 
to Berlin. 

Although Frederick wanted to honor all of Maupertuis’s requests, the 
exact authority of the president along with the protocol and organization 
of the new academy had yet to be resolved. In October 1745, when Mau- 
pertuis asked to design and obtain the academy’s regulations, Frederick 
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declined, since he was away from Berlin; much of his time was taken com- 
pleting the Treaty of Dresden, which again confirmed Silesia as a Prussian 
territory. Frederick was embarrassed that until he returned he would be 
unable to deal with the academy and Maupertuis’s position, which for the 
time being was only that of director. Still, when the academy met on 6 De- 
cember 1745, the king had Maupertuis named as its president but failed to 
clarify the reach of the new appointee’s authority among the Prussian no- 
bility. While Frederick did not interfere with individual research, he had 
earlier prescribed that all articles in the academy’s Histoire de lAcadémie 
des Sciences et de Belles-Lettres de Berlin, avec les Mémoires pour la méme année 
(History of the Academy of Sciences and Belle-Lettres in Berlin, with the 
Memoirs for the same year) be in French. His reasons were several: Fred- 
erick wanted the Berlin Academy of Sciences to interact with discussions 
that were happening in the Parisian salons and to win their plaudits; he 
supported the powerful older French Calvinist colony in Berlin, which 
had defended him against near execution at Ciistrin in 1730 when he was 
crown prince; and he backed the efforts of the growing number of sa- 
vants within that community and the prospects of their learned journals, 
such as the Bibliotheque critique. In elevating French, Frederick supported 
a practice of the Nouvelle Société littéraire and the course that Mauper- 
tuis and Formey advocated. 

Although the Paris Academy had switched from Latin to the vernacu- 
lar French as far back as 1699, Latin was still the chief language of learning 
in Europe, and the Berlin Academy’s shift to French surprised many in the 
republic of letters outside Berlin and caused bewilderment among older 
academicians. Maupertuis desired a world language; Latin might do, but 
he preferred French as a living speech, noting that it was the second lan- 
guage of the reading public across Europe, while Latin was a dead tongue 
more helpful to poets and writers than to natural philosophers. French 
was in frequent use in pathbreaking scientific publications. French, Mau- 
pertuis believed, was attaining a perfection and subtlety expressive of a 
bel esprit, a man of wit.'® Formey, who had been appointed historiographer 
in July 1745 and was thus a member of the scientific directory, likened 
the role of French in learning to that of Greek in the age of Cicero and 
asserted that the use of French would add precision to scholarly discus- 
sions.” He announced that the Histoire would publish in French all of 
the best works on the sciences in the German states and Great Britain; 
he began translating articles written in Latin and German and made ar- 
rangements for the continuation of that work. Authors in the Histoire or 
Mémoires section could submit a draft of their papers in another language 
but had to arrange for their translation into French, which was normally 
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a difficult task. Since Maupertuis did not know German and the king pre- 
ferred French, academy discussions were also to be in French. The mon- 
arch never participated in academy meetings himself, but he did expect 
princes and court nobility to attend public sessions. 


Investigating the Fabric of the Universe 


Driven by extraordinary genius, insatiable curiosity, and great energy, in 
1744 and 1745 Euler had three books and thirteen articles published. He 
also amassed two hundred pieces of correspondence to and from friends 
and colleagues; these he reviewed for the academy as regards important 
findings in mathematics and the natural sciences. In April 1744, he in- 
formed Goldbach that once the printing of the Methodus inveniendi lineas 
curvas maximi minimive proprietate gaudentes (The method of finding curves 
that show some property of maximum or minimum, E65) was completed, 
the publisher Marcus-Michael Bousquet would turn to Euler’s Introductio 
in analysin infinitorum (Introduction to the analysis of the infinite). By 
July he still had not yet heard about the status of the Methodus inveniendi, 
but he had sent the publisher the complete manuscript for the Introductio, 
in which he resolved many difficult problems insoluble with algebra or 
geometry. He described the book “as a prodromus to analysin infinito- 
rum”— preliminary to his later texts on differential and integral calculus;”! 
its publication would take almost four years. Bousquet wanted Gabriel 
Cramer to supervise the publication of the Jntroductio after the printing 
of the Methodus inveniendi, but in September Cramer informed Euler that 
he was too busy and wanted to continue writing a treatise on the same 
subject that book 2 of the Introductio covered; Bousquet instead chose 
Johann Castillon. In December Euler wrote to Cramer thanking him for 
the corrections he had made to his Methodus inveniendi. 

The 320-page Methodus inveniendi in quarto format was the first book 
Euler published in the 1740s. A landmark treatise, it appeared in print in 
September 1744. This was fast, for Euler had submitted its appendixes 
only the previous December. The study made him the principal creator 
of the first stage of a new branch of mathematics, the classical calculus 
of variations, which in the paths of motion sought to determine maximal 
or minimal lengths of plane curves, if any existed, and pursued extreme 
values for integrals (often named functionals). Its first section asserts 
that “since the fabric of the universe is most perfect, and is the work of 
a most Wise Creator, nothing whatsoever takes place in the universe in 
which some relation of maximum and minimum does not appear.”” A 
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Figure 7.2. The title page of Euler’s Methodus inveniendi, 1744. 


letter of December 1745 to Maupertuis repeats Euler’s conclusion from 
the Methodus inveniendi that “in the natural course of movements there 
is a constant maximum or minimum, and I have determined... that all 
trajectory curves, and all bodies drawn toward a fixed center or mutu- 
ally drawn together have been so described.”™ The baroque title of the 
work derives from Euler’s perception of the new field as a Leibnizian ars 
inveniendi, or method of discovery.” Its twentieth-century editor Constan- 
tin Carathéodory called it “one of the most beautiful mathematical works 
ever written.” 

Through skillful organization in arranging more than a hundred 
increasingly complex problems in eleven categories and providing new 
direction and ideas in the Methodus inveniendi, Euler replaced the previ- 
ous ad hoc procedures for special case problems in the formative stage of 
the calculus of variations, instead offering standard differential equations 
for general solutions and giving techniques for reaching these equations. 
His work impressively extended and refined that of Brook Taylor, Jakob 
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Hermann, and Jakob and Johann I (Jean I) Bernoulli, and was the cul- 
mination of their efforts; Euler’s success where they had failed in creat- 
ing the new field magnified his reputation.” His methods were closest to 
Jakob (Jacques) Bernoulli’s in that they require two degrees of freedom 
to extremalize or optimize a curve. Euler’s attention to curves, including 
the tautochrone, isochrone, and brachistochrone, and his use of isoperim- 
etry, a subject popular in the late seventeenth century, kept the new field 
largely geometric. This was one of the several occasions on which Euler 
searched for a different solution for the brachistochrone problem. Chap- 
ter 3 of the Methodus invenendi generalizes this early optimization prob- 
lem, essentially finding sets of extremals, and section 45 provides the most 
elegant solution up to 1744, correcting Hermann’s solution of the bra- 
chistochrone problem in a resisting medium. Chapter 2 contains the vital 
innovation, the Euler differential equation or the first necessary condition 
for extremals (now known as the Euler-Lagrange Equation, it is the basic 
equation in the modern calculus of variations), and chapter 4 takes up the 
problem of its invariance, but Euler did not recognize that the equation 
was insufficient to guarantee an extremum.’ As was typical for Euler, he 
gave some hundred examples to illustrate its results. 

In “De curvis elasticis,” the first of two significant appendixes to the 
Methodus inveniendi that Daniel Bernoulli had proposed in a series of let- 
ters, Euler—over sixty-six pages with ninety-seven problems—presented the 
earliest study in print to employ the calculus of variations to solve problems 
in the theory of elastic curves and surfaces. It is thus the initial general tract 
on the mathematical theory of elasticity. To obtain his equations, Euler 
employed the methods of final causes and efficient causes; these came ini- 
tially from Aristotle, and among others Leibniz had recently studied them. 
Final causes are teleological, giving the purpose or design of something 
and contrast with mechanical explanations, which Euler believed to draw 
upon existing variational principles. Closest to the modern definition of 
the term cause, efficient causes probe the properties of matter and mechan- 
ics explaining phenomena. Euler computed the shape of elastica from the 
forces of efficient causes, and checked to confirm that both approaches led 
to the same answer; without an appeal to both, the best explanations might 
not be reached. In his inventory of problems, Euler enumerated nine spe- 
cies of elastic curves and explained how elastic bands bend and oscillate. 

The appendix’s topics include the problem of the vibrating membrane, 
at the same time that Daniel Bernoulli was investigating the simpler vi- 
brating string. Euler’s buckling formula first appears here;* it determines 
the maximum critical load, now called the first elastostatic eigenvalue, 
which an ideal, slender, long rod pinned at its ends can carry before it 
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Figure 7.3. Euler’s sketches and two earlier basic curves (6 and 7) for “De curvis elasticis.” 


buckles. The critical axial load applied at its center of gravity needed to 
bend the rod depends upon the stiffness of its material and how the rod 
is supported at its ends, and it is proportional to the inverse square of the 
length of the rod. Euler also computed elastokinetic eigenvalues, eigenfre- 
quencies of oscillations of the rod’s transversal, and associated eigenfunc- 
tions, giving the shapes of a deformed rod. 

The other appendix, the ten-page “De motu projectorum in medio 
non resistente, per methodum maximorum ac minimorum determinando” 
(On the motion of bodies in a nonresisting medium determined by the 
method of maxima and minima), introduces a general form of the prin- 
ciple of least action and experimentally determines absolute elasticity.” 
His letters to Daniel Bernoulli show that by late 1738 Euler had mastered 
that principle. 

Euler was now devoting more time to astronomy. At midcentury, 
when the initial transformation of celestial mechanics into a modern exact 
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science was paramount in the mathematical sciences, its chief unanswered 
question was whether Newton’s inverse-square law of gravitational attrac- 
tion could exactly describe all astronomical motion. Observational and 
theoretical astronomers as well as geometers charted the precession of 
equinoxes; perturbations in the movement of planets and their satellites; 
inequalities in the mean motion of the two largest planets, Jupiter and 
Saturn; and the most urgent problem, the motion of the moon. The search 
was not easy; most of these calculations involved the difficult three-body 
problem, supposedly the only problem to have given Newton headaches. 
But this did not apply to the precession of equinoxes, which was a me- 
chanical problem because it lacked the principle of angular momentum. 
There were conflicting and inaccurate astronomical observations that 
would slightly slow the development of celestial mechanics for some, but 
the accuracy attained in the lunar theories of Clairaut, Euler, and Johann 
Tobias Mayer came rapidly. 


Figure 7.4. The frontispiece, with the solar system and comets, 
from Euler’s Theoria motuum planetarum et cometarum, 1744. 
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The year 1744 saw the publication of Euler’s second Berlin book, Theo- 
ria motuum planetarum et cometarum (Theory of the motions of planets and 
comets, E66), his first on astronomy.* This smaller, 187-page treatise was 
printed anonymously after another comet was sighted on 18 January, the 
fourth sighting since 13 December. Not one of Euler’s chief works, it was 
among the few translated into German; Johann von Paccassi’s translation 
was published in Vienna. Euler also penned two anonymous supplements 
that soon followed its publication.*! 

The Theoria motuum begins with the orbit of Mercury and makes a 
table of the interpolations from the radius vector to compute eccentrici- 
ties more closely. Euler calculated the interpolations with logarithms, 
trigonometric functions, and fourth-degree roots. He developed the first 
differential equations for computing every point in the orbits of Earth and 
Mars. Thereby he illustrated new methods for examining planetary per- 
turbations. Using the latest telescopic observations, Euler differentiated 
comets from fixed stars and described the research of the time on both of 
them. While the mass of comets was still unknown, he found their orbits 
to be nearly parabolic ellipses and sought to devise functions for comput- 
ing each course element, including anomalies. A much elongated ellipse 
was assumed if comets were permanent. But Euler found their path closer 
to a parabola. Comparing accurate observations of the comet of 1742, 
constructing variations of similar ellipses and parabolas, and employing 
records concerning comets in 1743 and 1744, Euler revised and improved 
upon Jacques Cassini’s method for computing the time at which a comet 
reaches perihelion, its nearest point to the sun. After gathering the lat- 
est observations, Euler concentrated on formulating new differential 
equations that better traced the paths of comets. The application of his 
equations and formulas provided the most accurate computation of most 
points in the orbits of planets and comets to that time. But the Theoria mo- 
tuum also cites unresolved problems in constructing a precise, theoretical 
account for comets’ entire orbits; Euler recommended caution toward the 
belief that comets foretell the wrath of God, and rejected the notion—even 
though they could come close enough to do so—that they would ever de- 
stroy Earth, citing the Bible as denying that this could happen. 

This work was formulated entirely as a two-body problem and not the 
classical three-body problem that had drawn Euler’s interest as early as 
1730.” Until the nineteenth century, the book was fundamental for calcu- 
lating the orbits of planets and comets. It posed severe difficulties for the 
publisher Ambrose Haude in Berlin. A small but difficult work, it contains 
errors in the printing of computations and of some formulas; through 
footnotes, Euler attempted to correct many of these. 
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Among Euler’s articles in 1744 was the popular “Beantwortung ver- 
schiedener Fragen tiber die Beschaffenheit, Bewegung und Wiirckung der 
Cometen” (Answer to different questions concerning the nature, motion, 
and operation of comets, E67). Holding comets to be permanent rather 
than transient bodies, he insisted that they required further research that 
must include their tails, which he had depicted as dust particles driven 
from their cores by rays of the sun. In June he read a letter from Clairaut 
in Paris describing observations of comets made by Clairaut and Jacques 
Cassini. Euler’s paper on new astronomical tables, “Novae et correctae 
tabulae ad loca lunae” (New and correct tables for computing the loca- 
tion of the moon, E76), published after October 1745, considered for the 
first time the perturbations of the sun along with adding an overlooked 
correction to Johannes Kepler’s calculation of the position of the sun. 
The status of comets, Euler reiterated, was not yet resolved. This was a 
year after Daniel Bernoulli had sent Euler his improved equations for cal- 
culating the paths of comets based on Newtonian dynamics; Bernoulli’s 
letters for 1744 and 1745 also reported on the observations and comput- 
ing of the orbits of planets made by the young mathematician Philippe 
de Chéseaux in Lausanne, the possible influence of a comet on Mercury, 
and the transit of Venus, the so-called holy grail of astronomy. Since the 
orbital plane of Venus is inclined with respect to the ecliptic, the planet 
does not annually pass directly between Earth and the disc of the sun 
with the effect of blocking the sun. Instead this phenomenon occurs in 
pairs about eight years apart, the pairings separated by more than a cen- 
tury; in the eighteenth century the dates were 1761 and 1769. In 1744-45, 
Euler developed new statistical methods to handle redundant data. These 
methods were more crucial than increasingly accurate observations and 
measurements of the transit to compute it more precisely. To make these 
observations astronomers employed better telescopes and chronometers 
as well as instruments with sighting wires. They now obtained the mean 
solar parallax and, from this, calculated for the first time in Earth mea- 
surements the exact distance of Earth from the sun. 

In 1745 Empress Elizabeth’s allocation of 6,000 rubles for a new ob- 
servatory heartened Euler. He had—independently of Clairaut and Jean- 
Baptiste le Rond d’'Alembert—been investigating lunar motion, and had 
made corrections to Gottfried Wilhelm Heinsius’s lunar tables. In Decem- 
ber 1745 Euler sent the improved tables to Saint Petersburg and to Hein- 
sius, who had moved from the Petersburg Academy to the University of 
Leipzig the previous year. In these tables Euler computed with differential 
equations the perihelion and the inclination (obliquity) of the ecliptic. 
Applying new statistical methods and physical principles that he devised 
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Figure 7.5. The title page of Euler’s Neue Grundsdtze der Artillerie, 1745. 


in 1744-45, along with superior skill in the calculus of trigonometric func- 
tions and newly derived inequalities and improved observations, Euler 
was able to compute “Tabulae astronomicae solis & lunae” (Solar and 
[new] lunar astronomical tables, E87); this treatise, with its improvements 
for lunar motion, was published in 1746 as part of his Opuscula varii argu- 
menti, part 1. 

Euler’s third book in Berlin, Neue Grundsdtze der Artillerie (E77), was 
published in 1745. In this edited version of Benjamin Robins’s New Prin- 
ciples of Gunnery of 1742, Euler added many explanatory annotations, criti- 
cisms and corrections of analytical errors, appendixes, and materials on 
explosives and artillery that were missing in the original. The result was 
a book of 720 pages, almost five times longer than Robins’s original.* 
Where Robins’s book was simply a “little budget of rules, experiments, 
and guesses,” Euler’s Neue Grundsdtze der Artillerie—although imperfect— 
was a beginning toward transforming the collection of separate rules, thus 
making it the initial scientific treatise on gunnery. 
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In this project Euler began by stressing practical details and nu- 
merical computations rather than guiding principles. The problem of the 
curved paths of projectiles still remained a challenge that he mistakenly 
believed Newton had solved. Like Newton, he investigated resistance to 
projectiles in the air or any fluid, including rarefied fluids that do not 
exist. Johann I (Jean I) Bernoulli had tried to find whether it was to v or 
to v’ that the air resistance was proportional, and Taylor underestimated 
it at higher speeds. (That rarefied fluids are absent from our physical 
world did not prevent Euler from making possible a case for his theory 
as well as computations for it. Among mathematicians, ventures into the 
purely theoretical are not uncommon.) Still lacking a general formula for 
air resistance, Euler computed its effect through a combination of rules; 
from this work he found that only at higher velocities does back pressure 
not exist on a projectile. At lower speeds, his techniques underestimated 
air resistance. In examining how different temperatures influence the 
compression of air, Euler developed what are called thermal equations 
of state. For gaseous substances, these gave for an enclosed space the 
variable volume and varying pressure recorded at different temperatures; 
Euler recognized that there might be more than fifty variables in the 
equations. Euler’s study was a matter more of mathematics and specula- 
tive natural philosophy. 

With the Neue Grundsdtze and a series of four articles to 1753, Euler de- 
veloped the first accurate differential equations for ballistic motion in the 
atmosphere. Taking delight in these equations, Euler placed within cal- 
culus his computations for ballistic curves. In better arranging the field, 
he divided trajectories into families and integrated them as combinations 
of muzzle velocity, angle of elevation, and air resistance. His simpler ap- 
proximation theories in ballistics were an advance, but did not compare 
in difficulty with the attempt to devise closer approximations for the prob- 
lem in astronomy of three mutually gravitating bodies. 

While its concentration was on internal ballistics, the Neue Grundsdtze 
also depended on chemical science; it opened with a study of the nature 
of air and fire and a theory of fluids, and referred to Daniel Bernoulli’s 
“incomparable Hydrodynamica.” Euler’s study of ballistics—for which, in 
September 1745, Johann I Bernoulli wrote to him making critical obser- 
vations—benefited from the cooperation of artillery field marshal Count 
Samuel von Schmettau, and it was to Schmettau’s advantage that the 
project fitted into Euler’s larger research program. Publishing it as one 
of his few books in German rather than Latin or French shows that it was 
intended mainly to improve the competency of lower military officers. 
Euler had written extensively on the subject in recent years; this suggests 
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ongoing pressure for the project from the royal court. For over a half cen- 
tury, no work in artillery superior to the Neue Grundsdtze appeared. 

In addition to making extensive applications, Euler continued to set 
forth the foundations and rules for differential calculus. By mid-1744, for 
example, in what would appear in book 1, chapter 6 of his Introductio, he 
defined in detail—and more neatly than had previously been done—the 
logarithm function as the inverse of the exponential; he made this defini- 
tion popular for the first time in history. But his account of the logarithm 
function was incomplete, applying only to positive real numbers. After 
noting in paragraph 103 of chapter 6 that the logarithm of a negative num- 
ber is an imaginary number—that is, a complex number—in book 2, chap- 
ter 21 he cited paradoxes that made it difficult to extend these to the set of 
all complex numbers. As his correspondence with d'Alembert indicates, in 
two years he had removed these impediments. As 1746 approached, Euler 
must have been intensely engaged in developing for differential calculus 
underlying concepts that remained to be discovered in the provision of 
clear definitions and fundamental principles. Among other subjects, his 
studies examined infinite series, differentials, the distinction between “ab- 
solutely nothing and a special order of quantities infinitely small,” and the 
character and properties of algebraic and transcendental functions; the re- 
sults were published in his Institutiones calculi differentialis (E212) of 1755. 

In the mid-1740s his research on Pierre de Fermat’s conjectures moved 
Euler slowly toward the law of quadratic reciprocity in number theory. He 
continued to be drawn to the depth of the reasoning in number theory 
and saw it as an important field in mathematics; it was a major component 
in his efforts to reach across the whole of mathematics. Sometimes over- 
looked, his “Theoremata circa divisores numerorum in hac forma paa + 
gbb contentorum” (Theorems about divisors of numbers contained in the 
form paa + qbb, E164),* his tenth paper on number theory, was published 
in 1751 (in the volume for 1744-46 of the Petersburg Academy’s Com- 
mentarii). Building upon Goldbach’s letter of 28 August 1742, its results 
relate to factors in the law of quadratic reciprocity. Euler gave fifty-nine 
statements that he called theorems, offering them without proofs, and he 
arrived at them apparently by inductive reference. Over the next decade, 
he provided the missing proofs. Some theorems were simple, others took 
his great genius to grasp. After the first theorem, Euler gave all except 
for one in groups of three. The second insists that all prime divisors have 
this form; and the third is the contrapositive of the first. These theorems 
give Euler’s criterion for when integers a and odd prime p have quadratic 
residue modulo p or quadratic nonresidue modulo p. Quadratic residues 
are perfect squares, modulo p. He also probed properties of sums of two 
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squares. In this research Euler demonstrated great computational skills 
and he identified patterns in the vast array of numbers. ‘That half of his 
eventual ninety-six papers on number theory were published only post- 
humously suggests that the subject had not yet been highly regarded in 
mathematics. 

From 1744 to 1746 Euler was increasingly interested in optics. During 
his career he would spend thirty years investigating its nature and devel- 
oping differential equations that could be applied in making achromatic 
objectives and multiple lenses for the improvement of telescopes.** He 
wanted to provide a new theory of light and colors that explained all opti- 
cal phenomena most clearly and avoided the difficulties hampering some 
other theories. At the academy he presented in 1744 his “Dissertation sur 
la lumiére et les couleurs” (Dissertation on light and colors)—that is, his 
“Pensées”—in which he repeated that he found Newton’s corpuscular the- 
ory of light unsatisfactory; it was a position he had held for a decade, but 
he did not yet treat in detail his new pulse theory. Afterward he worked 
diligently on his “Nova theoria lucis & colorum” (New theory of light and 
colors, E88), which was published in 1746. 


Contacts with the Petersburg Academy of Sciences 


Even years after leaving Saint Petersburg, Euler corresponded with Pe- 
tersburg academicians on an array of scientific subjects (prominent 
among them was astronomy); he also recommended candidates to replace 
members who had left. Among Euler’s recommendations for membership 
in the Russian Academy were Ludwig Wenz from Basel (to replace Hein- 
sius in astronomy), Johann Samuel Konig from Bern (to replace Georg 
Wolfgang Krafft in mathematics), and Jean-Philippe Loys de Chésaux (to 
replace Delisle in astronomy), but none of the three was accepted. A let- 
ter in September 1744 to Johann Schumacher conveys Euler’s pleasure in 
separate visits that August from Heinsius and Krafft,*” who were now at 
the University of Leipzig and the University of Tubingen, respectively. 
On 23 June Heinsius had arrived in Riga while on his way to Berlin. When 
news reached the Wittenberg mathematician Johann Friedrich Weidler, 
who was trying to hire Heinsius, he sent Euler a note asking him to pass 
on an enclosed invitation to Heinsius to stop in Wittenberg.” 

In Berlin Euler instructed a generation of Russian mathematicians, 
natural philosophers, and astronomers. They were probably included, as 
many as nine members at a time, in dinner table gatherings at the Eulers’ 
home in the early phase of what has been called the Tischgesellschaft (table 
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society). Notable among the scholars from Russia was Stepan Jakolevi¢ 
Rumovskij, who lived with the Euler family in 1744-45 and again in 
1754-56,” writing of his first stay that Euler had “made our visit in Berlin 
extremely pleasant and useful.”*° The mathematicians Semjon Kirillovié 
Kotel’nikov and Mikhail Ivanovié Sofronov, as well as the astronomer Ni- 
kita Ivanovich Popov, studied with Euler while there. Euler’s son Johann 
Albrecht was his most gifted student; the same age as Rumovskij, he prob- 
ably took some instruction alongside the Russian youth." The subjects 
that Euler taught his son included Latin, geometry, and mathematics; Jo- 
hann Albrecht made such rapid progress in mathematics that at the age 
of twenty he was to be named a member of the Berlin Academy. Through 
Euler’s instruction, these five men greatly improved their knowledge and 
computational skills, especially in calculus and mechanics. Subsequently, 
the four Russians were to become leading representatives of the sciences 
and of enlightened thought in their country. 

Although by 1735 James Jurin had turned his attack on the Leibnizian 
principle of the conservation of vis viva away from the Petersburg Academy 
of Sciences to Johann I and Daniel Bernoulli, in 1744 Jurin sent to that in- 
stitution a belligerent forty-eight-page pamphlet titled De conservatione vir- 
ium vivarum dissertatio (Dissertation on the conservation of vis viva) using 
the pseudonym Phileleutheri Londinensis (Freedom Lover of London). 
Jurin expressed a hostility shared by many British mathematicians toward 
their Continental colleagues that was growing out of the controversy over 
whether Leibniz or Newton deserved priority for the invention of calculus; 
he added a cultural nationalistic character to this dispute by particularly 
opposing “some Swiss philosophers”—that is, the Bernoullis—and declar- 
ing that “many, especially in England, detest [their hypotheses ].” Jurin was 
known at the Petersburg Academy, having opposed Georg Bilfinger on the 
subject of capillarity in 1730. At the academy conference on 21 September 
1744, Schumacher officially communicated the pamphlet’s contents. A ve- 
hement exchange followed there between Richmann and the physiologist 
Josias Weitbrecht. Richmann’s negative critique in support of Leibnizian 
ideas prompted Weitbrecht to defend Jurin in an article, “Notae ad ob- 
servationes Richmannis in Phileleutheri Londinensis dissertationem de 
conservatione virium vivarum” (Notes to the observations of Richmann in 
Phileleutheri Londinensis’s dissertation on the conservations of vis viva).” 
Richmann admitted that he did not understand many of Phileleutheri’s 
ideas. When the dispute persisted, the conference on 4 March 1745 decided 
to send the materials by Jurin, Richmann, and Weitbrecht to Euler, the 
scholar most learned on the subject. In November, Petersburg Academy 
secretary Winsheim asked Euler to be a referee between Weitbrecht and 
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Richmann in determining which arguments had more merit, and thereby 
to resolve an unpleasant internal dispute.” 

On 10 December Euler responded to Winsheim; his article “De la force 
de percussion et de sa véritable mesure” (Percussion and its true measure- 
ment, E82) for the first volume of the Berlin Academy’s Mémoires had criti- 
cized the principle of the conservation of vis viva. Euler contended that 
experience disproved it, but also argued that the criticism of the anony- 
mous London author, whom he knew to be Jurin, was shoddy. Euler’s 
letter to Winsheim began with a clear synopsis of the debate over Phileleu- 
theri’s article, also posing Richmann against Weitbrecht and Jurin. After 
referring to Phileleutheri’s extraordinary cunning, Euler pointed out his 
errors on inelastic collisions, general mechanics, fluid mechanics, and the 
theory of the composite pendulum. Johann I Bernoulli’s correct solutions 
in hydraulics and Daniel Bernoulli’s in hydrodynamics, Euler found, re- 
futed the views of Jurin, and he maintained that Richmann’s rebuttal of 
Jurin failed to uncover enough of the British polemicist’s errors.“ 

The reading of Euler’s letter in Latin at the meeting of the Petersburg 
Academy of Sciences on 10 January 1746 ended the debate, though Rich- 
man responded with a panegyric on the “glorious Leibniz.” Each side rec- 
ognized that it had handled the debate badly, and the authors asked that 
their papers in this dispute be removed from the academy records and 
returned to them. The archives, however, obtained these materials and 
would shortly publish them in a Russian translation. The general quarrel 
was not finished; from 1750 to 1753 it moved principally to Berlin in the 
conflict between Maupertuis and K6nig over the principle of least action. 

In the mid-1740s, Euler sent the Russian Academy of Sciences de- 
scriptions of experiments with electrical wands; the academy was simi- 
larly testing heat theory and the force of electricity. Richmann, who in 
1745 had succeeded Krafft as professor of physics and director of the 
physical laboratory at the academy, was studying electricity. One of his 
projects was investigating with Mikhail Lomonosov the dangerous effects 
of lightning. He did not limit himself to Leibniz’s rationalism and insisted 
on reliable experiments and observations to establish exact quantitative, 
phenomenological laws. In January 1745 Euler asked Schumacher to send 
copies of the Russian and German editions of his Einleitung zur Rechen- 
kunst (An introduction to arithmetic, E17), and in March he requested 
some of his letters and publications that had remained in Saint Peters- 
burg. Exploration and land mapping by the Russian Academy continued 
to draw his close attention. 

In 1745 without the approval of the academic conference, the Atlas 
Russicus (Russian atlas) was published in Russian and Latin, with the title 
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also given in French and German. It was the first atlas produced of Rus- 
sia, with a general map of the Russian Empire, thirteen smaller maps of 
its European regions and bordering lands, and six maps of Siberia. These 
expanded upon the cartography of Ivan Kirilov. They especially drew 
upon the many sophisticated astronomical observations of Delisle to de- 
termine longitude, together with accurate geodetic measurements and the 
strenuous efforts of Heinsius and Euler that brought out true geographic 
positions. Much of this came from scientific expeditions. The making of 
improved maps had been a chief assignment of the academy from its start. 
The atlas was a major force in the development of geography in Russia and 
interested cartographers, explorers, and some governments in other lands. 


Home, Chess, and the King 


The arrival of Charlotte in July 1744 had brought the size of the Euler 
family to seven; she was the last child to survive to adulthood. Euler’s 
happy home life was attended by health problems. Together with an in- 
termittent deterioration of his vision, he continued to suffer occasionally 
from fevers that at times became life-threatening. One of the worst came 
at the end of 1745, a time of intense work for Euler in founding the Royal 
Prussian Academy of Sciences as well as stress arising during his close 
study of land maps. 

In Berlin Euler had few relaxations. Playing the clavier was the fore- 
most, and he also invited composers to come to his house to give recitals 
of their new works. He was also becoming a talented chess player; chess 
was popular in Berlin, he wrote to Goldbach in Moscow, but most people 
there played it poorly. The extent of interest in chess in Berlin was shown 
in 1748, when Frederick IT played Voltaire; the game was probably on a 
board with sixty-four squares, eight by eight, as was used in Paris. (There 
were also at the time a ten by ten board and another that was fourteen by 
ten.) To improve his game, Euler found a skilled Jewish player and for 
some time took lessons from him. He advanced so quickly that he was 
soon able to get the better of his teacher in most of their matches. 

To 1746 Euler enjoyed royal favor in Prussia, though not warm rela- 
tions with Frederick II; as long as the monarch was engaged in the first 
two Silesian Wars against imperial Austria, he interfered little with Euler 
and his research. Euler’s claims in letters to the Petersburg Academy of 
Sciences notwithstanding, it appears that he was not overburdened with 
state projects, and life in Berlin pleased him. Perhaps recalling his inter- 
actions with Schumacher in Saint Petersburg, he had announced in 1742 
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that he “lived completely independently, receiving my pension entirely 
and depending on no bureaucrat.” In a letter written in January 1746, 
more than a year after submitting the manuscript for the Introductio in an- 
alysin infinitorum to the publisher, Euler remarked to his friend and fellow 
Basler Johann Kaspar Wettstein, the chaplain and librarian to the Prince 
of Wales, “After having left the Petersburg Imperial Academy, I have every 
reason to be satisfied with my lot. ... I can do just what I wish [in my 
research] and no one expects anything from me. The king calls me his pro- 
fessor [mon professeur| and I think I am the happiest man in the world.”* 
But Euler and Frederick had still not met; the king had been on military 
campaigns and would soon reside in Potsdam, while the commoner Euler 
was in Berlin. His relations with Frederick and the Berlin Academy were 
quickly to turn rougher. 


Chapter 8 


The Apogee Years, I: 
1746 to 1748 


Ly the period of tranquility that Prussia enjoyed in the late 1740s, 
which were also the early years of the trilingual Royal Academy of 
Sciences and Belles-Lettres, the European Enlightenment entered its high 
cultural phase. Paris flourished as the headquarters of advanced thought, 
and philosophes set about applying critical reason to fixed beliefs, seeking 
freedom of thought and action from absolutist royal courts, the church, 
and other traditional institutions; they attacked religious fanaticism as 
well as its attendant repressions and cruelty. Through pamphlets, broad- 
sheets, newspapers, encyclopedias, and satirical books the philosophes ad- 
dressed a growing reading public. Salons and academies entered the fray. 
Among the period’s canonical texts were Charles-Louis de Montesquieu’s 
De Vesprit des lois (On the spirit of laws), published in 1748; Voltaire’s satire 
Kadig (1747), ridiculing tyranny and quackery, and four years later Le siécle 
de Louis XIV, a leading early text in modern intellectual history, printed in 
Berlin to add prestige to Frederick II. Most noteworthy was Denis Dider- 
ot’s monumental twenty-cight-volume Encyclopédie, appearing between 
1751 and 1772;' both a reference work and a giant pamphlet, it consisted 
of seventeen volumes of text and eleven of plates on tools and manufac- 
turing processes of the time.” This bold work, part of which was coedited 
by Jean-Baptiste le Rond d'Alembert, was intended to organize a compen- 
dium of all new and previously attained knowledge and to “change the 
general way of thinking.” 

The title Encyclopédie: Dictionnaire raisonné des sciences, des arts et des mé- 
tiers (Encyclopedia: Systematic dictionary of the sciences, arts, and crafts) 
and its frontispiece give prominence to the sciences, especially to pure 
and mixed mathematics along with physicomathematics, but the centu- 
ry’s progress in the sciences lagged behind that in other fields. In addition 
to confirming Newtonian dynamics on the tides, the shape of Earth, and 
the orbits of comets, the moon, and the planets, geometers as well as as- 
tronomers and natural philosophers devised and successfully applied dif- 
ferential equations to mechanics and astronomy, transforming them into 
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Figure 8.1. The frontispiece to the first volume of Denis Diderot’s Encyclopédie, 1751. 
The description of the frontispiece reads as follows: 


“Beneath a Temple of Ionic Architecture, Sanctuary of Truth, we see Truth wrapped in a veil, 
radiant with a light that parts the clouds and disperses them. 


On the right of Truth, Reason and Philosophy are engaged, the one in lifting the veil from 
Truth, the other in pulling it away. 


At her feet, kneeling Theology, receives her light from on high. 


Following the line of figures, we see grouped on the same side Memory, and Ancient and 
Modern History; History is writing the annals, and Time serves as a support for her. 


Grouped below are Geometry, Astronomy, and Physics. 

The figures below this group show Optics, Botany, Chemistry, and Agriculture. 

At the bottom are several Arts and Professions that originate from the Sciences. 

On the left of Truth, we see Imagination, who is preparing to adorn and crown Truth. 


Beneath Imagination, the Artist has placed the different genres of Poetry: Epic, Dramatic, 
Satiric, and Pastoral. 


Next come the other Arts of Imitation: Music, Painting, Sculpture, and Architecture.” 
(Diderot, 1967, p. viii.) 


1746 to 1748 241 


modern exact sciences. Among the savants themselves and wider society, 
these accomplishments helped gain confidence in the power of reason. 

At midcentury Leonhard Euler was at the peak of his career. Johann I 
(Jean I) Bernoulli had saluted him as “[t]he incomparable L. Euler, the 
prince among mathematicians” in 1745, and Henri Poincaré’s later de- 
scription of him as the “god of mathematics” attests to his supremacy in 
the mathematical sciences. Euler continued to center his research on mak- 
ing seminal contributions to differential and integral calculus and rational 
mechanics, and producing substantial advances in astronomy, hydrody- 
namics, and geometrical optics; the state projects of Frederick IT required 
attention especially to hydraulics, cartography, lotteries, and turbines.* 
At midcentury, when d'Alembert and Alexis Claude Clairaut in Paris, 
Euler in Berlin, Colin Maclaurin in Scotland, and Daniel Bernoulli in 
Basel dominated the physical sciences, Euler was their presiding genius. 
Pierre Maupertuis in Berlin, Mikhail Lomonosov in Saint Petersburg, and 
Gabriel Cramer in Geneva played lesser but still significant parts. In the 
late 1740s competition among these savants became increasingly intense, 
and usually it did not pit one against all others. Bernoulli, for example, 
disputed d'Alembert while Euler initially refrained from doing so, and 
Bernoulli, Clairaut, and Euler occasionally faced d’Alembert as a com- 
mon opponent. Their spirited rivalries would produce a break between 
Euler and d'Alembert, and Euler also apparently had strained relations 
with Clairaut and Bernoulli. Extending his influence beyond the acad- 
emy, Euler also criticized Wolffian philosophy and science in Prussia dur- 
ing the German Aufkldrung (Enlightenment) just before Immanuel Kant’s 
critical period. 


The Start of the New Royal Academy 


As 1746 began, the positions of Maupertuis and Euler, the two members 
most important to the new academy of sciences, which was in part a re- 
organization of its predecessor, remained to be clarified and a new con- 
stitution for it had to be completed. Keenly aware of the poor condition 
of the academy, believing the sciences there were “in a state of collapse 
and humility” and recognizing the awkwardness and frailty of his position 
of foreign outsider, Maupertuis argued that only a strong president with 
powers invested explicitly in him by the king could honorably improve 
the situation under what he called “the reign of Augustus.” Maupertuis, 
sensitive to rank and status within the king’s court, requested on 5 Janu- 
ary that Frederick remedy what he called the “contradictions and disaf- 
fections” within the chain of command in the academy administration. 
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Especially missing were specific details about the powers of the president. 
Maupertuis refused to be subordinate to noble minister-curators and high 
military officers or to have a lower rank than state ministers, and he wanted 
to control salaries and all other fiscal matters. His authority, he thought, 
was not yet clearly spelled out. The king ordered him to prepare statutes 
that drew upon the model of the Paris Academy of Sciences; surely Mau- 
pertuis consulted Euler, but the statutes he wrote went directly counter to 
the partly democratic model that Euler favored and the Nouvelle Societé 
littéraire had embodied. 

On 3 February the academy elected Euler to replace Abraham von 
Humbert as director of the mathematics department. The office, like that 
of all other directors as well as curators and the president, was for life. 
It had taken Euler five years to attain this position, which had been the 
reason for his original recruitment. As director of the mathematics depart- 
ment he had to lead the new observatory and manage its construction 
(which would not be completed until 1752). It was being built above the 
royal stables, damaged by fire a decade earlier. The foul odors, the astron- 
omers were to complain, hampered their work, and the moisture damaged 
their instruments. As a member of the academy’s directory Euler served 
on the editorial board of the Mémoires, selecting and editing articles, and 
he supervised the library. Euler was also to prepare the calendars, alma- 
nacs, and geographical maps, which were the main sources of funding for 
the academy, and to arrange for their distribution. Together with Johann 
Gottlieb Gleditsch he also supervised the botanical gardens. Aiding Fred- 
erick’s efforts to invigorate Prussian industry, the academy managed the 
large mulberry plantation outside Berlin. Gleditsch tested ways to cul- 
tivate silkworms and trees, and in order to beautify the area around the 
Berlin Academy, Euler ordered vibrant trees to line its wide avenues.° 

Although on 3 March the academy inaugurated Maupertuis as presi- 
dent for life, Frederick had not yet signed the official document appoint- 
ing him. A week later the statutes of the academy, the Reglement, appeared 
and were scheduled for reading at its general assembly meeting on 2 June. 
The eighth and thirteenth statutes made Maupertuis an autocrat in Prus- 
sia within the sciences. As president he was set above all others in the 
academy of whatever civil or military rank, even marshal and count Sam- 
uel von Schmettau and the three minister-curators, and he had final say 
in managing all economic business. He could set salaries, abolish small 
positions that he thought lacked merit, and control every other fiscal deci- 
sion, all of which preempted the chief function of the curators. Nothing 
was to be done “except by his orders.” In an added handwritten amend- 
ment to the statutes, his /ettres patentes, Frederick gave exceptional powers 
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to Maupertuis, likening him to a general who though only of gentry status 
“command{[ed | dukes and princes in an army, without anyone’s taking of- 
fense.” He could command them also in the academy. In a letter in June 
1746 to Daniel Bernoulli, Maupertuis’s father René Moreau de Mauper- 
tuis boasted of his son’s new position as unprecedented in the republic of 
letters, “a thing... never... seen before,” and his son found the king’s 
rulings “so flattering to me that they make me blush.” 

At the general assembly meeting of the academy on 2 June, the new 
constitution was read. It separated the academy into four departments 
that slightly modified the divisions of 1744: experimental philosophy 
under Johann Theodor Eller, and behind it in rank mathematics directed 
by Euler, speculative philosophy with Johann Philipp Heinius as its head, 
and belles-lettres under pastor Jakob Elsner and Jean-Baptiste de Boyer, 
Marquis d’Argens, all of whom were elected for life. Together chemistry, 
anatomy, botany, and all natural sciences founded on experience com- 
prised what was known as experimental philosophy. Since all of these had 
been classified under physics, the major change was in its title. To the geo- 
metric, mechanical, and astronomical fields of old mathematics the new 
regulations added algebra and all sciences that sought abstract theories 
and numerical bases. The most important change in organization was giv- 
ing structural form and substance to the speculative philosophy depart- 
ment, the title that Maupertuis assigned it. He had found the old society’s 
philosophy department inadequate in metaphysics, which he believed 
was essential to scientific research. That accorded with Gottfried Wilhelm 
Leibniz’s view of metaphysics; Jean-Henri-Samuel Formey, describing it 
as “the mother and queen of the sciences . . . the source of evidence and 
certitude in our knowledge,”’ depicted Christian Wolff as employing it to 
overthrow the Philippist Scholastics and build a new culture of science. 
Changing the name to speculative philosophy, Maupertuis required that 
the strict formal logic of metaphysics and theology be used to construct 
a dogmatic rational philosophy but cautioned against claiming that this 
research had the same degree of certainty as theoretical mathematics. 
The speculative philosophy department studied the supreme being, the 
human spirit, and the smallest component of matter, and it no longer ex- 
cluded physics, as had the old philosophy department. Appearing now in 
each of the other three departments, as Euler wanted, were belles-lettres, 
which replaced philology. Modern academic specialization did not yet 
exist; belief persisted in a discoverable unity of all knowledge. Embrac- 
ing antiquities, history, and languages but not inscriptions and medals, 
belles-lettres were listed occasionally as the historical and philological sec- 
tion of study. 
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The academy was modest in size. As regular members, each depart- 
ment had three salaried members, three associates, and three veteran 
members. In addition, there were sixteen noble honorary members and 
an open number of foreign associates selected solely on the basis of their 
scientific achievement. Generally the honorary members and French émi- 
grés met separately from the rest. By 1747 these two groups of the institu- 
tion were in Potsdam. Residing mainly in Berlin with his wife and having 
living quarters at the Sanssouci palace in Potsdam enabled Maupertuis 
to keep close to both groups. Plenary sessions were held every Thursday. 
Through the 1760s, most of these had an attendance of fourteen to twenty 
members. The academy was to continue awarding an annual prize, but 
in a departure from earlier practice the academicians were not allowed to 
submit papers to it. 

By ceding his chair, the presiding noble-curator Kaspar Wilhelm 
von Borcke on 2 June reluctantly turned over authority in the academy 
to his in-law Maupertuis. The king had reviewed the statutes describing 
Maupertuis’s powers, and on 12 May he informed Maupertuis of his ac- 
ceptance of the new regulation; Frederick also sent the certificate of ap- 
pointment for the president. Still, the curators were unhappy with the 
change; one resigned, while Borcke withdrew from the academy for a 
time. In a letter in July 1746 to Maupertuis, Euler reported Borcke’s per- 
sisting unhappiness.® 

For the winning essay in the Royal Prussian Academy’s first prize 
competition, a committee headed by Euler and including Eller from ex- 
perimental philosophy and Augustin Nathanael Grischow, Abraham von 
Humbert, Johann Kies, and Johann Nathanael Lieberktthn from math- 
ematics selected dAlembert’s paper in French titled “Réflexions sur la 
cause générale des vents” (Reflections on the general cause of the winds, 
printed in 1747), the first work generally to apply partial differential equa- 
tions in mathematical physics. This was important to the development of 
infinitary analysis. While ordinary differential equations have only one in- 
dependent variable, partial differential equations extend calculus to many 
variables. The politically astute d'Alembert had written in his dedication 
(then known as a motto) for the paper a flowery compliment to Frederick 
II, who “distinguished by a [military] victory [in Silesia] in the eyes of the 
world, held out the branch of peace.”® D’Alembert’s attribution of wind 
patterns to effects of tides on the atmosphere was accurate, though he 
underestimated the impact of heat. In March Euler had informed Chris- 
tian Goldbach that this paper was “sufficiently above all the others in 
the importance of its considerations to be worthy of the prize.”’° Euler 
was later to use his superior computational skills to improve upon the 
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essay’s equations and perfect d’Alembert’s techniques, an early instance 
of his refinement of the work of others. The awarding at its first meeting 
of its annual prize for 1746 to d’Alembert (see figure 8.3, page 258), who 
was relatively young but a rapidly rising member of the Royal Academy 
of Sciences in Paris, and the fact that he was chosen by his good friend 
Maupertuis to be a foreign member (and was then elected unanimously) 
further enhanced the Royal Prussian Academy’s stature. 

One competitor was unhappy with the decision; Daniel Bernoulli had 
believed that Euler had all but promised him the prize. The papers had 
to be anonymous, but in revealing to Euler the motto on his paper Ber- 
noulli intended to ensure that Euler would pick him as the winner. He was 
outraged to lose to the “impertinent and puerile youngster” and judged 
d’Alembert’s paper weak and the decision absurd; his admiration for 
d’Alembert’s dynamics did not extend to the Frenchman’s ideas in fluid 
mechanics. To 1750 the prize decision would somewhat strain relations 
between Euler and Bernoulli, his best friend, who also partly blamed 
Maupertuis. Finding him two-faced, Bernoulli wrote to Euler, “when 
Maupertuis is talking to d'Alembert, then you and Mssr. Clairaut are 
only the gods of minor men, while d'Alembert is raised to an Apollo from 
whom all knowledge flows as from a true source, but when he talks to me 
he says [d'Alembert] is the joke of everybody because of his mechanics.” 

Moving quickly after 2 June to win greater prestige, at its second meet- 
ing a week later the Royal Prussian Academy of Science and Belles-Lettres 
unanimously elected as foreign associates Charles Marie de la Condamine 
and Voltaire. Initially unimpressed with Formey, the likely candidate for 
standing secretary who lacked the exuberance and wit valued at Freder- 
ick’s court, Maupertuis at this session gained approval for an offer to his 
friend Johann II (Jean IT) Bernoulli to fill that post, but Bernoulli was un- 
interested.'! Neither was Maupertuis to be successful in a future invitation 
to Johann II to be director of the department in experimental philosophy 
(physics). Through his diligence, learning, and French Calvinist leader- 
ship, Formey was shortly to be appointed secretary. 

The Royal Prussian Academy had separate protocols for the election 
of new members and foreign associates; both required being nominated 
by Maupertuis and approved by the king. The usual protocol involved ac- 
ademicians speaking with Maupertuis directly about a name for the list of 
candidates that he submitted to the assembly. After eight days, the votes 
of all members were collected, and a candidate winning a majority gained 
the post. Euler considered more honorable an alternate protocol that gave 
greater deference to candidates: Maupertuis would present a list of nomi- 
nees to the assembly, which voted by acclamation. Under both procedures 
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Maupertuis always got all candidates that he wanted. Except in a few 
cases of French philosophes, Maupertuis sought Euler’s recommendations 
for ordinary members and foreign associates. His advice was decisive. 

On 23 June the academy gained further standing when Maupertuis 
on behalf of Frederick announced that the king had proclaimed himself 
the protector of the institution.” Since the monarch had refused to be 
the protector earlier under the curators, Maupertuis took this develop- 
ment as testifying to the king’s personal respect for him. Although Fred- 
erick attended no meetings, he liked to assert as late as 1753 that he was 
an Académicien who submitted historical and philosophical papers and 
occasionally eulogies. These appeared anonymously, for the king’s name 
could not be given on these, but readers knew who the author was. All of 
these actions served to give him credentials for being a philosopher king 
and burnished his reputation. Maupertuis enjoyed his full confidence and 
favor; Frederick’s letters called its Catholic president “the pope of our 
academy” and confirmed Maupertuis’s dominance there. That Frederick 
expected princes and court nobility to attend public sessions was yet an- 
other way of promoting the status of the academy. The institution was to 
remain close to the king, celebrating his birthday yearly and designing 
medals to commemorate his reforms and military victories. The discover- 
ies of Euler, the presidency of the energetic Maupertuis, the new consti- 
tution, the strong support of the monarch, and the awarding of its 1746 
prize to the respected d’Alembert all placed the Royal Prussian Academy 
prominently alongside the three other leading royal science institutions in 
Paris, London, and Saint Petersburg. 

On 30 June the academy approved a distinguished array of foreign as- 
sociates, including Britain’s royal astronomer James Bradley; the antiquar- 
ian Martin Folkes, president of the Royal Society in London; the imperial 
Austrian astronomer Giovanni Jacopo Marinoni; Charles-Louis de Mon- 
tesquieu of the Royal Academy of Sciences in Paris; the Utrecht math- 
ematician Pieter van Musschenbroek; Uppsala’s famous botanist Carol 
Linnaeus; and the Scottish mathematician James Stirling. Maupertuis, 
who had proposed this foreign associate list in consultation with Euler, 
was absent for the election, having received news before 30 June of the 
sudden illness and death of his father René Moreau, who had managed 
investments for his son and the Bernoullis.’* Apparently guilt-stricken at 
not seeing his father earlier, Maupertuis immediately departed, arriving 
in Paris in early July and proceeded to Saint Malo, where he remained 
for four months. Maupertuis designated as acting vice president the royal 
physician Johann Theodor Eller, the director of the experimental phi- 
losophy department, which was first in rank at the academy. Maupertuis 
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returned to Berlin and Potsdam in October and remained there to the 
winter of 1748; his primary residence was with his wife in Berlin. 

In 1746 the academy gained more financial support from the king 
when a royal edict forbade the importation of foreign almanacs. The next 
year excise officials were given supervision over the sale of all maps from 
the academy, and they were responsible for making sure that the maps 
had all the requisite tax stamps on them. Nonetheless, even with this as- 
sistance the collection of revenues was insufficient to provide complete 
funding for the institution. 


The Monadic Dispute, Court Relations, and Accolades 


At the academy’s first meeting in June 1746, Formey announced the topic 
for the prize competition for 1747: the monadic doctrine. As one of the 
first official acts of the new academy, the naming of this topic produced 
a major fissure, for it placed Euler against the Wolffian philosophers who 
dominated in German universities. 

Among natural philosophers, who were widely investigating the 
theory of matter, most Western scholars accepted Isaac Newton’s hard, 
indivisible, passive atoms as the smallest component of matter while the 
monadic doctrine, the core of the Leibnizian philosophy, postulated ani- 
mate, elastic, immaterial, and metaphysical points of energy. The word 
monad seems to have come from the term for point in Euclid’s Elements 
and may reflect John Dee’s Mona hieroglyphica of 1564, which describes a 
progression from points to monads to matter. In the physical world Leib- 
niz had metaphysical monads be geometric points, infinitely divisible. His 
article “Systeme nouveau de la nature et de la communication des sub- 
stances” in the Journal des Scavans for June 1695 had rejected the concept 
of passive, perfectly hard atoms, calling the idea contradictory to the law 
of continuity, the principle that “in nature everything goes by degrees and 
nothing by jumps or leaps” (natura non fecit saltum). Monads, he posited, 
were endowed with two forces: active vis motrix and passive inertia; they 
had a tendency, conatus, to be in motion. The changeability of monads ac- 
counted for continuous motion in dynamics, and their elasticity allowed 
for the conservation of vis viva in collisions. Drawing upon this thought 
and his own differential calculus, Leibniz resolved the seeming paradox 
between his infinitely divisible monads and continuity in nature. In the 
labyrinth of the continuum, he believed, reason went awry. Dynamics was 
the gateway to Leibniz’s metaphysics; aggregates of monads generated 
extended matter. 
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Though generally agreeing with Leibniz, Wolff and his followers gave 
monads lesser importance, redefining them as either immaterial souls or 
generally indivisible—but not passive—atoms, and the Wolffians appealed 
to metaphysics for justification. Their special metaphysics, which included 
cosmology, defined connections in the cosmos as rational and mechanical. 
The literati generally did not accept astrological fatalism, but Wolff’s re- 
ligious critics charged that his physics, together with Leibniz’s preestab- 
lished harmony, led to determinism and possibly fatalism. To counter the 
charge, Wolff embraced a physicotheology portraying the universe as an 
organic clock or natural automaton, having a soul in its teleology. 

In Prussia opponents of monads faced hurdles beyond the sciences; 
they had to confront a widespread perception of metaphysics as—without 
contradiction—the mother of the other sciences. Formey’s statement in the 
preface to the Mémoires (dated 1746 but actually published late in 1745) 
that metaphysics provides the theoretical basis for the most general laws, 
the source of evidence, and the foundation for certitude in our knowledge 
had wide support among Prussian scholars. Few Parisian savants shared 
such convictions, however. Another problem for critics of monads was 
that half the Royal Prussian Academy’s members were in belles-lettres and 
not the sciences, and were therefore receptive to the element of mystery 
and poetry in the monadic doctrine. 

Questions about the properties of the least parts of matter were not 
new to Euler, who like his teacher Johann I Bernoulli and later his friend 
Maupertuis admired the “great Leibniz” and was most at odds with the 
Wolffian rendering of his ideas. The subject had appeared in Euler’s essay 
“Recherches physiques sur la nature des moindres parties de la matiére” 
(Physical research on the nature of the least parts of water), read to the 
academy in 1744." The topic continued in his writings until at least 1750. 

Emulating the Paris Academy, Maupertuis in cosmopolitan fashion 
drew into the prize competition scholars from the larger republic of let- 
ters in Berlin, the Prussian provinces, and abroad; any savant outside the 
academy could submit an essay. The names of authors were not placed on 
the papers, and judgment was supposed to be blind. A sealed envelope 
accompanying each paper had the same motto or pseudonym on the exte- 
rior as the paper and held a key identifying the author. The winner would 
receive a gold medal worth fifty ducats, and the academy was to publish 
his essay.’ The academy instructed contestants to examine the monadic 
doctrine in a clear and exact manner and either refute it with solid argu- 
ments that couldn’t be countered or deduce from it the major physical 
phenomena of the universe, giving particular attention to the origin and 
motion of bodies." 
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Maupertuis wanted the academy to be an impartial arbiter and not 
fixed to a particular philosophical dogma. But that was not to be. Since 
the writings in the early monadic dispute were in German, the academy 
president did not keep abreast of the dispute until he hired translators and 
spoke with informed German scholars. Led by Formey, who was aided by 
Heinius and Philippe Joseph de Jariges, the Wolffians and their partisans 
at the academy enjoyed superior numbers. Euler was a powerful enemy of 
this doctrine, and it was Frederick’s hope that he would follow Mauper- 
tuis’s neutrality and moderation; conversely it was Maupertuis, unread in 
the writings of Leibniz and Wolff, who was shortly won over to agree with 
Euler and the Newtonians. 

Recognizing that literate circles not only in Berlin but across the cul- 
tured European world were closely following the debate, Maupertuis and 
the academy quickly concluded that the competition was too important to 
have the judgment made by the speculative department alone. Acknowl- 
edging the consequences of the prize topic in the sciences and religion, 
Maupertuis at Euler’s prompting named a prize commission including 
members from all four departments. Formey and Heinius remained on 
the prize commission, while Maupertuis added members from the other 
three departments, appointing Euler, and at Euler’s urging the physician 
Johann Theodor Eller, the pastor August Friedrich Wilhelm Sack, and the 
astronomer Johann Kies. At its head he placed Count Albrecht Christoph 
zu Dohna, the grand chamberlain to the queen and the private secretary 
to the king.'” Like Euler, Dohna was a critic of Wolff. So while this expan- 
sion was intended to protect the competition from being accused of bias, 
throughout this debate Wolff viewed Euler as a puppet master. 

Soon after the announcement calling for submissions for the prize, 
Euler endeavored to show Wolff wrong, and in so doing he ignored an 
academy regulation that prohibited its directors from participating in 
its own prize competitions. He thus broke not only that rule but well- 
established etiquette and social behavior in the sciences when under a 
thin cloak of anonymity he struck the first blow with his brochure Ge- 
dancken von den Elementen der Cérper, in welchen das Lehr-Gebdude von den 
einfachen Dingen und Monaden gepriifet, und das wahre Wesen der Corper ent- 
deckt wird (Thoughts on the elements of bodies, in which the doctrine of 
simple things and monads is examined and the true essence of bodies is 
discovered, E81). The title of Euler’s pamphlet recalls Wolff’s Verniinftige 
Gedancken von Gott, der Welt, und der Seele des Menschen, auch allen Dingen 
tberhaupt (Rational thoughts on God, the world, and the soul of man, 
and all things whatsoever, 1720), whose chapter 6 he had rejected. The 
printer placed on the title page the Wolffian motto Sapere aude! (Dare to 
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know!), which later became—through Immanuel Kant—the motto of the 
Enlightenment. 

Employing the term molecules for the smallest units of matter, Euler 
drew on Newton to define as their basic and inseparable property not the 
extension René Descartes had assigned them but instead impenetrability.” 
(Impenetrability connotes that two bodies cannot occupy the same space 
at the same time; lacking inpenetrability, a vacuum is not a body.) Noting 
the infinite divisibility of monads in chapter 6 of Leibniz’s Monadology, 
Euler shortly before writing the brochure departed from his earlier posi- 
tion and accepted infinite divisibility as the other essential property for 
molecules. He set out his thought in a syllogism: “A geometric body is 
the abstraction of the material, connected to this as the general concept 
is to the special case. According to Euclid, a geometric body is infinitely 
divisible. Therefore, it must also be so for the material body.” Euler then 
synthesized the properties of impenetrability and passivity from Newton’s 
atoms, and infinite divisibility from Euclidean geometry and Leibniz’s 
monads, to form his hard and punctual molecules, which offered a dis- 
tinctive alternative to both. His main criticism was directed at the indi- 
visible and immaterial monads Wolff described. The most difficult point 
in Euler’s syllogistic proof, his attempt to reconcile impenetrability with 
infinite divisibility, was to establish the stipulation that abstract geometric 
concepts, in which the two characteristics coexisted, also applied to his 
physical molecules. Wolffians protested that infinity was a characteristic 
of God and not of matter, which Euler was attributing to it. This charge— 
a serious religious criticism in earlier times—he rejected as frivolous. 

Establishing the properties of the most elementary bodies, Euler ar- 
gued, could be accomplished only in the sciences. In demonstrating this 
he defined mass by Newton’s law of inertia and discussed uniform den- 
sity or specific gravity. Inertia, Euler believed, followed the principle of 
sufficient reason, which Johann I Bernoulli had made the foundational 
principle of classical mechanics. In being animate and possessing an 
inner force—the conatus, which made them inclined to change their state— 
monads were said to violate inertia. As already noted, Leibniz had intro- 
duced the conatus to resolve Zeno’s paradoxes of motion by providing for 
continuous motion as opposed to dividing spatial distances into an infi- 
nite number of parts. The paradoxes suggested that this was impossible, 
as was locomotion. In the case of the hare chasing the tortoise, the hare 
would never catch up because it would have to pass through an infinite 
number of points. The mistaken implication was that the sums of infinite 
series were infinite. But the animate monads do not conform to the laws 
of mechanics, which made it impossible to verify them empirically and 
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quantify their role in motion. How, Euler asked of monads, could spa- 
tially extended material bodies arise from the immaterial? He thought the 
doctrine to be a delusion of reason. 

The anonymity of Euler, who used the academy’s printers Ambrose 
Haude and Johann Karl Spener for the Gedancken von den Elementen der 
Cérper, fooled no one; surely he knew that German learned journals and 
universities with a strong Wolffian presence would respond. Supporters of 
Wolff were offended, and the competition provoked public controversy in 
German letters, pamphlets, journals, and the press. The quarrel brought 
out the extent of the intellectual separation of universities and journalists 
from the Prussian academy. Number 125 of Euler’s Lettres 4 une princesse 
d Allemagne (Letters to a German princess), which were written from 1760 
to 1762, describes the breadth and intensity of debate over monads in 
Berlin in 1747: “There was a time when the dispute respecting monads 
employed such general attention, and was conducted so heatedly, that it 
forced its way into all social circles, including the corps-de-garde. There was 
scarcely a single lady at court who had not declared herself for or against 
monads. In a word, all conversation touched on monads—no other sub- 
ject could find admission.”"’ This declaration, hyperbolic as it doubtless 
is, suggests that the Wolffians had continued Leibniz’s practice of corre- 
sponding with literate women about monads. 

In north German states, an institutional split emerged between the 
academy and the universities. Among the first of the numerous rebuttals 
that Euler’s pamphlet received was an anonymous essay by C. A. Kér- 
ber, who contended that neither Leibniz nor Wolff had maintained that 
monads comprise physical bodies or could induce motion. Kérber opined 
that Euler had not sufficiently read the philosophical texts to resolve this 
matter.” The Wolffian professor Johann Christoph Gottsched of the Uni- 
versity of Leipzig wrote in the Leipzig Review that for a distinguished acade- 
mician to deny the existence of monads and give directions for examining 
the question of elementary matter during a prize competition concerning 
them violated the impartiality of the institution. Likely Formey encour- 
aged Gottsched to publish this criticism. Both claimed that Euler in enter- 
ing the discussion violated the nonsubmission rule for regular members 
and the condition of impartiality required of an evenhanded competition 
in the contest. The Wolffians accused Euler of intrigues against them. 

In November 1746, Wolff wrote to Maupertuis from Halle condemn- 
ing Euler’s “impudent act of audacity”; he sent copies of two claimed refu- 
tations from the Leipzig Review and noted that other criticisms of Euler 
had appeared. His letter was in Latin, for he knew that Maupertuis would 
not understand German. Wolff perhaps assumed that Maupertuis was 
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ignorant of the Gedancken; otherwise he would have forbidden its publi- 
cation. Wolff declared himself duty bound to make sure that Maupertuis 
knew of the opposition to Euler in German universities. He refused to 
enter the dispute directly but decried the position of Euler, who “too over- 
powered by his favorable fortune [in mathematics], affects a certain su- 
premacy in the Republic of letters.” Wolff asserted that Euler’s pamphlet 
sought chiefly “to refute Leibniz and me”; he added that he “prefer[red] 
the insight of Leibniz in metaphysics and philosophy to the profundity 
of Euler.””! 

Maupertuis asked Formey to translate the Leipzig Review articles and 
other rebuttals. Formey emphasized passages critical of Euler for improp- 
erly opposing monads during the prize competition. As conversations, 
letters, and rumors on the controversy spread among German savants, 
Formey informed Maupertuis that there was nothing in the furor that he 
had a hand in. This was untrue, for Formey had begun corresponding 
with Gottsched in September and he assured fellow partisans of monads 
that however great Euler might be in the mathematics and the physical 
sciences his knowledge of metaphysics was not even superficial. In No- 
vember Formey apprised Maupertuis that French translations of the Ger- 
man texts in this debate were about to be published. The dispute would 
soon intensify. 

As Prussian courtiers saw it, more significant than the Wolffian com- 
ments were criticisms of Euler from Frederick II himself. The two were to 
have complex relations; though impressed with Euler’s accomplishments, 
the king and the court nobility faulted him for lacking in courtly manners, 
which had been defined in dictionaries since the seventeenth century, and 
for failing to display the sparkling wit required of the head of the royal 
academy. Being friendly was not a court grace, but fawning over the no- 
bility was. Against talented commoners rising in intellectual influence, the 
charge of being deficient in these courtly social manners was not unusual, 
and Euler was in good company: ‘The aristocracy had leveled the same 
charge against Galileo early in his career.” In a letter of October 1746 
Frederick’s brother, Crown Prince August Wilhelm, described his encoun- 
ter with Euler upon being introduced by Maupertuis. The prince found 
that while Euler through diligence and the application of his powerful 
logic had made a deserved name in the sciences, his appearance and som- 
ber demeanor darkened and hindered the recognition of his impressive 
qualities.* In his reply in October 1746 to August Wilhelm, Frederick 
disparaged Euler’s epigrams emanating from his construction of new 
curves, some from conic sections and others from astronomical measure- 
ments, and placed him among “the powerful calculators, commentators, 
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translators, and compilers... who are useful in the republic of science, 
but are anything but elegant.” The king offered Euler a compliment, call- 
ing him “a Doric column” in the essential foundation of the entire ed- 
ifice of the sciences, “unlike the [later and more elaborate] Corinthian 
columns, which are simply ornaments.”™ His disagreements with Euler 
would soon extend to matters of religion. 

Meanwhile, exploration and land mapping by the Petersburg Acad- 
emy of Sciences continued to draw Euler’s close attention. In 1745 the 
Atlas Russicus (Russian atlas) had been published, and by March 1746 
Euler received and evaluated it. That month he quickly wrote to Johann 
Schumacher from Berlin; he praised the able scientific, computational, 
and organizational activity always displayed by Joseph-Nicholas Delisle 
in working with the large number of astronomical observations, without 
whom their full value would have been lost. Euler believed that the atlas, 
especially with Gottfried Wilhelm Heinsius’s and his own labor in bring- 
ing data into correct explanations, put the geography of Russia ahead of 
that of Germany. While he later acknowledged that the atlas had errors, 
he would continue to praise it as he pursued more cartographic studies. 
Euler asked Schumacher to send him more copies of land maps. Delisle, 
who was not pleased with the atlas, sharply criticized it. 

In the summer of 1746 officials at the Petersburg Imperial Academy 
tried to persuade Euler to rejoin its ranks. The eighteen-year-old count 
Kirill Gregor’evich Razumovskij, the brother of Alexei Gregor’evich 
Razumovskij, Empress Elizabeth’s favorite at court, became its president 
in June, ostensibly for his talent and aptitude in the sciences. His tutor 
and secretary, the twenty-one-year-old botanist Grigorij Nikolaevich 
Teplov, rose to power as the new assessor of the academic chancellery, 
thereby controlling its finances. Along with the empress, both invited 
Euler to return. The departure of Heinsius and Georg Wolfgang Krafft in 
1744 and the imminent departure of Delisle had weakened the Petersburg 
Academy; reacquiring Euler, at the least for a certain time, was intended 
to start rehabilitating it. Teplov and Count Razumovskij personally knew 
Euler, having resided with him when they were his students from 1743 
to the summer of 1744 in Berlin, but both showed little interest in the 
academy. Embarking on trips through Europe, they were away from 
Saint Petersburg for long periods even before Count Razumovskij was 
appointed chief of Ukraine in 1750, and they left Schumacher in charge 
of the academy. 

Daniel Bernoulli fancifully suggested that Euler should go to Saint 
Petersburg for only two years, while Bernoulli would replace him in Ber- 
lin. But the Eulers had not forgotten the dangers of 1740 and 1741, and 
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Euler was pleased to be in Berlin, which made it advantageous for him 
to correspond with scholars throughout German lands and western Eu- 
rope. In the tradition of Marin Mersenne and Henry Oldenburg, he was 
becoming an important circulator of information, though in his case for 
the mathematical sciences. His letters varied in number, but his output 
was always impressive: 150 letters in 1746, 90 in 1753; and more than 160 
in 1755. A letter in June 1746 from Euler to Schumacher congratulated 
Count Razumovskij on gaining the presidency but gave personal reasons 
for declining his offer.” Among them were the fact that Euler felt lucky to 
be living in such a pleasant place; the Berlin Academy had just been estab- 
lished; and he enjoyed the friendship and goodwill of academy president 
Maupertuis. Having just recovered from a severe fever in the autumn, he 
didn’t want to return to a harsher climate that might damage his health, 
especially since he was responsible for a growing family. His wife’s fear of 
fires in Saint Petersburg was seemingly also influential. Though he turned 
down the invitation, Euler remained in contact with Teplov and Count 
Razumovskij to 1763, a year before others took control of the academy, 
but the correspondence was of little scientific importance. 

While Schumacher’s authoritarian behavior at the Petersburg Acad- 
emy of Sciences troubled Euler, he nonetheless agreed to help Schu- 
macher restore the institution. His letter in French in October 1746 to 
Teplov scolded members, particularly Gerhard Friedrich Miller, for in- 
terfering with Schumacher by pursuing idealistic plans for a perfect acad- 
emy that hindered the development and administration of useful projects. 
Even with large salary increases, it was unlikely that French geometers 
and natural philosophers would move to Russia, but Euler urged Teplov 
to consult anyway with Maupertuis, with whom he existed “in a very 
perfect... harmony.” Acquiring scholars from German-speaking lands 
was more possible. Through correspondence, journals, and various acad- 
emy prizes, he developed an extensive knowledge of personalities and 
research in the sciences in German lands; Euler’s list of proposed candi- 
dates for the Petersburg Academy included Christian Friedrich Oechlitz 
in Leipzig for mathematics, the Danish-born Christian Gottlieb Kratzen- 
stein in Halle for physics and mathematics, Johann Theophil Waltz in 
Dresden for astronomy, and Benjamin Brauser in Danzig for calculating 
almanacs.” Euler noted Oechlitz’s receiving the prize of the Academy of 
Bordeaux for an excellent article. He urged the retention of Delisle, but 
declared that he could think of no one in German lands who could better 
replace him than Waltz. He also urged that Daniel Bernoulli be offered a 
salary, and he wanted the academy to have a good foundation in philoso- 
phy in addition to a strong base in physics. He proposed inviting to Saint 
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Petersburg the philosopher and grammarian Joseph Adam Braun on the 
merit of his knowledge in physics and philosophy. But he insisted that 
Russia also educate its own candidates for academic positions. 

Euler supported the establishment of a new university in Saint Peters- 
burg to benefit the academy and the empire, and he asserted that the for- 
eign scholars he recommended for the academy could be vital to such a 
university’s founding. Euler also offered to send more essays, “to forward 
as many as are asked of me. For not having anything else to do, I can use 
my time here working on my studies.” Financing of the Russian Imperial 
Academy was uncertain; in 1746 the institution sent books to Euler in lieu 
of his salary; that October he thanked Teplov, but added, “in the future 
cash will be more agreeably accepted.””’ 

As his notoriety grew across Europe, Euler desired in 1746 to gain 
membership in the Royal Society of London, something he felt would 
add further prestige to his reputation. Daniel Bernoulli and Clairaut had 
already been chosen as members. But the requirement that candidates 
submit their own applications troubled him; he felt that nominations 
should depend solely on achievement. This seems to explain his delay 
in pursuing membership; in July 1746 he informed Johann Kaspar Wett- 
stein that he wished to become a fellow of the Royal Society but refused 
to submit his own name, explaining that he did not want to appear self- 
promoting. The Berlin Academy’s election that year of Folkes, Bradley, 
and Stirling, all of the Royal Society, does not seem coincidental; but 
Euler was corresponding with Stirling concerning lunar tables, for his 
own early computations of lunar motion with differential equations based 
on Newton’s inverse-square law did not satisfactorily describe the motion 
of the lunar apogee. Bradley’s increasingly accurate observations added 
to others made at the Berlin and Saint Petersburg academies provided 
Euler with data that made it possible for him to improve his tables and to 
correct computations. Wettstein offered to nominate Euler, who accepted 
in November. 


Exceeding the Pillars of Hercules 
in the Mathematical Sciences 


To represent the pursuit of scientific discoveries in the mid-eighteenth 
century, Voltaire had employed the imagery of the Argonaut myth of he- 
roes in search of truths and treasure. For Euler and his rivals the foremost 
intellectual voyage was for discoveries in differential and integral calcu- 
lus and their applications leading to a new mechanics, astronomy, and 
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optics. Diderot described them as surpassing the columns of Hercules for 
the sciences. The pillars, the two pyramidal promontories aside the east- 
ern end of the Strait of Gibraltar, signified in ancient and medieval times 
the limits of exploration and learning. Diderot extended the thought of 
Francis Bacon, the title page of whose Instauratio magna (Great renewal) 
depicts a ship passing through them and has the motto from the bib- 
lical book of Daniel, Multi pertransibutat et augebitur scientia (Many will 
pass through and knowledge will be increased). Bacon’s new empirical 
method sought to replace Aristotle’s syllogisms and not be satisfied with 
knowledge from ancient authorities; he appealed to the analogy between 
the voyages of exploration of his time and the advancing of learning. As 
Diderot’s metaphor might extend it, the natural philosophers of the En- 
lightenment labored to settle the sciences on the solid buttresses arising 
from the more precise data provided by increasingly superior telescopes, 
clocks, and surveying equipment. Their primary milieus were the meet- 
ings, prizes, publications, and correspondence of the royal science acad- 
emies in Paris, London, Berlin, and Saint Petersburg, which now eclipsed 
universities in scientific research. 

In 1745 Clairaut had embarked on a fruitful seven-year examination of 
the lunar orbit, and d’Alembert took up the problem independently. Both 
began their work in secret. By late 1746, in attempting to describe lunar mo- 
tion, both had devised series of six first-order differential equations based 
solely on Newton’s inverse-square law of attraction, but these provided 
only half the secular precession of the lunar apogee, that is, twenty degrees 
rather than the observed forty degrees. The goal of the search was for not 
an exact answer but for a close approximation accurate to arcseconds. In 
computing the motions of three celestial point masses interacting accord- 
ing to Newton’s attraction, initial efforts involved holding fixed one of the 
three points in these problems. In addition to continuing to work on his 
long-term development of lunar theory, Euler urged gathering more precise 
results particularly from observatories associated with royal science acad- 
emies and sharpened by telescope lenses that he was helping to improve. 
The theoretical advances associated with astronomy and the increasing de- 
gree of exactness of the observational data together enabled mathemati- 
cians and astronomers to develop better equations. Early calculations of 
lunar motion with differential equations based on Newton’s inverse-square 
law of attraction were to seek to reduce the gap between observation and 
theory; but the motion of lunar apogee or apsides, the farthest distance 
of the moon from Earth, seemed to pose an anomaly. Among Euler’s cor- 
respondents addressing lunar motion at the time were Cramer in Geneva, 
Marinoni in Vienna and, above all, Delisle in Saint Petersburg. 


1746 to 1748 | 257 


3 aay lee 


ee is ULAMIOZ, 


Figure 8.2. The Pillars of Hercules, as portrayed on the title page 
of Francis Bacon’s Instauratio Magna, 1620. 


The preface to Euler’s lunar tables published in 1746 in volume 1 of 
his Opuscula varii argumenti announces, 


Their nature and basis of construction would require too much space to 
explain. I therefore only point out that they are derived from the theory 
of attraction which Newton with such happy success introduced into as- 
tronomy. Although it is claimed of several lunar tables that they are based 
on this theory, I dare assert that the calculations to which this theory 
leads are so intricate that such tables must be considered to differ greatly 
from the theory. Nor do I claim that I have included in these tables all the 
inequalities of motion which the theory implies. But I give all those equa- 
tions which are detectable in observations and are above 1/2 arc-minute.” 
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Figure 8.3. Jean-Baptiste le Rond d’Alembert. 


Here Euler trusted the inverse-square law. Work on lunar theory was a 
crucial part in confirming Newtonian dynamics on the Continent, but 
there seemed to be a challenge to it within a year. Using the calculus of 
trigonometric functions, Euler arrived at the inequalities of the moon. A 
major problem involved creating and solving differential equations of the 
second order. Forces that act on the moon must be considered correctly 
with respect to the Earth-fixed reference frame. Euler made it standard 
practice in astronomy to correct theoretically derived terms by compar- 
ing them with quality observations. Heinsius judged Euler’s lunar tables 
better than the preceding tables by Jacques Cassini, easier to use, and sig- 
nificant in the development of astronomy.” Euler also sent astronomical 
tables by Charles Leadbetter and lunar tables by Nicaise Grammatico. In 
1746 Heinsius wrote to Euler from Leipzig, asking for dates of observa- 
tions of comets made by English astronomers in 1744. Euler alone met the 
requirements of applications in practice for navigation, better timekeep- 
ing, and a variety of calendars.*” Each theory had an increasing accuracy. 

Another of Euler’s principal contributions to the sciences in 1746 
came in optics. Having rejected Newton’s theory of light a decade earlier, 
he now presented “Nova theoria lucis & colorum” (New theory of light 
and colors, E88), which gave the clearest and most comprehensive theory 
in a medium in physical optics during the Enlightenment.*! The medium 
is the ether. The treatise appeared in the first volume of Euler’s Opuscula 
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vari argumenti, which also contained six fundamental works on mechan- 
ics, astronomical tables, smallest particles of matter, prime numbers, and 
longitude. 

Earlier in the eighteenth century, the corpuscular theory in Newton’s 
Opticks had competed with the pulse theory in Christiaan Huygens’s Traité 
de la lumieére (1690). For its inability to explain double refraction in Ice- 
land crystals or the heating of bodies by light considered to be a pressure, 
Newton objected to Huygens’s hypothesis involving a medium; he also 
took issue with the idea that light was an instantaneous motion in a me- 
dium. Somewhat surprisingly, Newton’s theory of colors had encountered 
support as well as opposition in the German states; textbooks by Wolff 
defended and transmitted it, but by the 1740s Huygens’s wave theory of 
light had been repudiated. Efforts by Johann I Bernoulli and Jean-Jacques 
d’Ortous de Mairan to produce hybrids of the wave and the corpuscular 
theory in physical optics had failed.® 

Euler’s “Nova theoria lucis & colorum” propounds a pulse theory but 
begins by supplying a more complete basis for a wave theory than had 
existed. After identifying points of opposition between Huygens’s and 
Newton’s optics, he characteristically and deftly synthesized consistencies 
from them. For his new theory Euler was sometimes called Huygensian 
but, like Cramer, he was not content with how Huygens had developed 
his optics. Adding to this collection of ideas, original insights gained from 
his powerful intuition in physics, findings of experiments on sound, and 
Huygens’s analogy between the propagation of sound in air and that of 
light in an elastic ether, Euler offered a new optical theory: only when it 
held that light was a pulse motion in the ether did he accept that analogy. 
While Huygens explained the propagation of light as a tiny displacement 
of very elastic ether particles, Euler proposed a disturbance of equilib- 
rium in the distribution of density within a subtle, elastic ethereal fluid. In 
explaining reflection and refraction Euler rejected pulse fronts, envelopes 
of secondary spherical pulses, which were central to Huygens. He also 
argued that Huygens could not account well for colors. Euler explained 
these within the medium by connecting color to frequency of vibrations, 
an approach close to Nicolas Malebranche’s description of vibrations of 
pressure. Euler did not accept Newton’s explication of colors in book 2 
of the Opticks as propagated by a periodicity or fits of particles. Period- 
icity, he observed, was also a property of waves. By incorporating fre- 
quency into the medium tradition, Euler increased its explanatory range.* 
In treating optics Huygens had employed geometry, and in the Principia 
Mathematica Newton’s acoustics had geometric wave equations of vibra- 
tory motion. Drawing heavily upon data from a growing body of research 
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on sounds and to a degree synthetic in optics, Euler began to transform 
Newton’s wave equations into algebraic language, introducing differential 
equations for the phenomena of light. 

The quality of Euler’s theory and computational techniques, begin- 
ning in “Nova theoria lucis & colorum,” evoked a broad response.™ Think- 
ing it too complex, Cramer proposed an improvement upon Newton’s 
theory of light and colors, believing the relation between these two to 
be similar to that between the Ptolemaic and the Copernican models in 
astronomy. East of the Rhine, Euler’s pulse theory prevailed. 

In November 1746, Euler read at the Berlin Academy an incomplete 
proof of his fundamental theorem of algebra; it held that every real poly- 
nomial could now be factored into the product of real linear and/or qua- 
dratic factors. That these had roots or solutions had been long recognized, 
but Euler now offered an incomplete proof. His blemished proof had been 
evolving since at least 1739, when in a letter to Johann I Bernoulli he first 
expressed his position. He had discussed this in correspondence with Niko- 
laus Bernoulli, who corrected his computational errors and perfected tech- 
niques from Descartes in removing the second term of an equation and the 
factorization.* As these letters show, Euler had the essentials of his proof by 
1744, but he still mistakenly assumed that what he had shown to be true for 
real numbers would apply to all numbers—that is, that multiplying oppo- 
sites in signs gave negatives. He was not alone in working on this proof: in 
December 1746, d’Alembert sent his own flawed version to the Berlin Acad- 
emy for its Mémoires; this was to appear first in print in the issue for 1748. 
Euler’s proof in French, “Recherches sur les racines imaginaires des équa- 
tions” (Research on imaginary roots of equations, E170),*° was included in 
the Mémoires for 1749, which were not published until 1751. 

Solving the vibrating string problem, used partly to calculate musical 
frequencies, was among the major topics that engaged Euler in competi- 
tions beginning in the late 1740s. All of the leading mathematicians in 
Europe, including Joseph-Louis, Comte de Lagrange and Pierre-Simon 
Laplace, were later to enter this contest. After Johann I Bernoulli posed 
the problem in 1727, Daniel Bernoulli and Euler addressed it from the 
1730s onward and in 1743 had linear differential equations for loaded 
strings with clamped ends. By the end of 1746 d'Alembert had completed 
his “Recherches sur la courbe que forme une corde tendue mise en vibra- 
tion” (Research on the curve formed by a stretched string set in vibration), 
his first published paper on these, in which he derived and solved the 
linear wave equation for small vibrations of a string with fixed ends. Late 
that year he sent Maupertuis a packet of his writings, and in correspon- 
dence with Euler the following January he noted the equation. Although 
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not the first partial differential equation and not adhering closely to ob- 
servations, it received wide attention. But d’Alembert added unnecessary 
restrictions that he held to be appropriate for reaching his solution. In a 
paper quickly written only months after d’Alembert’s but not published 
until 1749, Euler criticized the stipulation that the string at time ¢ = 0 be in 
the equilibrium position. He had the string at rest with an initial position 
differing from equilibrium, which would set the string in motion when let 
go.*’ In modern terminology, his alternate solution allowed any piecewise 
continuous initial shape for the vibrating string, while d’Alembert’s more 
traditional solution permitted only one initial shape of the string. In his 
solution of the wave equation, Euler included representing strings with 
curves that could be described graphically as unbroken, a characteristic 
of a continuous function. But these functions need not be differentiable 
at every point, as the stronger, modern, smooth functions and their de- 
rivatives must be. Earlier in the Enlightenment the vibrating string prob- 
lem had been considered to be a discontinuous or mechanical function. 
Euler’s perception of the generality of the associated oscillating functions 
opened the examination of oscillations generated in continuous media. 
While writing the paper “Les loix du mouvement et repos, déduites 
d’un principe metaphysique” (The laws of motion and rest, deduced from 
a metaphysical principle) for the academy Mémoires of 1746, Maupertuis 
asked for Euler’s help. Maupertuis was proposing a metaphysics based on 
his principle of least action that closely connected physics and mathemat- 
ics; he sought the greatest generality, believing that his principle under- 
lay the fitness and movement of animals, the growth of plants, and the 
rotation of planets. After reading a draft of the paper in December 1745, 
Euler wrote that the principle was “more general than you propose.” The 
principle of least action required all motions and equilibria to involve an 
extremum condition that minimized “the quantity of action.” “Les loix du 
mouvement et repos” considered final, not efficient, causes found in apply- 
ing to dynamics the new variational methods in calculus, but Maupertuis 
admitted that for extremum problems he could provide only a rudimentary 
mathematics. The support of Euler was thus important, and the alliance 
between the two men was growing stronger in Berlin. In a series of papers 
Euler would soon develop sophisticated variational problems that went 
beyond the limitations that confined Maupertuis. In May 1746 Maupertuis 
asked Euler “to correct whatever mistakes there might be [in the paper] 
and write your comments in the margins.” He particularly inquired about 
the imaginary immaterial planes that he introduced to explain changes in 
velocity. “Tell me,” he wrote, “whether it deserves to be used . . . or should 
be rejected.”** Euler tactfully called the planes correct but unnecessary. 
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Maupertuis must have sent a revised draft retaining this idea, for in De- 
cember Euler noted that the planes did not weaken his argument, and they 
were to appear in the published version of the paper. 

The timing of his writings shows that Euler could have claimed pri- 
ority for the principle of least action. To confirm that claim for himself, 
Maupertuis checked with the Bernoullis on exactly when Euler had writ- 
ten his Methodus inveniendi lineas curvas maximi minimive proprietate gaud- 
entes (A method of finding curves that show some property of maximum 
or minimum, E65). But this was unnecessary, for Euler graciously and 
steadfastly recognized Maupertuis as the inventor of the principle. “Les 
loix du mouvement et repos” did not appear in print until 1748; soon 
afterward a major controversy would erupt over priority for the principle 
and its universality. 

In March 1747, Maupertuis had Euler named vice president at the 
academy. As the senior director, Johann Theodor Eller should have been 
by protocol the presidential deputy, but his absences were a liability, and 
Euler’s intellectual leadership prevailed. As vice president, Euler had the 
task of leading meetings of the academy when Maupertuis was not pres- 
ent. Since his health was fragile, the choleric Maupertuis tried to spend 
as many winters as possible in France, away from Berlin’s harsh climate; 
the increasing frequency and length of his departures after 1748 would 
produce a quandary for the administration of the academy. 

Though lacking in advanced scientific knowledge, Formey moved 
ahead in 1747 in opposing Euler in the monad controversy, writing an 
anonymous rebuttal to Euler’s Gedancken. Titled Recherches sur les élemens 
de la matiére (Research into the elements of matter), it was published early 
that year before the Berlin Academy’s prize commission even collected 
the competition papers. While completing the Recherches, Formey had ap- 
pealed to Gottsched to help him find a publisher and translator; he also 
corresponded with Wolff, who encouraged him to proceed with plans to 
publish the book and saw the manuscript before it went to press. The Re- 
cherches rejects the competence of “gentlemen of mathematics” (Messieurs 
les Géométres) to judge “the matter of metaphysics.”*” Here Formey was 
following Wolffian principles. For Wolff and his followers, the monadic 
doctrine could be neither proved nor rejected by physics and must be ex- 
amined in the logical form developed by Leibniz and modified by Wolff. 
Leibniz had in his Nouveaux essais sur l'entendement humain (New essays 
on human understanding) of 1707 rejected the view embraced by many 
Aristotelians and John Locke that the mind was a blank tablet written 
upon by the senses. Leibniz stood closer to Plato, believing that the mind 
contained the necessary truths of logic, metaphysics, mathematics, and 
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ethics. It could awaken itself to these truths and prove them only through 
rigorous reflection using its innate, internal, and logical principles. Leib- 
niz held that his monadic doctrine, allowing for continuity throughout 
physical existence, refuted the notion of hard, discrete atoms. But Leibniz 
began with the principles of sufficient reason and contradiction, while 
Wolff's modification, emphasizing contradiction alone and giving suffi- 
cient reason a lesser status, went against Leibniz and Johann I Bernoulli. 

Formey’s Recherches based the monadic doctrine on a process of rea- 
soning from tenet to tenet: 


1. Experience shows us all bodies perpetually changing their state. 

2. Whatever is capable of changing the state of bodies is called 
force. 

3. All bodies, therefore, are endowed with a force capable of chang- 
ing their state. 

4. Every body, therefore, is making a continual effort to change. 

5. This force belongs to a body only insofar as it contains matter. 

6. It is therefore a property of matter to be continually changing its 
own state. 

7. Matter is a compound of a multitude of parts, denominated the 
elements of matter. Therefore, 

8. As a compound can have nothing but what is founded in the na- 
ture of its elements, every elementary part must be endowed with 
the power of changing its own state.! 


By the summer of 1747 Euler was attacking several of these tenets of the 
monadic doctrine and the Wolffian philosophy.” Holding that the sim- 
plest components of matter were passive and could not set themselves in 
motion, he found tenet 3 “equivocal and altogether false.’** He argued 
that the force to change the position of every body comes not from within 
the body but from another, outside. Every body, moreover, tends to pre- 
serve the same state (inertia) and not change it, as tenets 4 and 8 held. If 
a philosophy leads to laws contradictory to established laws of motion, 
Euler believed, its metaphysics must be false. And while Wolff, like Leib- 
niz, placed his faith in a strictly logical inquiry into physical reality, Euler 
here came closer to Leibniz than were the Wolffians, whom he accused of 
creating a dogmatic rationalism and abusing the principle of sufficient 
reason by reducing its role in the sciences. Yet although he preferred Leib- 
niz’s theory to the Wolffian variant, Euler’s command of mechanics com- 
bined with his devout and conservative faith led him to reject the whole 
monadic doctrine. The Wolffian form joined with the principle of a prees- 
tablished harmony he especially judged to be deterministic, contradicting 
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the concept of original sin and the importance of good works. That Euler’s 
chief opponent in the monadic dispute was the Calvinist pastor Formey 
bespeaks the breadth of debate within the Enlightenment. 

While the academic department from which it emanated normally 
chose the Royal Prussian Academy of Sciences annual prize recipient, 
Maupertuis named for the selection a commission on which Euler’s voice 
was decisive. Declaring that they were written like the edicts of Caligula, 
Maupertuis found all thirty essays received unworthy of the prize; he 
begged his friend Johann II Bernoulli to submit a paper, but Bernoulli 
declined. Several members wanted dual prizes recognizing both the Leib- 
nizian and Wolffian camps, a standard practice in contested competitions 
at the Royal Academy of Sciences in Paris; these members feared setting 
Wolff and his followers against them. But Maupertuis decided to name 
a single winner. Euler dismissed as “feeble” and “chimerical” the argu- 
ments in the essays supporting Wolffian monads;* he reported that the 
final vote of the prize committee was five to two for a modest paper titled 
“Nunquam aliud Natura, aliud Sapienta dicit” (Never does nature say one 
thing and wisdom say another“) that opposed Wolffian monads, but he 
had informed the commissioners that he would support any other that 
took a like position. The names were not given for the vote. Doubtless 
the two in the minority were Formey and Heinsius, Euler having won 
over the others. From their correspondence, it appears that Euler had 
aided the author of the prize paper in preparing his arguments against 
the Wolffians.*” Only later, after the heat of debate, did Euler admit that 
one of the monadist papers was also worthy of the prize. 

In June 1747 at a grand public assemblage including the king’s sister 
Amelie and three brothers, the curators, several other nobles, and visiting 
dignitaries, Dohna announced that the winning paper in the monad com- 
petition was “Nunquam aliud Natura” and opened the sealed envelope 
containing the name of its author. The winner was Johann Heinrich Justi, 
an advocate and administrator from Sangerhausen in Thuringia. The rude 
expressions against Wolff in Justi’s paper upset Maupertuis; to reduce 
the animosity that the competition had generated, Maupertuis had Justi 
strike these expressions before he ordered a translation into French, which 
he put into a collection with six of the other best essays for and against 
monads that was published in 1748. Maupertuis and Euler had won this 
battle, but it was not the end of the monad dispute. 

Ina letter of August 1747 to Euler, Daniel Bernoulli asserted that Wolff 
himself had written to his father Johann of the affront the prize decision 
made to partisans of monads. Daniel feared that Euler would provoke nu- 
merous antagonists in metaphysics and bring himself much pain.” Later 
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d'Alembert communicated to Lagrange “our friend Euler’s” incompetence 
in metaphysical questions, a view in which Wolffians and the French phi- 
losophes concurred: “It is incredible that such a great genius in geometry 
and [algebraic] analysis is so inferior in metaphysics to the smallest school- 
boy .. . [and] so absurd. . . . Not all the gods give to the same.” 

The publication of the Recherches, including a translation of the Ge- 
dancken into French with acommentary and interleaved criticisms, allowed 
Maupertuis to read more of Euler’s theory of matter and the responses to 
it. In September Euler sent Maupertuis a letter in French about the sharp 
polemic proceeding with the Wolffians in Leipzig and continued with gos- 
sip, rumors, proposed refutations, and unfavorable reviews in journals 
against Justi’s prize-winning paper. The next month a French translation 
of it and the attack, also from critics in German in Leipzig appeared. 
This chiefly pitted Leipzig University against the academy. Euler thought 
Formey to be the chief initiator of the criticism.’ Maupertuis, who acted 
as a moderator, concluded that the antagonism between Euler and Wolff 
was too great for any chance of reconciliation; earlier that year, in May, he 
had chastised Formey for his part in the quarrel. 

In April 1747 Daniel Bernoulli, referring to Euler’s participation in 
other metaphysical controversies, had written to him essentially urging 
restraint. In effect denying the infallibility of his good friend, Bernoulli 
cautioned him, “Sie sollten sich nicht tber dergleichen Materien einlas- 
sen, denn von Ihnen erwartet man nichts als sublime Sachen, und es ist 
nicht méglich, in jenen zu excelliren” (You should not engage in matters 
of such kind, for of them one expects nothing but sublime cases, and it is 
not possible to excel in all fields).°* His advice was to be silent (“Si tacui- 
sses philosophus mannsisses”). Bernoulli’s letter is a treasury of scientific 
information; after he reported on his own computation of eccentricities in 
the orbits of Saturn and Jupiter, pointed out childish errors in d’Alembert’s 
hydrodynamics, and praised the ingenuity of Euler’s theory of light and 
colors, he urged Euler to propose his discoveries with less assurance. He 
rightly claimed that Euler had no greater friend and enthusiast. 

In his prize-winning paper on magnets for the Paris Academy in 1744, 
Euler had rejected Roger Cotes’s statement in editing Newton’s Principia 
that “gravity is [inherently] found in all bodies universally.” Two years 
later Euler protested that this notion was being wrongly attributed to him, 
and he endorsed the position of Gerhard Andreas Miller of Weimar in 
the article “Untersuchung der wahren Ursache von Neutons Allgemeinen 
Schwehre” (Investigation of the true causes of Newton’s general gravity) 
that attraction arises from the pressure of the ether. While his friend Dan- 
iel Bernoulli’s study of comets and tides supported the views of Newton 
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and Maclaurin on gravity, Euler equated gravitation with a pressure in the 
hydrodynamic ether that is greater when the velocity of the ether is less. 
In hydrodynamics Bernoulli influenced him. In the last chapters of his 
Anleitung and numbers 68 and 69 of his Lettres a une princesse dAllemagne, 
written in October 1760, Euler dismissed the Cartesian criticism of at- 
traction as being an occult quality. Instead, he observed, it was possible 
to measure its effects. He posited two chief types of matter: gross matter, 
such as gold, had a high density, while subtle matter possessed a density 
many thousands fewer in degree than regular matter; the ether rushes in 
to fill vacuums and cosmic space. The true cause of Newton’s mutual at- 
traction, Euler declared, was not action at a distance but the pressure that 
it exercised upon nearby bodies. 

The monad controversy occurred not in isolation but within the con- 
text of assaults on traditional Christianity in Europe. In England Mat- 
thew Tindal and Henry Saint John Bolingbroke had led in the espousal 
of deism, which projected a distant clockmaker God provable by reason, 
while freethinkers in France and the German states insisted that reason 
without appeal to the Scriptures could deduce the existence of God, the 
immortal soul, and divine providence. The influx of French savants won 
these ideas increasing influence at Frederick’s court. In an apologetic tract 
on Christianity, Rettung der gottlichen Offenbahrung gegen die Einwiirfe der 
Freygeister (Rescue of divine revelation from the objections of the free- 
thinkers, 1747, E92), consisting of forty-six octavo pages, Euler put him- 
self among the first critics of Wolffian freethinkers in the German states. 
At its core the Rettung is a Calvinist essay, proposing that the doctrines 
of predestination and human depravity will urge human beings to con- 
trol their passions. Extending to physicotheology his arguments against 
monads, Euler contended that Leibniz’s monadic doctrine and principle 
of the preestablished harmony between the faculties of mind (understand- 
ing) and will contradicted the traditional concept of original sin. 

The treatise opens with a discussion of the fundamental human fac- 
ulties of will and mind, and the duty of human beings to perfect to a 
greater degree their understanding that comes from a knowledge of truth. 
A rough summary of Euler’s thought would be: Scripture guides the will; 
science uncovers God’s workings in nature. The physical universe results 
from the omnipotence and infinite wisdom of God, so there can be no end 
to human learning. Together, will and mind bring a closer knowledge of 
God, who is the highest truth and the greatest good. In providing this, 
the two map out the way to gain happiness. Scripture does not disclose 
internal consistency, Euler concedes. Its authority rests not on worldly 
reason but in our recognition that it is divine revelation. 


1746 to 1748 267 


Euler compared the state of knowledge of the Scriptures with that 
in geometry, the most certain of the sciences. Only practitioners with a 
deeper grasp of geometry could unravel the paradoxes and contradictions 
in their field, he posited, and the freethinkers lacked such ability in bib- 
lical studies. Where Bishop George Berkeley in The Analyst (1734) lim- 
ited the sciences to describing and quantifying nature, Euler added their 
construction of governing concepts. He accepted the existence of myster- 
ies in faith and geometry but held that studies by scholars able in these 
fields would in time resolve them. In response to the reliance the Wolff- 
ians placed exclusively in intuitive reason, Euler pointed to the absurdity 
of the reasoning that brought some scholars to conclude, as did Zeno’s 
rigidly reasoned paradoxes, that there can be no motion. 

Euler faulted doubts among the freethinkers that Earth was created in 
time and would have an end. Observations, he believed, showed that the 
planets, which had elliptical orbits because they encountered resistance in 
the ether, were moving slowly—in modest changes—closer to the sun. In 
investigating astronomical observations made from the time of Claudius 
Ptolemy and from documents of Ibn Yunus in Leiden, he noticed a seem- 
ing reduction in planetary orbits marking the course from the beginning 
to the imminent end of Earth. These were not against reason but, to the 
contrary, stemmed from the contemplation of natural causes. Initially, 
Euler thought, Earth had been too far from the sun for human beings and 
animals to originate on it through natural causes. Instead, at some time 
after the starting of the universe, they needed God to create them. 

In closing Euler declared unassailable the divine revelation of the 
Scriptures. He had sought to “restore to the right path many hearts who 
have not been too much corrupted as they were thoughtlessly enticed by 
the temptations of these wretched people,”™ the freethinkers, whom Euler 
also termed “hardheads” and “rabble.” 

The Rettung ran through three editions in German and constituted— 
along with sections of his Lettres—the whole of Euler’s publications on re- 
ligion. In letters to Maupertuis he also attacked the freethinkers, and later 
he prepared a new proof of the existence of God. In numbers 116-120 
of the Lettres, which were sent by mail to the princess in Magdeburg in 
April 1761, Euler—like the Christian Platonists—set out three classes of 
truths: of the senses, of the intellect or reason, and of belief or faith.® 
Establishing these known truths, he posited, depends upon taking pre- 
cautions to prevent or discover errors and following rules characteristic 
of each of these to assure the certainty of its proofs. The classes of sensa- 
tion and belief have guides, just as logic does for correct reasoning. Only 
some visionaries and philosophers—notably the Pyrrhonists, who doubt 
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everything—have questioned the existence of external physical objects in 
our world. Euler defined as one of the principal laws of nature the real- 
ity of their existence, though he observed that we do not know the true 
reason for that existence. While delusion and error are possible, careful 
observation can eliminate them and make the truths of sensation as cer- 
tain as truths of theoretical geometry. Here Euler’s argument is akin to 
Lockean sensationalism. In the rational intellectual realm, the axiomatic- 
deductive method of Euclidean geometry and the new algebraic analysis 
retain primacy as models. Truths of faith rely on the ability of the several 
people advancing them, their knowledge of the Scriptures, and the re- 
liability of their written historical sources. Convictions in faith are the 
most subject to error. Groundless reports, rumors, and false testimonies 
do arise, and who, Euler asked, “believes all that gazetteers and historians 
have written?”®* Arriving at historical truths as certain as the truths of rea- 
son and of the senses—not later secondary reports, but declarations from 
direct observation by worthy people—is essential, as are comparisons of 
primary sources to uncover possible differences and contradictions. 

Euler’s religious views contributed to his unpopularity among free- 
thinking members of Frederick’s court. His relations with the monarch on 
religion were complex; Frederick, who proclaimed himself a freethinker, 
maintained that his subjects could say what they please but must obey 
him. And obedience required guidance and discipline, such as religion 
provided, though no one religion had the superior claim. Probably in an 
effort to have better relations with the French Calvinists in Berlin, Freder- 
ick later asked Euler to serve on their consistory. 

In the eighteenth century the sciences and the humanities—the “two 
cultures,” as later defined by the English novelist and physicist Charles 
Percy Snow—were diverging. Like Galileo before him, Euler fought to raise 
the modern sciences from a position subordinate to that of the humanities 
but not to damage that domain. Yet among Euler and Frederick’s favorites, 
the French philosophes, encounters could be strained. The French depicted 
Euler as a stodgy German, and it is a characterization that continues to 
resonate. Euler, whose free Swiss burgher manners put him closer to our 
times, had no use for the shallow witticisms of the philosophes—especially 
not any cleverness critical of religion. Enduring many French slights, he 
was thick-skinned. Among fellow academicians in the sciences in Berlin 
and Saint Petersburg, the view of Euler differed markedly from the French 
depiction of him. The commoners found him vivacious; in conversations 
he could be animated, charming, occasionally playful, and a good story- 
teller with a sense of humor. Nicholas Fuss’s “Lobrede auf Herrn von 
Leonhard Euler” describes him as astonishingly erudite, well informed 
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on the classics and, like Leibniz, famed for his encyclopedic knowledge. 
Euler had “read all the . . . [major and minor classical] Roman authors, 
knew perfectly the ancient history of mathematics, held in his memory the 
historical events of all times and peoples, and could without hesitation 
adduce by way of examples the most trifling historical events. He knew 
more about medicine, [anatomy, physiology,] botany, and chemistry than 
might be expected of someone who had not worked especially in those 
sciences.”*’ As Euler’s reputation grew, travelers were drawn to his door. 
Many left amazed that outside his specialties in the mathematical sciences 
he had absorbed such vast general knowledge. 

Euler was in 1746 seeking to be elected a fellow of the Royal Society 
of London, and he offered to present to the society a manuscript copy of 
his Scientia navalis, which the Petersburg Academy had not yet published. 
Euler wanted it published as quickly as possible, because he was worried 
that others would make discoveries similar to his and publish them first. 
He promised to compare Scientia navalis with Pierre Bouguer’s Traité du 
navire on navigation and naval architecture, which appeared that year. 
Euler’s ship theory and computations agreed with experience, he asserted, 
while Bouguer had made mistakes in calculations—especially on rowing— 
and had failed to cover the field. Euler offered to pay for the printing of 
Scientia navalis, but Royal Society president Folkes would not agree to 
it. Razumovskij had Schumacher write in August 1747 that Euler’s de- 
linquent salary would be paid (which it was by December) and that the 
Russian academic chancellery with support of the Russian admiralty had 
renewed its rights to have both volumes of Scientia navalis printed in Ber- 
lin at the expense of the Petersburg Academy. Razumovskij allocated five 
hundred rubles for the publication, a decision that drew criticism. Pos- 
sibly because of costs and uncertainty over who would pay it was impos- 
sible to find a publisher in Berlin willing to undertake the difficult project. 
By February 1747, at any rate, Wettstein had already shepherded through 
Euler’s election to the Royal Society. 

That January another argument erupted between Euler and d'Alembert, 
this time in pure mathematics over the logarithms of negative numbers, 
one of the two main subjects in their correspondence. Both found negative 
numbers to be filled with paradoxes. The origins of the controversy, which 
was conducted in letters delivered between the two by Maupertuis and 
Euler’s Basel cousin, the physicist Reinhard Battier, lay in the article “Re- 
cherches sur la calcul integral,” which d'Alembert had submitted in 1746 
for the Berlin Academy’s Mémoires. In a letter to d’Alembert sent at the 
end of December, Euler tactfully rejected d’Alembert’s claim in the “Re- 
cherches” that log (—x) = log(x) for positive numbers x. The next month 
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d'Alembert responded in two letters that he found the new information dis- 
turbing. In the second letter he sent Euler some improvements for integral 
calculus and asked him to “cross out of my treatise the portion where .. . 
[log (-1) | is discussed.”** 

So far the discussion was amiable, even deferential on the part of 
d'Alembert. Then in March, d’‘Alembert defined logarithms as the in- 
verse of the exponential and rejected the usability of the exponential 
curve with its two branches. To that point his claim was compatible with 
Euler’s position that the logarithm of a negative number is imaginary. 
But d’‘Alembert’s letter concluded with -1 = 1/-1, so this gives log(-1) = 
log (1/-1) = log (1) — log (1), so 2log(—1) = log (1) = 0, so log (—1) = 0. In 
April Euler rejected d’Alembert’s contention “that logarithms of negative 
numbers are real” and argued that in some metaphysical conditions they 
may be imaginary. He based logarithms on e* = 1 + x/1 + x°/(1x2)+..., 
recognized the ambiguity of the logarithms of +1 and —1, offered counter- 
examples to d’Alembert’s position, and resolved some seeming paradoxes. 
From Johann Bernoulli’s formula, for example, he found that logarithms 
of imaginary numbers could not be real; otherwise the “log V-1/v-1 could 
not express the quadrature of the circle.”* (In his letter the symbol 7, not 
yet standardized, represented what is now 27.) In August Euler reported 
that he had removed the contentious portion of d’Alembert’s paper and 
reiterated that the logarithm of —1 is imaginary, it. He now saw no more 
problems in explaining its nature. 

The next month Euler read to the Berlin Academy his paper “Sur les 
logarithmes des nombres négatifs et imaginaires” (On the logarithms of 
negative and imaginary numbers, E807), but did not forward it for pub- 
lication; it would appear posthumously in 1862. Euler had proven that if 
x is a positive real number, all of its logarithms save one are imaginary, 
while x negative has all imaginary logarithms. Nonetheless, the debate 
continued until December 1747, when Maupertuis advised Euler that 
d'Alembert wanted to put aside “his work in mathematics for a little while 
to reestablish [his] health.” Euler wished him a successful recovery. This 
was not the end of the debate but simply a brief respite. 

In his three-page essay “De numeris amicabilibus” (On amicable 
numbers, E100) in Nova acta eruditorum for 1747, Euler was developing— 
but did not yet state—an algorithm in number theory for generating pairs 
of amicable numbers. It was to be but one of his hundreds of discoveries 
at the time in mathematics. He had begun his research with the second 
type of perfect numbers, which the ancient Greeks held are either 10 or 
the sums of their divisors—for example, 6 = 1+ 2 +3. Krafft’s article “De 
numeris perfectis,” in volume 7 of the Petersburg Academy’s Commentarii, 
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demonstrates that perfect numbers must end in 6 or 8 and proves that 
two numbers from Niccolo Tartaglia’s Arithmetica of 1613—130,816 and 
2,096,128—are not perfect, nor is the number 511 prime; instead it is 73 x 
7. For Krafft, Euler—using Euclid’s formula 2”! (2"- 1)—had computed 
perfect numbers for the primes to n = 47.°! For example, n = 7 gives 8,128 
and n = 31 equals 23,058,443,008,139,952,128. The two were correcting 
computational errors for n into the 40s in the arithmetic texts of Nic- 
colo Tartaglia and Michael Stifel. In his brief essay published in 1747, 
Euler proceeded to amicable pairs, in which each of two numbers is the 
sum of the proper divisors of the other. In classical antiquity 220 (1, 2, 
4,5, 10, 11, 20, 22, 44, 55, and 110) and 284 (1, 2, 4, 71, and 142) were 
known amicables, since the sum of the proper divisors of each except 
for the number itself is 220, while Thabit ibn Qurra in the ninth century 
probably added 17,296 and Ibn al-Banna in the thirteenth century found 
18,416. In the mid-seventeenth century Pierre de Fermat independently 
obtained Ibn Qurra’s pair along with 2,620 and 2,924, while Descartes 
added a fourth pair, 9,363,548 and 9,457,506. Fermat gave a rule for com- 
puting amicable numbers from prime factors. Possibly two other pairs 
were discovered before Euler. His “De numeris amicabilibus” cites the 
computational technique of Fermat and Descartes but does not reveal his 
own method. Euler gave thirty amicable pairs with twenty-six of these 
new, nearly a sevenfold increase over all known previously throughout 
history. His list includes 2,620 and 2,924 decomposed into their prime 
factors in item 8.° 

“De numeris amicabilibus” also examines another challenging prob- 
lem, “whether . . . there are any odd perfect numbers.” Blocked in his ef- 
fort to solve this, Euler called the matter a “most difficult question,” and 
his characterization is accurate: in number theory the existence of odd 
perfect numbers is to the present day unsolved. 

In 1747 Euler completed “Theoremata circa divisores numerorum” 
(Theorems on divisors of numbers, E134), which appeared in the Novi 
Commentarii three years later. It presented for the first time his potent 
computational method for amicable numbers, introduced the concept of 
number theoretical functions, and gave the first definition of the sigma 
function, which sums the divisors of a given number n. It was later found 
that Euler’s method did not generate every amicable pair. Expanding 
upon Fermat’s method with prime numbers, Euler—after making some 
unfruitful substitutions—obtained a total of sixty-one, thereby doubling 
their number;® his lists have a few typographical errors in the results. 

During 1747 Euler offered the second in a sequence of four im- 
proving proofs of what is usually called Fermat’s Little Theorem or the 
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Euler-Fermat Theorem: in modern symbols, if p is a positive prime num- 
ber, then (a’'— 1) is divisible by p, if p and a are relatively prime. In 
modern Gaussian notation, a’! =1(mod ). Euler’s first proof in 1736 had 
employed the technique of mathematical induction, and his second dif- 
fered little. In the second Euler defined his important phi function $(n), 
denoting the number of integers less than n or equal to it which are rela- 
tively prime to n. In adding proofs to the conjectures in arithmetic, Euler 
contributed to the origins of number theory. The second proof deals with 
how he determined the factor to show that the fifth Fermat number is not 
a prime. 

In mechanics Euler continued making important advances in 1747, 
pursuing a general method applying to all types of systems, whether 
continuous or discrete. He had already devised differential equations of 
motion to compute discrete systems and elastic bodies, but did not yet 
have them for perfect fluids and solid media. He was the first geometer 
to delineate a set of differential equations for the first three types of bod- 
ies. Although these equations do not appear in Newton’s writings, they 
are today known to physicists as “Newton’s equations.” Euler introduced 
them in the paper “Recherches sur les mouvement des corps celestes en 
general” (Studies on the movement of celestial bodies in general, E112), 
apparently presented to Berlin’s Royal Academy of Sciences in June 1747 
but not published in the academy’s Mémoires until 1749. 

It likely did not take long after finding Newton’s equations for Euler 
to finally free from any restrictions to small motion the principle of linear 
momentum (Newton’s second law) and show that it applied to all systems. 
He described as “absolutely necessary that these principles [of mechanics] 
be deduced from the first principles or rather the axioms, upon which the 
whole doctrine of motion has been established. Ordinarily several such 
principles... it appears must be admitted to the rank of axioms of me- 
chanics... but I remark that all these principles reduce to a single one, 
which can be regarded as the unique foundation of mechanics.”™ Exactly 
how Euler arrived at this finding regarding the principle of linear momen- 
tum is not known; perhaps it was through the study of mutual forces. His 
results appeared in the article “Decouverte d’un nouveau principe de me- 
canique” (Discovery of a new principle of mechanics, E177), completed in 
1750 but not published in the Mémoires until 1752." 

In 1747 the investigation of celestial motion, especially for lunar tables 
and planetary theory, was the other major subject in Euler’s correspon- 
dence with Clairaut.® In September Clairaut rejected the universality of the 
inverse-square force—that is, that by itself it could describe celestial motion 
with mathematical exactness in physics and at all distances in astronomy. 
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Clairaut, the first European geometer to take this revolutionary position, 
asserted that the motion of lunar apogee posed a challenge. To Newton’s 
1/r? Clairaut added as a correction a small function, a constant divided by 
the inverse of the fourth power, c/d', sensitive only over small distances and 
essentially null at stellar expanses. Euler agreed that Newtonian attraction 
did not appear to account precisely for the motion of lunar apogee but 
held that in his study of Saturn he had already reached that conclusion. 
He and Clairaut were not the first to propose modifying Newton’s law of 
attraction. For example, in her book Institutions de physique of 1740 Emilie, 
Marquise du Chatelet had done so for chemical processes. The latest results 
from lunar and planetary orbits obtained from improving observational as- 
tronomy with a precision not before achieved now seemed to differ slightly 
from Newton’s law of attraction, and a small correction seemed needed. For 
accuracy, calculations of the motion of lunar apogee by use of Newtonian 
gravitation required force laws. These were “a little different from the ones 
I supposed,” Euler wrote. All “these reasons joined together appear . . . to 
prove invincibly that the centripetal forces one conceives in the Heavens 
do not follow exactly the law established by Newton.” Euler also did not 
accept Clairaut’s modification, for it failed to account for the orbit of Mer- 
cury, so near to the sun that the additional term was too important. In the 
paper on the motion of Saturn and Jupiter submitted to the French Royal 
Academy in August 1747 for the Prix de Paris competition, Euler attributed 
gravitation to the presence of fluid ether. Two of the judges on the jury de- 
ciding that contest were Clairaut and d’Alembert. 

In September Clairaut had informed Euler of his stratagem for at- 
tacking lunar motion with a set of four complicated differential equations, 
with two second degrees and two first degrees. But these provided only 
an approximate solution. The two men mistakenly depicted the motion 
of the moon as a rotating ellipse; while that representation applies to the 
planets, the sun sharply disturbs the lunar orbit. Clairaut dropped his 
study of Jupiter, Saturn, and the sun and closely followed Euler’s. A criti- 
cal question facing European astronomers and geometers was whether 
the secular change in the mean motion of planets over time was cyclical 
or linear. Confirming that the Newtonian law of attraction by itself ex- 
plained the mechanical operations of the solar system required resolving 
the application of this law to the orbits of the two large planets, Jupiter 
and Saturn. On the Prix de Paris review committee, Clairaut read Euler’s 
paper that had won the prize for 1748 on the inequalities that Saturn and 
Jupiter “appear to cause in each others’ motions, especially at the time of 
their conjunction.” This marked Euler’s first effort to accurately describe 
planetary perturbations. 
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In “Recherches sur la question des inégalités du mouvement de 
Saturne et de Jupiter” (Research on the question of the inequalities in 
the motion of Saturn and Jupiter, E120), the second of two papers on 
astronomy that he completed by mid-1747, Euler attempted but failed 
to demonstrate that the theory of attraction sufficed to account for the 
orbital elements from the slowing of the mean rate of Saturn over time, 
the speeding up of Jupiter, or vice versa. He accepted the elements given 
by Cassini in his Elemens d’astronomie of 1740 that were founded on the 
laws of Johannes Kepler. Euler required “some correction [in these ele- 
ments], since the inequalities caused by Jupiter have been there enveloped 
in the eccentricity and position of the orbit of Saturn.” Clairaut was satis- 
fied that Euler’s prize-winning paper showed that secular—as opposed to 
periodic—mutual perturbations in the orbit of Saturn caused by Jupiter 
seemed not to be derivable from Newton’s inverse-square law. Euler’s in- 
vention of trigonometric series moved the investigation of perturbations 
beyond tiresome numerical integration; he performed logarithmic differ- 
entiations on them and employed a merging of equations. Drawing upon 
the latest observations made with the best telescopes, for successive terms 
in his series Euler approximated special coefficients. He reached these 
partly by assuming that when Jupiter’s orbit is elliptical, Saturn’s is cir- 
cular, and vice versa. In accounting for varying motion, Euler put in his 
differential equations arbitrary constants, which perturbations actually 
caused to vary extremely slowly. But Euler’s computations with arbitrary 
terms could lead to mistakes; only slightly better than earlier computa- 
tions, they contained some erroneous figures that he traced to imprecise 
observations and most of all to a slight inaccuracy in the inverse-square 
law at interplanetary distances. Nor did Euler discover the long-term in- 
equalities of Saturn and Jupiter; that remained an unsolved problem for 
him and undermined his confidence in the inverse-square law. Two years 
after Euler’s death, Lagrange would have the solution. Even without that, 
the innovative mathematical methods that Euler introduced to describe 
planetary perturbations were adjudged excellent and had earned him the 
Prix de Paris. By systematically applying procedures similar to Euler’s 
and improving on them, other geometers and astronomers—chiefly Jo- 
hann Tobias Mayer, in 1750—succeeded in providing precise and elegant 
solutions that corrected orbital elements and determined certain terms 
and coefficients needed precisely to describe perturbations that resisted 
earlier theoretical computations. 

On 3 September 1747 Clairaut sent Euler general equations that he 
employed to attack the problem of one of the many irregularities in the 
lunar revolution around Earth—in this case, the motion of lunar apsis or 
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Figure 8.4. The precession of the moon’s orbit. A) The Earth-moon system at four 
points in their orbit around the sun. The line of nodes is the intersection of the 
moon’s orbit with the ecliptic (Earth’s orbit). The moon crosses the ecliptic twice a 
month. An eclipse happens when the moon is in either new or full phase and at the 
line of nodes. The moon’s orbit is slightly elliptical (exaggerated in this picture) 
and the moon may not be exactly on the line of nodes, so a solar eclipse may or 
may not be total. B) The moon’s orbit precesses so the line of nodes shifts by about 
19.3 degrees in one year and the perigee (closest point to Earth) of the moon’s 
orbit shifts by about 40.7 degrees in one year. The line of nodes completes one 
full precession in 18.61 years. This precession explains why eclipses occur 
at different dates in successive years. The dotted curves are one year later. 


apogee. The obscurity of Newton’s treatment of this problem had drawn 
Clairaut to attempt to resolve it. It was a case of the difficult three-body 
problem with the moon gravitationally attracted by both Earth and the 
sun. Yet after many repeated calculations, Clairaut could not explain this 
phenomenon by the inverse-square law; he kept finding an eighteen-year 
period of a full revolution of lunar apogee around Earth rather than the 
observed nine years. On 11 September Clairaut wrote to Euler, 


I was pleased to note that your thinking is the same as mine concern- 
ing Newtonian gravity. It appears to be proof to have shown that it is 
not sufficient to explain such phenomena, but the special role which 
you assign to the moon does not appear as surprising as my own obser- 
vations indicated. Instead of attempting to find out what the distance 
should be, my approach was to find out what the motion of the apogee 
should be, and in finding it to be only half that observed in nature, I 
saw the most complete proof of the insufficiency of the inverse-square 
law... . 
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On 30 September Euler replied, 


I am able to give several proofs that the forces which act on the moon do 
not exactly follow Newton’s law, and the one that you draw from the mo- 
tion of apogee is the most striking, and in my lunar theory I have clearly 
pointed this out. . . . Since the errors cannot be attributed to the observa- 
tions, I do not doubt that a certain derangement of the forces supposed 
in the theory is the cause. This circumstance makes me think that the vor- 
tices or some other material cause of these forces is very probable, since it 
is then easy to understand that these forces ought to be altered when they 
are transmitted by some other vortex.” 


By late 1746 d’Alembert had also devised complex differential equa- 
tions to describe lunar apogee. In addition to discussing negative loga- 
rithms, he communicated with Euler about planetary and lunar theory. 
In April 1747 d’Alembert expressed to Euler his great pleasure that 
Euler knew his theory and was applying it well to astronomy. But dif- 
ficulties remained, and Euler was developing and adding mathematical 
sophistication to d’Alembert’s theory. (D’Alembert was later to accuse 
Euler of appropriating his original theories without giving him full rec- 
ognition.) From July to September d'Alembert explained to the Berlin 
Academy an important paper on his theory for the moon and Earth that 
remained unpublished until 1749. To prove his priority in lunar theory, 
in September 1747 Clairaut left a copy of his equations in a confidential 
pli chacheté (sealed envelope) with Paris Academy secretary Jean-Paul 
Grandjean de Fouchy. Two months later d’Alembert similarly sent his 
results to Fouchy and the Berlin Academy. As Emilie du Chatelet wrote, 
“Mr. Clairaut and Mr. d’Alembert are after the system of the world, un- 
derstandably they do not wish to be forestalled by the essays for the 
prize.”” 

The thirty-four-year old Clairaut, pleased and perhaps emboldened 
that Euler’s lunar theory and his essay on Jupiter agreed with his own, 
caused a stir when he pompously announced publicly at the Paris Royal 
Academy on 15 November that Newton’s inverse-square law was insuf- 
ficient alone to explain all celestial phenomena. He chose this day, the 
official start of the academic year, because the academy’s meeting room 
would be open to the public and could be full. This promised success 
for his ideas across the republic of letters. Even though Clairaut’s result 
concerning the movement of lunar apogee was not new, for Newton had 
discovered the same without differential equations in his Principia, the few 
remaining Cartesians in Paris took heart since the new equations seemed 
to confirm an error, and this gave greater credence to Newton’s critics. 
Like Euler, Clairaut concluded that higher-order equations could not 
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make up the missing half of the advance of lunar apogee given in Clai- 
raut’s six first-order differential equations. 

As was typical in “saving the phenomena,” Clairaut had as previously 
noted added a second term, a constant divided by the inverse of the fourth 
power, to correct the law of gravitation in closer distances and explain 
perturbations in the lunar orbit. He sent this idea in a letter to the Pari- 
sian Newtonian Georges-Louis Leclerc, Comte de Buffon, who attacked 
the emendation for violating metaphysical simplicity and for suggesting 
that several forces were involved rather than only one. For decades the 
French astronomer Pierre Charles Lemonnier had observed lunar motion 
with the best British instruments, and he also questioned the idea. Both 
d'Alembert and Euler praised Lemonnier’s work, and an argument briefly 
flared. In December Clairaut, who was working diligently on his lunar 
theory article for the Paris Academy, suggested to Euler that a medium 
might account for a very small resistance to the motion of planets and 
the moon. The next month Euler responded that his studies of lunar mo- 
tion agreed on the need to correct Newton’s inverse-square law, and he 
promised soon to send Clairaut a packet of papers containing various 
arguments about it and another through the publisher Marcus-Michael 
Bousquet that presented exemplary problems from his Jntroductio, which 
was soon to be released. Busy with the preparation of the Encyclopédie, 
d'Alembert claimed that for the time being fatigue prevented him from 
participating more in this debate. 

In December Clairaut wrote to Maupertuis giving his conclusions 
about the motion of the lunar apogee. Most likely Maupertuis shared the 
letter with Euler. Friction was developing among Clairaut, d’Alembert, 
and Euler. To this point, these three great protagonists of Newtonian ce- 
lestial mechanics agreed on Newton’s law; only Bernoulli disagreed. But 
now the correspondence was to grow increasingly fierce among the three. 
Encountering criticism from across Europe, Clairaut worked to justify 
his position and began to attack Euler on several points, and not always 
fairly. In January 1748, Euler recognized Clairaut’s priority in the new 
equation with the inverse fourth-power term, but he rejected its universal- 
ity, for the closeness of Mercury to the sun made the added term overly 
important and gave mistaken results for its orbit. 

During the eighteenth century, the fabrication of dioptric instru- 
ments posed many problems. In 1747 Euler embarked on a practical 
project in physical optics, the construction of better telescopes, which 
was critical to enhancing research in both observational and theoretical 
astronomy. This subject was not a temporary diversion for Euler but an 
interest throughout the rest of his career.” Since the refracting telescopes 
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of Galileo Galilei and Thomas Harriot in the early seventeenth century 
and the reflector telescopes of Newton and David Gregory at its close, 
astronomers, geometers, and opticians had confronted aberrations from 
the spherical curvature of lenses, which distorted images, and from re- 
frangibility, which brought chromatic errors in the dispersion of light in 
reflectors that resulted in blurriness detracting from clarity in telescopic 
observations. In object glasses various color light rays failed “to undergo 
the same refraction. For example, red rays form a different focus from 
the blue, while a mirror reflects them into one and the same focus.”” 
Newton’s definitive decomposition of white light had made it possible to 
begin to eliminate chromatic error. He designed a crucial experiment of 
two prisms that broke white light into its spectrum of component colors 
and recombined it. In a series of trials Newton failed to reduce coloriza- 
tion by the employment of two optically different media in a two-lens sys- 
tem separated by a space filled with water. The authority of Newton and 
the empirical support discouraged a search for another solution. Inspired 
by studies of the eye he’d made when he was a student, Euler attempted 
to imitate nature in reducing the deviant effects of refrangibility with 
such colorization; he prepared an apparatus consisting of two convex/ 
concave transparent lenses separated by a shallow space filled by a liquid 
with an adequately differing index of refraction from the lens glasses. He 
wanted to reduce the thickness of objective lenses of the telescope and 
microscope and to increase their power—an attempt still new in physical 
optics at that time. Apparently it was not until September 1748 that Euler 
read to the academy his paper “Sur la perfection des verres objectifs des 
lunettes” (On the perfection of objective lenses of telescopes, E118). 
The following month he wrote to Goldbach of his efforts to set right a 
problem in his optical work “in order to create such object glasses which 
should do the same as the reflector mirrors in the telescopes of Newton 
and Gregory.”” 

“Sur la perfection des verres objectifs des lunettes,” which was pub- 
lished in volume 3 of the Mémoires in 1749, holds that Euler had derived a 
geometric formula that found a balance of one lens on another separated 
by a liquid that lessened the two aberrations. But this deduction set his 
work against that of Newton, who had found in a series of experiments 
that the combination of lenses did not work. Euler’s assertion would thus 
provoke a fierce and lengthy quarrel, primarily with the English optician 
John Dollond, a staunch partisan of Newton, that seems to have involved 
national pride. The dispute would appear in the academy’s Mémoires and 
the Philosophical Transactions of the Royal Society. Euler attributed colors 
to differing lengths or frequency of waves, but establishing the truth of 
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this lay a century in the future. Certain indices associated with color he 
took to prove the existence of God. 


Academic Clashes in Berlin, and Euler’s 
Correspondence with the Petersburg Academy 


The dominance of French among the nobles in Prussia and in the meet- 
ings and proceedings of the academy, alongside Maupertuis’s ignorance 
of German, provoked tensions with German academicians not fluent in 
French. At meetings some spoke French that was next to gibberish; and 
they considered onerous the need to translate their papers from German 
or Latin into French. Another potential occasion for resentment came in 
November 1747 when Maupertuis ordered Formey to tell the four direc- 
tors that the statutes requiring at least modest productivity in the academy 
must be strictly followed. Each salaried member had to read a minimum 
of two papers a year and each associate one. This message must not have 
had an effect, for in the winter of 1748-49 Maupertuis complained that 
the senior physicians were not writing articles and not attending meetings 
of the academy. He believed German academicians to be lacking in esprit 
académique, the self-motivation of members of the Paris Academy, and sus- 
pected that they were regularly thwarting his efforts to enhance the posi- 
tion of his institution at court and in society. These circumstances added to 
his autocratic methods produced increasingly caustic adversarial relations. 

In August 1749 the king issued a cabinet order. He decided that sala- 
ried members and associates who did not publish any papers would lose 
their yearly stipends, which would be dispensed to members producing 
meritorious works. Authors had to submit papers to the president for re- 
view fourteen days before they were read to the full academy. Mauper- 
tuis informed the king that the department of speculative philosophy and 
belles-lettres was particularly feeble. Euler, who on average wrote more 
than ten papers a year in Berlin, sent two letters in mid-November heart- 
ily supporting him and asserting that while the mathematics department 
met all requirements, others were resisting the presidential order.” Euler 
and Formey interceded to attempt to improve relations between German 
members and Maupertuis, who knew no German until 1750 and never 
became fluent in the language. 

Correspondence especially with the Petersburg Imperial Academy 
gave Euler an opportunity to touch on a number of important topics. 
Prominent among them were electricity, exploration, cartography, and 
economics. 


280 Chapter 8 


Research on electricity remained popular across Europe. In Febru- 
ary Euler recounted the partial cure of a disabled person after fifteen to 
twenty shocks, and the next month he described the killing of birds with 
electrical shocks and reported on an article in the Philosophical Transac- 
tions of the Royal Society of London that examined the effect of streams 
of electricity on animals. A letter in November to Razumovskij recounted 
tests by physicians in Venice and at the Academy of Bologna applying 
electricity in the cure of gout, among other illnesses.” Euler had earlier 
examined reports of electrical research in Paris and Vienna. 

In December 1746 Euler wrote to Wettstein about the Russian search 
for a northwest passage across North America that could provide a naviga- 
ble water route between Hudson’s Bay and the Pacific Ocean,” something 
the English had been searching for since the previous century. Euler called 
the quest a “glorious undertaking” and surmised that among the large rivers 
that the Russians discovered emptying from North America into the Pacific, 
one might be linked to Hudson’s Bay. Captain Vitus Jonassen Bering, the 
Danish leader of the Second Kamchatka Expedition, had believed that no 
such connection existed, and Russian explorers in the early exploration of 
these rivers with smaller ships supported his view. From the reported travel 
of whales, Euler thought that there might be a water connection through 
the Arctic Ocean, but it would be too long and by the end of summer frozen 
and too dangerous. The Russian admiralty college had supplied Euler with 
the data, and he added that he greatly doubted that the Russians would 
publish the material. Wettstein apparently took this to mean that he should 
have it printed. Portions of it appeared in London newspapers in 1748 and 
in two parts in the Philosophical Transactions for 1747 and 1748 as “Extract of 
a letter from Mr. Leonhard Euler” (E107). Now widely distributed, the Phil- 
osophical Transactions reached a readership well beyond the scientific com- 
munity. This material on the rivers seemed to jeopardize Russia’s interest in 
keeping secret its strategic military designs and its trade and maritime pos- 
sibilities. Euler recognized the danger of repercussions against him from 
Elizabeth’s court and the Petersburg Academy. In May 1748, he informed 
Wettstein that he had drawn from diverse, not well established, and hearsay 
sources. The release of accurate, well-founded material would have angered 
the academy and embarrassed him, and he would never have intended to 
urge the publication of it. This letter to Wettstein alone was clearly insuf- 
ficient. Euler also directly apologized to the academy for releasing the un- 
proven northwest passage data along with his speculations. 

Porcelain was vital to the economies of both Prussia and Russia, and 
its fabrication methods were a closely guarded secret. In November 1747 
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Euler warned Razumovskij of an imposter who was making false claims 
about the techniques in Saint Petersburg; He recommended contacting 
the German physician and chemist Johann Heinrich Pott, who for a rea- 
sonable percentage of the income from a planned factory would share his 
porcelain-making techniques that produced works of finer quality than 
those from the procedures in Dresden. He went on to praise the discovery 
by Andreas Sigismund Marggraf of a way to extract true sugar from beets, 
a plant grown in Prussia, and to make a great profit from it.” 

Seeking to restore the prestige of the academy, Teplov in October 
1746 had solicited Euler’s recommendations for new members. Euler 
cited excellent candidates in Paris not on Teplov’s original list. If the 
names of Clairaut, d’Alembert, or Alexis Fontaine appeared, he urged, 
Saint Petersburg should vote for them “without any hesitation.” But 
he added that the French would prefer to stay in Paris with a small sal- 
ary rather than accept a “large one in Saint Petersburg.”” Until early 
December 1747, Schumacher had only begun to consider the candi- 
dates Euler had recommended for open positions. To the list for Teplov 
that included the Germans Braun, Brauser, Kratzenstein, Oechlitz, and 
Waltz, Euler added the names of Johann Kies in astronomy and Johann 
Gottlieb Gleditsch in botany and economics. Schumacher sent travel 
funds for Braun. He cited 660 to 860 rubles as reasonable salaries, while 
Euler urged more than 1,200 for each man. Schumacher now knew that 
Bernoulli would not come, so an offer would go to Oechlitz, and if he 
declined, to Johann Samuel Ké6nig.* Bernoulli had suggested K6nig, 
but Euler had not read his work and considered Oechlitz the greatest 
young geometer in German lands. This determined the order for pos- 
sible invitations. 

Euler kept up close contacts with the Petersburg Academy. In Novem- 
ber 1747 the academy on Razumovskij’s order continued to pay Euler’s 
entire annual salary. That month he submitted an evaluation of papers 
by Georg Wilhelm Richmann and Lomonosov, finding most of them to 
be excellent; their publication, he believed, would make the Commentarii 
more important than works of other science academies in Europe. From 
correspondence Euler learned that a great fire had destroyed the obser- 
vatory at the Russian Academy and seriously damaged other parts of 
the Kunstkammer Museum, including its library. The following January 
Euler wrote to Delisle in Paris that the diligent efforts of cadets (and he 
might have added officers) had saved almost the entirety of the library’s 
books and journals, along with the museum collection of Peter I that fea- 
tured technical instruments. 
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The Euler Family 


From 1746 on, Euler and his family were comfortable in Berlin. The next 
year came Herrmann Friedrich, who would live to be three and a half. 
Having grown close to Maupertuis, Euler asked him and his wife to be 
the new son’s godparents. 

Euler’s many children helped give rise to a description of him as pos- 
sessing a powerful concentration, being undisturbed by noises in his sur- 
roundings, and writing his immortal works with “a child on his knee and 
a cat on his shoulder.” While his ability to center his attention on a prob- 
lem to the exclusion of all else was astounding, the portrayal of him at 
work with child, cat, and manuscript seems a creation of a later colleague, 
Dieudonné Thiébault, a grammar professor at the war college in Berlin. 
Not until 1765 did Thiébault become a regular member of the belles-lettres 
department of the academy, so he did not know Euler when the children 
were young, and he had access mostly to secondhand stories, for Euler 
was to return to Saint Petersburg in 1766. In 1785 Thiébault returned to 
France, his book with this written portrait of Euler unpublished." Euler’s 
son Johann Albrecht gives a different account of home life, declaring that 
when he was young, his father had little to do with general household 
tasks, including the care of children, when he was writing. 

Euler actively assisted relatives beyond his immediate family mem- 
bers. In 1746 he arranged for two of his Vermeulen nephews, Georg 
Wilhelm and Karl Rudolf, to join the Prussian military; both had been 
students at the gymnasium in Saint Petersburg, where their father was a 
wine merchant. This did not pass unnoticed by Frederick IT. He sent Euler 
a note on their placement and his gratitude for their enlistment. 

The Euler residence on Behrenstrasse was a busy and welcoming 
place. In addition to students sent by the Petersburg Academy up to 1757 
to reside there and study under Euler, scholars traveling to and from Rus- 
sia visited him. In August 1747 Christian Kratzenstein wrote a note of 
appreciation for Euler’s recommending him to the Russian Academy; the 
following January he inquired whether Euler could explain the illusions 
of the Italian magician Peladine, who had performed in Berlin, and an- 
nounced that he was reading natural magic.” At the end of January, Krat- 
zenstein visited Berlin during his move to Saint Petersburg from Halle. 
Johann Georg Gmelin, who had informed Euler of the debate between 
Josias Weitbrecht and Richmann over the principle of the conservation 
of vis viva, stopped on his way from Russia to Tubingen, and in October 
1747 Delisle thanked Euler for the kindness shown to him and his wife 
during their visit on their journey from Saint Petersburg to Paris.™ 
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One sign of the continuing depth of Euler’s affection for his home- 
town of Basel was his correspondence with Johann Schorndorf, the 
postmaster there; begun in 1743, it continued for thirteen years. In 1747 
Johann Conrad Henninger, the brother-in-law of Schumacher from Saint 
Petersburg, asked Euler to help clarify the business relationships in a cer- 
tain Trau family, who were apparently from Basel. Euler requested assis- 
tance from Schorndorf and then quickly prepared a Trau genealogy that 
was sent to Russia. For contributions to this and for sending his initial 
letter of inquiry to Henninger, Euler thanked the postmaster. 

Euler scarcely had time for leisure, though music remained his favor- 
ite recreation. He continued to play the clavier and invited composers to 
his house to present their new works. He also improved his chess game. 
Letters to Wettstein reveal his preference for a certain English pipe to- 
bacco; many came with a plea for this preferred tobacco and his thanks 
for an earlier supply. At the zoo, where Katharina and he enjoyed tak- 
ing the children, he particularly liked to watch the bear cubs playing. 
They also took the children to marionette shows, a popular entertainment 
at the time, and Euler was known to laugh robustly at the antics of the 
marionettes. 

Letters by Frederick II reveal that Katharina and Euler were attend- 
ing the theater. The monarch was upset that Euler would take a pen and 
paper to plays, occasionally jot notes during the performance, and even 
leave before the end. On 25 August 1749, Frederick wrote, “During the 
presentation, one of Euclid’s sons realized that [he, Euler] had misplaced 
his greedy imagination without hearing, without seeing and without 
speaking. At first he began, while dreaming at first to calculate the ef- 
fects of the voice on the hall, the theater, optics, and great circle of the 
oval; having finished and finding no more to do and chilly feelings and 
boredom, without having finished the act he awoke and left the rest to the 
devil.” Such behavior reflecting Euler’s concentration was a major factor 
contributing to Frederick’s prejudice against mathematics in general and 
his criticism of Euler’s personality. 

Euler continued to endure sporadic high fevers and a developing 
loss of eyesight. Knowledge of these fevers he continued to keep within 
a small circle that included Daniel Bernoulli, and he diverted attention 
from himself through inquiries about the health of others. (Among his 
colleagues illness was common.) In 1746 and 1747 Parisian gossip concen- 
trated on Maupertuis’s sickness, and d'Alembert wrote to Euler inquiring 
about it. In December 1747 Euler wrote a letter to d'Alembert, noting 
that Maupertuis had informed him of a spell of illness for d’Alembert, 
who had to set aside his research for a time. He wished d'Alembert a 
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speedy recovery, and the ailing philosophe responded appreciatively to 
Euler’s concern. While Euler worked quietly through his fevers, his weak- 
ening vision was well known. 

Formey’s correspondence relates that the socially cordial Mauper- 
tuis, who resided in Berlin and was also given quarters at Sans Souci in 
Potsdam, had an active social calendar in the capital, holding dinners for 
a circle including academicians, men of letters, dignitaries from outside 
Prussia, and nobles. These were part of what the philosophes called the 
code of sociability, a kind of bond of good citizenship sealed by convivial 
relations within the growing community of readers. Maupertuis’s house 
was known for his Siberian and Icelandic dogs and his inclusion of a 
young albino African servant, whom he used in his studies of racial differ- 
ences, albinism, and theories of generation—subjects of topical curiosity 
among the sociable worlds of the salons and generally the reading public 
but not yet investigated within the academy. Euler and his wife attended 
many dinners at Maupertuis’s residence. 


Chapter 9 


The Apogee Years, II: 
1748 to 1750 


he year 1748 began sadly with news of the death on 1 January of the 

patriarch of the Bernoulli family, Leonhard Euler’s former teacher 
Johann I (Jean I), “the old lion” as mathematicians knew him. It came 
after a short bout of eye pain. Euler’s uncle Heinrich Brucker, the pastor 
of Saint Peter’s Church, delivered the funeral oration. Brucker praised 
Bernoulli for the candor and weight of his arguments, which could move 
even opponents. The tombstone declares, 


Hoc sub lapide requiescit 

vir quo maiorem ingenio Basilea non tulit 
Saeculi sui Archimedes 

non illis Europae luminibus 

Cartesiis, Newtonis, Leibnitziis 
Mathematum Scientia secundus 
Johannes Bernoulli. 


Under this stone rests 

a man as great an intellect as any Basler. 
The Archimedes of his age 

Second to none of the luminaries of Europe 
in the mathematical sciences 

the Descartes, the Newtons, the Leibnizes 
Johannes Bernoulli. 


Considering Euler a worthy successor, the city magistrates and the 
regents of the University of Basel issued a protocol, seeking a written dec- 
laration from him in Berlin indicating whether he wished Bernoulli’s “pro- 
fessionem matheoseos” and indicating that upon his refusal the position 
would be offered to Johann II (Jean IT) Bernoulli, who was a professor of 
rhetoric at the university. Euler did not respond; the University of Basel 
could not compete financially or scientifically with his post in Berlin, and 
he would not challenge his close friend. The regents in Basel noted simply 
that circumstances prevented him from coming. In response that March 
to Euler’s letter (now lost) of sympathy to the Bernoullis, Daniel stressed 


285 


286 Chapter 9 


that his father had been steadfast in his admiration of Euler. After a short 
break, Johann II received the mathematics chair, a position he merited 
having won the Prix de Paris four times. Daniel Bernoulli wanted the 
chair in physics, which he received in 1750. 

Throughout his career, Euler was a champion of Daniel Bernoulli, 
though his efforts to once entice him to Berlin had failed. In mid-January 
1748 Euler came to Bernoulli’s defense against critics at the Petersburg 
Imperial Academy of Sciences. As a major part of the academy’s rehabili- 
tation, Euler had proposed that Bernoulli return to Russia. In April 1747 
Bernoulli received the invitation, but by September he declined it. He 
pointed out that when he asked for the consent of his seriously ill eighty- 
year-old father he had not gotten it. This was critical to Daniel, who con- 
tinued to list himself as “the son of Johannes”; his father had asked him 
to agree not to leave Basel before his imminent death, and Daniel obeyed 
what was essentially Johannes’s final wish. Even if he were in Russia, he 
would have had to return to Basel for the probating of the will. When 
his refusal reached Russia, an indignant Kirill Gregor’evich Razumovskij 
took it to be a slight toward the academy. In light of Razumovskij’s reac- 
tion, Johann Schumacher issued a warrant canceling Bernoulli’s position 
and future annuities from the academy. Euler held this an injustice, for 
Daniel Bernoulli had merely obeyed his father and had in no way showed 
disrespect for the academy. An advocate of justice, Euler did not hesitate 
to challenge the academic administration, the nobility, or the government, 
especially on financial issues. His distinguished reputation kept him from 
the retributions that might have faced other commoners. 

Astonished at the warrant against Bernoulli, Count Hermann Karl 
von Keyserling, who had been the president of the Petersburg Academy 
in 1733, asked Euler to undertake every possible effort to have it lifted. 
Since all negotiations within the academy passed through his hands, 
Euler was able to send to Count Razumovskij’s secretary Grigorij Niko- 
laevich Teplov a detailed report that, so he believed, showed Bernoulli 
to be blameless for declining the offer. The manner in which a person of 
Bernoulli’s achievements at the academy and distinction across Europe 
was treated, Keyserling feared, might carry negative consequences for the 
institution. During the year, Euler continued to urge Schumacher to re- 
consider the warrant but, it seems, with little effect. Euler also commented 
that Bernoulli was angry that no one had contacted him about his salary. 
But payment of salaries for members outside Russia remained uncertain, 
even for Euler. The actions of the academy, he complained, were making 
Bernoulli out to be an enemy. 
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The Introductio and Another Paris Prize 


While attacking problems in mechanics, Euler continued to concentrate 
on infinitary analysis. Through the 1720s it had remained a method for 
solving geometric problems represented through curves with symbols, 
and appropriately manipulating them, while from the 1730s on geometers 
not only added new procedures and results but were also fundamentally 
changing the structure of the field. In his Mechanica sive motus scientia ana- 
lytice exposita (Mechanics of the science of motion set forth analytically) 
Euler had skillfully applied the distinctive abstract and general methods 
of analysis to the concrete discipline of mechanics. This was an impor- 
tant part of its widespread application across the sciences. By the 1740s 
analysis was being well developed, but Euler was the first to stress an 
explicit distinction between the methods of geometry and the techniques 
of algebraic and higher analysis as well as to accentuate the advantages 
of the latter.? He sought to transform analysis from methods for solving 
a restricted number of problems into a conceptual framework with gen- 
eral application in a new and increasingly autonomous field, destined to 
displace Euclidean geometry from its two thousand years of primacy in 
mathematics. 

By 1748, infinitary analysis still lacked a structure that identified and 
skillfully organized the fundamental principles of calculus along with a 
program for the development of the field. Euler’s two-volume Introduc- 
tio in analysin infinitorum (E101 and E102), probably the most influential 
mathematical textbook in modern history, his great treatise on functions 
was published in 1748. It began to advance the necessary framework, for it 
masterfully arranged the basic concepts and rules of calculus taken princi- 
pally from the writings of Isaac Newton, Gottfried Wilhelm Leibniz, John 
Wallis, the Bernoullis, Brook Taylor, Pierre Varignon, and Guillaume- 
Francois-Antoine, Marquis de L Hépital and it offered for the most part 
a methodical and comprehensive theory of algebraic equations as well as 
three elementary transcendental ones: the exponential, the logarithmic, 
and the trigonometric.’ It established the term analysis as generally used 
today in mathematics. 

Some of Euler’s contemporaries, together with later scholars, have 
erroneously taken the word analysin in the title as a mistake for analysis, 
but it was not; Euler employed the Greek rather than the Latin accusa- 
tive. The word analysis had come into use in the West after the advent of 
Neo-Latin, the Ciceronian reforms of Latin during the Renaissance. In 
classical antiquity and the Middle Ages a Greek word such as analysis 
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would have been slightly Latinized, its accusative being analysim, with 
the m characteristic of the Latin accusative. From the Renaissance into 
the eighteenth century, scholars used the proper Greek accusative in this 
case. Even in the large Renaissance Latin dictionary, analysis appeared 
too late to become a Latinized Greek word. Euler treated it as completely 
Greek. 

As a precalculus text, the Introductio does not employ differential and 
integral calculus. The eighteen chapters in book 1 address elementary 
functions, continued fractions, infinite products, infinite series, and num- 
ber partitions. Since the time of Leibniz continental geometers had devel- 
oped an abundance of elementary algebraic and transcendental functions 
that they resolved in infinite series. Although of growing importance on 
the Continent, in 1748 they were not yet central to calculus. In the Jn- 
troductio Kuler expanded the foundation of analysis of infinite quantities 
beyond Newton’s kinematics and geometric curves, centering it instead 
on functions; while LH6pital’s LAnalyse des infiniment Petits (Analysis of 
the Infinitely Small) of 1699 barely mentions them, Euler’s Introductio is 
replete with them. In the preface to the Introductio he noted that “since 
all of analysis is concerned with variable quantities and functions of such 
variables, I have given a full treatment of functions.”* Euler’s first chapter, 
“De functionibus in genere” (On functions in general), defines “a func- 
tion of a variable quantity [as] an analytic expression composed in any 
way whatsoever of the variable quantity and numbers or constant quanti- 
ties.”> In this period before set theory, Euler’s variables were general or 
universal entities derived from abstraction;® they were continuous, dif- 
ferentiable, and expandable into Taylor series. Euler’s early definition of 
them pointed out these properties in aid of his search for generality, with 
few restrictions but also ambiguities, and he classified them as a first step 
in building a theoretical framework for analysis. 

Among the numerous contributions that the Introductio made to pre- 
calculus was Euler’s expansion of Newton's general binomial expansion 
to irrational functions, which he called a “universal theorem.”’ He put 
logarithms and exponentials on an equal basis as well. Previously expo- 
nentials had been considered simply the inverse of logarithms. Follow- 
ing Henry Briggs and Adriaan Vlacq, by a technique of successive square 
roots Euler calculated logarithms between 1 and 10 in base 10. He had 
earlier made the number e—today known as Euler’s number—the base 
of hyperbolic logarithms and allowed the variable to take on imaginary 
values. ® He was the first to fully bring out the significance of the expo- 
nential function in infinitary analysis. In book 2 Euler from log e = 1 com- 
puted e to 23 decimal places, beginning with 2.718281828459. ...° 


1748 to 1750 | 289 


INTRODUCTIO 


IN ANALTSIN 


INFINITORUM 
AUCTORE 
LEONHARDO EULERO, 
Profeffore Regio Bexorinenst, § Academia lm- 


PatRoOro.itana 


TOMUS PRIMUS 


LAUSANNE, 
Apod Marcum-Micnasrem BousQuer & Socios. 
———$$_______... 


MDCCXLVIIL 


! 
i 


Figure 9.1. The frontispiece and title page of Euler’s 
Introductio in analysin infinitorum, 1748. 


The importance of the Introductio exceeds its structure. Euler never 
attacked problems in isolation, and its detail, intersections, cohesion, and 
extension are impressive. Peerless in computation, Euler relished formu- 
las. Chapters 2 and 3 in book 1 contain rules for formally combining, ma- 
nipulating, and transmuting functions “into other forms.” Their definition 
was evolving. Chapters 6-11 compute trigonometric functions and their 
logarithms “more easily ... than... in previous times.” “For the sake of 
brevity,” Euler explained, he was representing half the circumference of a 
circle “by the symbol z.”'° William James had given this symbol in his New 
Introduction to Mathematics (1706). By expressing forty-five degrees as the 
sum of two arc lengths a and 4, deriving the relations from tan (a + d) = 1, 
and letting tan a = 1/2, which means that tan b = 1/3, Euler improved upon 
John Wallis’s value for t/2=2-2-4-4-6-6.../1-3-3-5-5-7-7..., 
obtaining a rational series more quickly converging than Leibniz’s hardly 
converging 7/4 =1 — 1/3 + 1/5 -1/7+....1'! But even after his various, 
intense computations approximating 7, in chapter 8 of book I Euler took 
the value to 127 decimal places from the master computer Thomas Fantet 
de Lagny, whose result from 1716 was published five years later in “Mé- 
moire sur la quadrature du cercle”—that is, 3.14159365. . . . ? The error in 
the 113th decimal place was not found until 1794. During his last years, 
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Fantet de Lagny had become a friend of Pierre Maupertuis.'* Chapters 
10, 11, and 15 of book 1 compute more complex expressions. Euler deftly 
manipulated the infinite series expansions of trigonometric functions and 
infinite products and playfully made substitutions in them, studying a 
form of e* = cosx + isinx and (e* + e*)/ 2 = coshx, and in computing the 
even number zeta functions to twenty-six places he applied products of 
prime numbers." 

In inventing and making standard many modern symbols through 
the influence of his books and articles, Euler demonstrated the talent of 
a master notation builder. Beyond adopting the symbol m probably from 
Wallis and e from Johann I Bernoulli, the Introductio introduces the trigo- 
nometric functions as cos., sin., tang., cot., sec., and cosec., along with arc- 
sin., arcos., and arctan. It differs slightly from modern symbols by having 
cosec. rather than csc. and for logarithms to base e, /x for our In (x). Like 
almost everyone in his century, Euler used xx instead of x”, which aided 
typesetters. Euler had earlier introduced f(x), X, and i and j for infinitely 
large numbers. He had not yet settled on i for V-1,"° nor had he accepted 
for infinity the lazy-eight: ~.' 

Book 2, consisting of twenty-two chapters, unifies Cartesian or ana- 
lytic geometry in the plane and is the earliest work to give that field in 
its modern sense, separate from synthetic geometry. To express its topics 
in a clear, general way, it employs equations. Euler argued that this was 
most advantageous for conic sections previously treated geometrically or 
in analysis with awkward equations. The Introductio has a six-chapter ap- 
pendix on surfaces in space. 

In the Jntroductio Euler demonstrated a solid historical knowledge of 
techniques of his predecessors, but he did not give the history of each 
problem, for that would make the size of his book unreasonable."’ Biblical 
inspiration is also evident. Using logarithms, for example, Euler calcu- 
lated the rate of population growth; Enlightenment officials and savants 
considered this growth a characteristic of a good kingdom. Following a 
literal interpretation of the Bible, Euler had the entire human population 
as six after Noah’s flood and then assumed a population two hundred 
years later of approximately a million. This gave an annual rate of growth 
of 6.25 percent. This was long before the English clergyman and political 
economist Thomas Malthus predicted that population grows geometri- 
cally, outstripping food production, which increases arithmetically. The 
growth would later be checked by poverty, famine, and disease, along 
with war and Darwinian natural selection. Euler rejected the possibil- 
ity that the same growth rate could continue for the next four hundred 
years, for it would have the population reach 166,666,666,666. Earth, he 
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observed, could not sustain that number."* This analysis somewhat an- 
ticipates Malthus. Assuming instead an annual growth rate of 1 percent, 
Euler computed a hundredfold population increase over 463 years. 

Euler’s Introductio, his Institutiones calculi differentialis (Foundations 
of differential calculus, E212) and his three-volume Jnstitutionum calculi 
integralis (Foundations of integral calculus, E342, E366, and E385) were 
the first books to neatly provide the conceptual framework and program 
for calculus. This trilogy would do for calculus what Euclid’s Elements had 
done for theoretical geometry and Al-Khwarizmi’s Algebra had done for 
its field.'? When Euler sent Christian Goldbach a copy of the Introductio 
in June 1748, he remarked that he had nearly completed the manuscript 
for his Institutiones calculi differentialis, it was not published until 1755, 
however. Many consider the magisterial Introductio Euler’s most beautiful 
publication. It surpassed the mathematical sections of Christian Wolff’s 
Elementa matheseos universae, which had been published in five volumes 
from 1732 to 1742.° The Elementa, which treats arithmetic, geometry, 
plane trigonometry, finite and infinite analysis, geography, mechanics and 
optics, retained the older primacy of geometry, such as basing numbers 
on lines and commensurability. 

In April 1748 Alexis Claude Clairaut informed Euler that he had won 
the Prix de Paris for that year for his essay, “Recherches sur la question 
des inégalités du mouvement de Saturne et de Jupiter” (Research on the 
question of the inequalities in the motion of Saturn and Jupiter, E120). 
The academy required that the authors of essays be anonymous. On each 
essay they had to put a catchphrase for use later to pair with a name and 
thus identify the author. Euler’s was 


Ponderibus librata suis per inane profundum 
Sidera, quo vis alma trahit retrahitque sequunter. 


The stars balanced by their own masses follow through 
the empty abyss, where the fostering force pulls back and forth. 


Pierre Charles Lemonnier, having laboriously investigated the perturba- 
tions in the orbit of Saturn caused by Jupiter, had set the competition 
problem: to formulate a theory that can explain “the inequalities [of mo- 
tion] that these two planets appear to cause mutually, principally near the 
time of conjunction.” Essentially, when Jupiter is catching up with Saturn, 
it pulls that planet back, causing it to go into a closer orbit, where Sat- 
urn unexpectedly speeds up. Jupiter’s passing of Saturn causes the ringed 
planet to go to a more distant orbit, thus slowing it down. 

The challenge was to determine whether these perceived anoma- 
lies could be accounted for solely from Newton’s inverse-square law of 
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attraction or whether there was a discrepancy; the astronomers sought not 
another force but a modification of that law itself. The complicated inter- 
actions of these planets and their elliptical orbits made for quite difficult 
math, using calculus to describe them, but it was possible.” Employing 
results of observations by Jacques Cassini and especially by Lemonnier at 
the Paris Observatory, Euler improved the methods of computing these 
secular inequalities, meaning those that develop over a long period of 
time. The new trigonometric series that he invented moved the study 
of perturbing motions beyond tiresome numerical integrations. Having 
gathered records and data from the latest observations made with the 
best telescopes, Euler calculated coefficients for successive terms of these 
series. For varying motion, his new differential equations had arbitrary 
constants, but comparison of the variance found that the perturbation 
actually caused was extremely slow. His computations confirmed Lemon- 
nier’s results. Euler attributed the mistakes in Lemonnier’s figures to the 
imprecision of observations and most of all to a slight insufficiency in the 
inverse-square law. 

The possibility of insufficiency posed a serious challenge to the domi- 
nant Newtonian celestial dynamics; over the next three years, studies by 
Clairaut, Jean-Baptiste le Rond d’Alembert, and Euler, primarily of the 
motion of lunar apogee, would remove that challenge. Clairaut’s letter 
in April 1748 suggested that the question on Saturn merited further re- 
search and should be the topic for another prize. Here some friction ap- 
peared; the implication in the letter was that Euler’s essay was mediocre, 
winning the Prix de Paris only because the Paris Academy had received 
nothing better. 


Competitions and Disputes 


In 1747 and 1748, Clairaut and d'Alembert sought general methods to 
determine perturbations arising from mutual actions among celestial bod- 
ies. Clairaut was pleased when Euler agreed with him, doubting the level 
of exactness that could be provided in these cases through the inverse- 
square law alone. A great number of phenomena—such as the general 
orbits of planets and their satellites (according to Kepler’s three laws), 
the movement of lunar nodes, and the theory of tides expressed by Daniel 
Bernoulli and Colin Maclaurin in the 1740 Prix de Paris competition— 
were consistent with the inverse-square law of attraction, but the law was 
coming up against a few apparent celestial discrepancies. This made Clai- 
raut, like Euler, stress the considerable labor and great care that making 
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his case had demanded of him. In the motion of lunar apogee Clairaut 
thought—to his surprise—that he had found an anomaly. Attempt- 
ing to crack what is now called the three-body problem, both Clairaut 
and d’Alembert were personally interested in the subject of the contest 
for 1748. “Messieurs Clairaut and d’Alembert are after the system of the 
world, [because] they understandably do not wish to be anticipated by 
the prize [contest] pieces,” remarked Emilie, Marquise du Chatelet.” 

Other astronomical problems for Euler in 1748 were the solar and 
lunar eclipses observed from Berlin. Two years earlier for his Opuscula 
varii argumenti (E80) Euler, using calculus and calibrating the latest as- 
tronomical observations, had prepared tables good to thirty arcseconds, 
and they were the most accurate to that time. In July 1748 he eagerly 
awaited the solar eclipse which, as he had predicted, occurred on 25 July. 
He had computed its starting time to be 10:17:45 and its ending time to 
be 13:24:00. The solar eclipse actually began at 10:18:00 and ended at 
13:24:30. But Euler’s computations of the length of the annular phase, 
when the sun forms a crescent with horns around the moon, were far off: 
his prediction was five hours, ten minutes for observations, but it lasted 
only one hour, twenty minutes. 

Although he had been trained in astronomy by Joseph-Nicholas De- 
lisle and was capable of making his own observations, Euler still partici- 
pated only rarely in the observation process, likely because of his poor 
vision. Possibly assisted by Christine Kirch, who kept a weather diary 
for years, and her sister Margarethe, he placed a telescope in a darkened 
room, constructing a camera obscura, which projected the sun’s image 
onto a white screen. The enterprise used Euler’s and Johann Kies’s sepa- 
rate computations of when the eclipse image would be at its maximum. 
If precise, that would coincide exactly with the circle of the sun; but as 
the eclipse reached its maximum point, the horns of the annulus moved 
outside the solar disc, and Euler concluded that refraction effects from 
a lunar atmosphere were magnifying the solar image. To produce that 
refraction, the moon would need to have an atmosphere about 1/200 the 
density of Earth’s atmosphere. But Euler was not confident that he had 
discovered a lunar atmosphere. “This celebrated question,” he wrote, “has 
agitated astronomers for a long time: whether the moon has an atmo- 
sphere has not yet been decided.”™ His prediction for the lunar eclipse on 
the night of 8-9 August was also off by five minutes. The eclipse computa- 
tions, especially for the moon, could have drawn attention to the inverse- 
square law but did not. 

To give more precise figures for both predictions, Euler wrote the 
essay “Sur l’accord des deux dernieres eclipses du soleil et de la lune avec 
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mes tables” (On the agreement with my tables of the last two eclipses of 
the sun and the moon, E141), which was published in the Mémoires of the 
Berlin Academy in 1750.” He concluded that his positioning of Berlin on 
the map accounted for the mistakes. “Yet, toward correcting the error in 
the duration of the annulus,” he asserted, “I must note that in my calcula- 
tions I had assumed the latitude of Berlin was 52°, 36’; now in fact the last 
observations that Mr. Kies made with the excellent quadrant that Mr. de 
Maupertuis gave to the Academy only gave its elevation to be 52°, 31', 30", 
so I had placed Berlin too far north by 4', 30". [Upon making this correc- 
tion,| the duration of the annulus would have considerably lengthened 
and would have been very close to my calculation.”* But there remained 
a problem with calculating lunar motion; Euler apparently did not relate 
his work to other work on the moon, Saturn, and Jupiter. 

In England James Bradley, who had been the royal astronomer since 
1742, was investigating the moon’s nodes over a period of 18.6 years. He 
had discovered the aberration of stellar light, the displacement of star- 
light in the direction of Earth’s movement around the sun, and reported 
it in the London’s Royal Society’s Philosophical Transactions for 1729. Now 
he was on the verge of a second major finding, the nutation or apparent 
motion of fixed stars caused by the slight wobble or gyration in the pre- 
cessing Earth’s axis. In March 1747 Euler tried unsuccessfully to persuade 
Johann Kaspar Wettstein to forward records of a number of Bradley’s ob- 
servations of the passage of the moon’s nodes through the Greenwich me- 
ridian. Bradley completed those observations a year later, and he waited 
until then to announce his discovery of Earth’s nutation. Newton had 
already identified the precession as the result of the attraction from the 
sun and moon on Earth’s equatorial bulge, but he could not compute 
this three-body problem. To detect nutation Bradley, who needed tele- 
scopes with calibrations of fewer than nine seconds, had installed in the 
Greenwich Observatory better telescopes and filar micrometers capable 
of calibrations as small as seven seconds.” Among the results obtained 
from employing these devices were variances: plus or minus nine seconds 
in the plane of Earth’s orbit and plus or minus seventeen seconds in the 
pace of the precession of the equinoxes. Skillful employment of Bradley’s 
discoveries and data from improved telescopes made possible the goal of 
observational accuracy in arcseconds and laid the foundation for modern 
astronomy. 

In 1748, the correspondence between Euler and Clairaut on the mo- 
tion of the moon, Jupiter, and Saturn blossomed. Euler’s correspondence 
with dAlembert continued to cover a range of mathematical topics from 
the fundamental theorem of algebra to properties of curves, but he now 
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wanted to stop corresponding on a long-standing mathematical matter 
between them, the logarithms of negative numbers. Yet d’Alembert con- 
tinued to debate him in letters.” Finding little in these to convey any- 
thing about the logarithms of negative numbers, Euler took them to be 
principally argumentative. The debate diminished and for Euler ended in 
September, when he wrote to d'Alembert that “the matter of imaginary 
logarithms is no longer so familiar to me that I may rigorously respond to 
your remarks.”’® By October d'Alembert abandoned the argument. Gabriel 
Cramer, whom Euler admired as a model historian of mathematics, had 
edited the correspondence between Leibniz and Johann I Bernoulli on 
these logarithms, and it provided a crucial source on the origins of the 
dispute. After reading it, Euler would submit in 1749 for the Mémoires a 
lengthy article, “De la controverse entre M[ss|rs. Leibnitz & Bernoulli sur 
les logarithmes des nombres négatifs et imaginaires” (E168), supporting 
his position. Its appearance in print two years later would deepen the divi- 
sion between Euler and d'Alembert. 

Another scientific dispute that Euler entered in 1748 was over the na- 
ture of space and time. In his Principia Mathematica Newton had defined 
the two as absolute and real, eternal and uniform and “without relation to 
anything external.” Query 28 of his Opticks added that space was the “Sen- 
sorium of God.” In correspondence with Samuel Clarke in 1715-16, Leib- 
niz had attacked Newton’s theology and asserted that space and time were 
relative, which was a position that was difficult to defend before the inven- 
tions of non-Euclidean geometries. Voltaire’s Eléments de la philosophie de 
Newton, Maclaurin’s An Account of Sir Isaac Newton’s Philosophical Discoveries 
(published posthumously in 1750), and Euler’s “Réflexions sur l’espace 
et le tem[p|s” (Reflections on space and time, E149, completed and de- 
livered at the Berlin Academy in February 1748 but not published in the 
Mémoires until 1750) were among the works responding to this specific 
criticism of Newtonian science on the Continent.*° In his paper, which 
outlined the relationship between metaphysics and rational mechanics, 
Euler called the truths of mechanics “indubitably constant,” founded in 
the nature of bodies themselves. Metaphysics, he argued, which studies 
the same natures, must agree entirely with the laws of mechanics. Space 
and time must be absolute and real for they are assumed by the incontest- 
able laws of mechanics, which they envelop. Euler rejected the counter- 
claim of metaphysicians (in essence Leibniz and the Wolffians) that 
they are relative, imaginary, and destitute of all reality. Arguments with 
conclusions about them differing from the truths of mechanics, Euler 
maintained, must contain some hidden logical fallacy. Like Newton, he 
required absolute space and time to provide coordinates to define inertia 
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and the motion of solid and fluid bodies; these, he insisted, contradicted 
the view of time as being simply a succession of events. 

Through 1748 the monadic debate sustained its force in print, at the 
academy, and within Berlin’s literate classes. The Wolffians considered 
the prize decision over monads to be an outrage. Both sides issued po- 
lemical essays. Breaking with academic protocol, Johann Heinrich Justi 
published a paper with caustic remarks about Wolff immediately after 
the announcement of the prize. Intrigues persisted. In the Géttingische 
Reitung von gelehrten Sachen (Gottingen newspaper of learned things) 
Johann Georg Sulzer, the Swiss mathematician and a friend of Wolff, 
asserted that Euler’s authorship of the Gedancken von den Elementen der 
Corper, in welchen das Lehr-Gebdude von den einfachen Dingen und Monaden 
gepriifet, und das wahre Wesen der Corper entdeckt wird (Thoughts on the 
elements of bodies, in which the doctrine of simple things and monads 
is examined and the true essence of bodies is discovered, E81) was com- 
mon knowledge, that many academicians disagreed with the selection of 
the prize-winning paper, and that monads continued to be a dominant 
topic in Berlin.*' The collection of papers from the competition com- 
missioned by Maupertuis—containing Justi’s essay in French and Ger- 
man, as well as six other papers—now appeared;” all but two authors 
were anonymous. One essay advanced point atomism, which was close 
to Euler’s view; another sought to separate metaphysics from mathemat- 
ics; and two papers proposed a revised monadology but opposed the 
Wolffian model. 

In a letter to Maupertuis in September Euler complained of the ac- 
cusation that he had attempted to suppress the truth and did not judge 
impartially; he expressed the fear that the malicious refutations directed 
against Justi, in which Jean-Henri-Samuel Formey had participated, had 
harmed the academy and would spawn “more impudent works.”*? Mau- 
pertuis tried to appease Wolff by inviting him to submit a tract to be in- 
cluded in the Mémoires, but Wolff declined to do so. In May he wrote to 
Schumacher in Saint Petersburg about Euler, whom he believed was over- 
reaching his area of competence: 


Herr Euler, der seinen wohl verdienten Ruhm in héheren Mathematik 
genieszen kénnte, will nun mit Macht in allen Wiszenschafften domi- 
nieren, darauf er sich doch niemalen gelegt, und da es ihm so wohl an 
den ersten Griinden, als an Belesenheit fehlet, die zu einer historischen 
Erkantniss erfordert wird: wodurch er so wohl seinem eigenen Ruhme 
sehr schadet .. . als auch die Akademie der Wiszenschafften zu Berlin 
in viele Schande bringet, wovon der durch ihn erregte Monad-Streit 
eine klare Probe ableget. 
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Mr. Euler, who could enjoy his own well-deserved fame in higher math- 
ematics, wants now with authority to dominate in all the sciences, to 
which he was though never inclined, and for first reasons as without wide 
erudition required for historical insights, whereby he does great harm to 
his own reputation ... and through the excited monad strife that lacks 
a clear examination also brings much disgrace to the Berlin Academy of 
Sciences.™ 


Wolff held that Euler was not at all a philosopher but an “immodest or 
unashamed pettifogger.” But he thought it still possible in 1748 to debate 
with Maupertuis, whom he considered more clever and more polite than 
Euler. And he believed that if academy president Maupertuis could read 
German writings, he would be more understanding about monads. 

Although Euler had triumphed in the monadic competition, he failed 
in June 1748 to stop the election of the French physician, philosopher, 
hedonist, and materialist Julien Offray de La Mettrie as an ordinary mem- 
ber of the belles-lettres department of the academy.” In a letter to Schu- 
macher, Euler indicated that Wolff throughout his defense of monads had 
attempted unsuccessfully to force him into the circle in Prussia promot- 
ing the French Enlightenment. (Euler remained antagonistic to its more 
radical members.) Open to a breadth of religious views, the academy 
also elected by unanimous acclamation the prefect of the Vatican Library, 
Cardinal Angelo Maria Quirini, whom Voltaire admired.* La Mettrie’s 
influential L’homme machine (Man, a machine), which appeared in 1748, 
treated men as marionettes to a blind power, declared sensory experience 
alone to be trustworthy, and presented freethinking and atheism as a way 
to happiness, a liberation from the dominance of theologians.*’ Euler’s 
opposition to La Mettrie put him directly at odds with Frederick II, who 
wanted to be known for the wisdom, wit, and learning of his court; the ad- 
dition of a leading radical French philosophe would help build his reputa- 
tion and agree with his preference for freethinking. Laboring to centralize 
the Prussian government and make his kingdom a European power, Fred- 
erick was a leader in the third phase of absolutism in eighteenth-century 
Europe, with rulers now known as enlightened despots or reform absolut- 
ists, and expected to advance the cause of learning along with the prog- 
ress of the mechanical arts. In Potsdam La Mettrie found a place not only 
of refuge but also of advancement. Frederick permitted him to practice 
medicine and made him a court reader. 

Frederick’s action reflected tolerance only within court and profes- 
sional circles, and brought out his view of the academy as a Freistétte (free 
institution), a bulwark against the churches’ intolerance. While many 
French philosophes—among them Voltaire—were denouncing religious 


298 Chapter 9 


superstition, /’infame, very few espoused atheism. Far more attractive to 
them and to Frederick was deism, which projected a distant clockmaker 
God. La Mettrie’s book had aroused such a howl of protest even in Paris 
that he was forced to seek refuge in relatively tolerant Leiden, which in 
turn compelled him to leave for Berlin. Even Frederick believed that La 
Mettrie, whose deterministic views undercut the monarch’s concept of 
freedom, had gone too far.* 


Decrial, Tasks, and Printing Scientia navalis 


The election of La Mettrie and a barrage of criticisms against Euler in 1748 
distressed him; he feared that in Berlin the taste for the arts and belles- 
lettres was supplanting mathematics, which would make his position in 
the acdemy useless, and that he might lose his job. Euler’s critics charged 
that his arguments about monads were an attack on culture itself. With ex- 
treme discretion, he began to inquire about a post in England. In March 
he had written to Wettstein that “there is no other country where I would 
rather establish myself than England.””’ In May he praised the British 
parliament’s plan to naturalize foreign Protestants, which Basel had not 
done, and he proclaimed his disenchantment with Berlin. Only England 
was now a suitable location for him; yet no English offer was forthcoming. 
Later Euler’s Dutch relatives attempted to draw him to a Dutch university, 
but he rejected the idea; Dutch universities did not offer a stage compa- 
rable to Berlin in increasingly powerful Prussia, nor would they provide 
him a reduced teaching assignment to free most of his time for research. 
And in 1748 he he dismissed the idea of a return to Saint Petersburg; there 
the prestige of the fine arts was supplanting that of mathematics, eliminat- 
ing the likelihood of a permanent post for him.” 

Maupertuis did not see the situation in Berlin so direly. In 1748 he 
wrote to the king about the merits of the academy. “Our chemists surpass 
all other chemists in Europe,” he asserted, “[and] our mathematicians can 
rival those at all other academies.”*! By “our mathematicians,” Maupertuis 
meant Euler. 

Had Euler known of Frederick’s disparaging reference to him in a let- 
ter in late November 1748 to Voltaire, his search for a position elsewhere 
might have intensified. During the year Frederick had been attempting 
to draw Voltaire to Berlin. Urging Voltaire to finish Le Siécle de Louis le 
Grand, the king likened him to Virgil and called him the greatest man in 
Europe. Probably to impress Voltaire, Frederick—an admirer of authors 
from ancient Athens and Rome (their names are sprinkled throughout 
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his letters)—sought an example from classical mythology that suggested 
Euler’s eyesight problem and his intellectual stature. In reference to Vol- 
taire’s mistress and intellectual companion Emilie du Chatelet, who kept 
him from coming to Berlin, Frederick wrote that if “Mme. du Chatelet is a 
woman of substance, I propose to pay her for borrowing her Voltaire. We 
have here a great Cyclops of geometry, whom we will offer in exchange 
for that bel esprit. . . . If she agrees to the deal, there is no time to lose: our 
man has only one eye left and the new curve that he is calculating pres- 
ently might very well cause him to go entirely blind before our deal is con- 
cluded.”” It is surprising that the letter seems to suggest that Euler is the 
equal of Voltaire. The king must have suspected that the exchange would 
intrigue Madame du Chatelet, who was deeply engaged in scientific stud- 
ies; on several occasions he reiterated his graceless offer. 

Throughout 1748 Euler continued to prepare and distribute calen- 
dars, almanacs, and geographical maps, the academy’s main sources of 
funding. Euler’s calendars employed the new Gregorian style. Since the 
nobility still had a fondness for astrological predictions, his almanacs in- 
cluded them. In May commissioner David Kéhler negotiated as a new 
privilege for the academy a 5 percent excise tax on the calendars, alma- 
nacs, and maps, which could add eight thousand Reichsthaler to academy 
revenues. But even with royal backing it was difficult to have booksellers 
in Berlin collect and pay this tax. Determined to bring a more effective 
administration for the academy, Euler needed the cooperation of Formey, 
whose election in 1748 to the influential position of standing secretary 
at the academy was intended to strengthen his role in opposing Euler in 
its philosophical battles. For two years the virtual successor to Philippe 
Joseph de Jariges, Formey would serve as a trustee on the editorial board 
for the Mémoires. He was to last as secretary so long that Voltaire would 
call him “eternal” in that position. As historiographer, Formey needed to 
proofread works for academic publications, including the almanacs, but 
he wanted to pass that task to the new historiographer. Yet Maupertuis, 
committed like Euler to maintaining the highest quality in publications, 
insisted that Formey make everything ready for printing. This involved 
gathering legible copies of manuscripts, mainly from their authors; hav- 
ing translations made of Latin and German papers; and drawing con- 
tributions from foreign members to offset mediocrity in any volume of 
the Mémoires. Formey wanted the royal printer Ambrose Haude to hire 
a proofreader and handle this task entirely, but Maupertuis required the 
royal printers to make the first corrections of the printer’s proof sheets, 
after which Formey would make the final corrections; without this process, 
he felt, mistakes could be made that would detract from the reputation of 
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the academy. Maupertuis wanted to establish the same impeccable stan- 
dards that Bernard le Bovier de Fontenelle had set in Paris, and Euler 
concurred. Maupertuis urged Formey to take Fontenelle as his model. 

Euler’s correspondence—primarily with Schumacher, but also with 
Razumovskij and Teplov (the three were the most important officers of 
the Imperial Academy of Sciences and Arts)—continued in 1748 and 
dealt almost entirely with administrative matters. The departure of Jo- 
hann Georg Gmelin and Delisle was drawing sharp criticism. In return- 
ing to Tubingen, Gmelin had broken his word and contract; Razumovskij 
agreed with Schumacher that Gmelin should have to honor his pact, 
but Euler believed that Gmelin’s decision to leave was not malicious; he 
attributed it partly to the wishes of the parents and wife. The Duke of 
Wirrtemberg named Gmelin a court botanist and forbade him to return 
to Russia. Euler counseled the selection of one of two options: strip Gme- 
lin of any advantages from his contract with the Petersburg Academy or 
assume good intentions and forgive him; the tone of his letter suggests a 
preference for the latter. Euler saw the benefit in retaining connections 
with Gmelin, who had just sent him most of the second part of his Flora 
sibirica and promised to complete the rest. Forwarding this material to 
Saint Petersburg in December, Euler pointed out that neither Wurrtem- 
berg nor Prussian law would force a return. 

Euler was also involved in the later part of the Delisle affair. Acad- 
emy officials were angered at the astronomer’s criticism of its atlas and 
his carrying off of valuable research materials when he left in early 1747. 
After Delisle returned to Paris, Euler informed him that a warrant had 
been issued against him in Saint Petersburg, and that Razumovskij was 
cutting all contacts with him. It took Euler a while to ease the volatile 
situation; this he would do in 1753 by arranging the printing in volume 
12 of the Nouvelle Bibliotheque Gérmanique of an essay by a Russian of- 
ficer on the geographic discoveries that Delisle had published regarding 
the north and south of Russia. In 1748 Razumovskij’s labors to improve 
the institutional base for the sciences won him an honorary diploma and 
foreign membership from the Berlin Academy. Euler was delighted. Mau- 
pertuis asked him to let Razumovskij know that the Berlin members had 
approved the honors in the extraordinary manner of unanimous acclama- 
tion, not by the common procedure of reviews. Razumovskij, in return, 
asked Euler to express his thanks. 

Among other topics in letters to Russia was Euler’s invitation to 
Mikhail Lomonosov to submit a dissertation on saltpeter for the 1749 Ber- 
lin Academy annual prize competition. Lomonosov’s explanation involved 
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his theory of the elasticity of the air. Euler was convinced that there would 
be no better submission, and that Lomonosov’s winning would be a credit 
to both the Berlin and Petersburg academies, whereas Razumovskij had no 
opinion on the value of Lomonosov’s participation in the competition. It 
took some encouragement to get Lomonosov to send his article. 

Schumacher and Euler wanted to upgrade the Russian Academy’s 
chemical laboratory; the two also discussed the hurried publishing of 
Euler’s Scientia navalis (E110 and E111) and the first volume of the acade- 
my’s Novi Commentarii. Euler reported on a new comet and the observation 
of the solar eclipse made from Berlin. He was studying the lunar atmo- 
sphere and sent to Russia copies of astronomical calendars. ‘The Imperial 
Academy of Sciences and Arts now had vacant positions. Euler wanted 
these filled, above all, with Russians in the near future; for the moment it 
was not possible. Among candidates he suggested were astronomer Jean- 
Philippe Loys de Chésaux from Lausanne and mathematicians Christian 
Friedrich Oechlitz at the University of Leipzig, (Gian Francesco) Jean de 
Castillon in Berlin, and G. L. Schmid in Berne, but none were accepted. 
Of Isaac Bruckner (Brucker) from Saint Petersburg, who was a master of 
mathematical instruments, Euler noted that he had come to Berlin as a 
geographer. Bruckner had lived with Euler for a time and must have been 
part of the Euler table society of scholars in Saint Petersburg. In Decem- 
ber 1748 Euler asked the Imperial Academy to set the topic for its first 
prize competition scheduled for 1751. 

After more than a decade’s delay, Euler’s two-volume Scientia nava- 
fis on the construction and propulsion of ships was finally published in 
1749.* That it appeared even then was due to the initiative of Razumovskij 
the previous year; when he and the Russian Admiralty approved funds 
for printing both volumes, Razumovskij had ordered that it be issued as 
quickly as possible. The academy was supposed to pay a Berlin printer, 
which would allow Euler directly to make all corrections, but there was 
opposition in Saint Petersburg to this payment. This, the size of the al- 
lotment, and difficulties in printing with the poor paper available in Ber- 
lin made it impossible to start the project, and this meant canceling the 
contract. The printing could not be done without Euler’s examination. 
He checked the paper for printing in Saint Petersburg and was pleased 
to find that its quality was quite good. Euler dated the prologue of the 
Scientia navalis 25 January 1749. For the title page he asked that in addi- 
tion to “Prof. Honorario Academiae Imper. Scient.” after his name, the 
position “et Directore Acad. Reg. Scient. Borussicae.” be inserted, and he 
requested copies of the work. Both wishes were granted. 
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Figure 9.2. Portrait of Mikhail L. Lomonosov. MAE (Kunstkamera) RAS (ML-00041). 


Scientia navalis, Euler’s third landmark book during his tenure in the 
Prussian Academy, provided optimal ship designs, a precise general defi- 
nition of stability, and positions of the equilibrium of ships. A general 
theory of navigation was insufficient to attain these. The second volume 
of Scientia navalis particularly treats the maximum stability, handling, and 
speed of ships, features that often oppose one another in practice. Some 
advantages come at the expense of others: gaining the greatest speed and 
maintaining exact direction, for example, may impede each other; the 
water also produces such effects as swaying and rolling. Euler endeavored 
to perfect naval theory by reconciling with ship construction the art of pi- 
loting, knowing to what extent to use one method to enhance a variety of 
properties. The previous lack of mathematical methods and computations 
in naval construction and naval science meant that progress had been 
piecemeal, misapprehended, and intermittent. Euler not only presented a 
completely new theory for the field but was also to introduce novelties in 
eleven papers in naval theory, including in 1749 a “Memoi[rlee [sic] sur la 
Force des Rames” (Memoir on the force of oars, E116). 

Exceptional in both theoretical and applied mathematics, the Scien- 
tia navalis continued Euler’s program for founding rational mechanics. 
Soon after its release, he was concerned that the text was too difficult for 
navigators and quickly began a revision to simplify it. The long delay in 
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Figure 9.3. The title page of Euler’s Scientia navalis, 1749. 


publishing the two-volume text allowed Euler’s competitor Pierre Bou- 
guer, the winner of the Prix de Paris in 1727, to precede him in print, 
getting out his magnum opus Traité du navire, de sa construction et de ses 
mouvemens in 1746 and thereby to claim priority for central concepts in 
naval science, such as the metacenter that Euler had earlier discovered. 
Probably to avoid a dispute over priority, Euler recognized the contribu- 
tions of Bouguer twice near the close of his prologue. But Euler was the 
first to clearly establish the principles of elementary hydrostatics, provid- 
ing variational solutions using differential equations. His Scientia navalis 
and his articles on elasticity initiated continuum mechanics. 


A Sensational Retraction and Discord 


In 1749, when the rivalry of Euler with Clairaut and more notably with 
d’Alembert was expanding and becoming heated in argument but not yet 
antagonistic, the issue remained of devising a more accurate approxima- 
tion of the three-body problem that would confirm the exactness of or add 
a small correction to Newtonian celestial dynamics. The motion of lunar 
apogee continued to be the central problem. 
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Clairaut discovered in 1749 that while second-order approximations 
are negligible in two-body problems, they are crucial in his computations 
of three bodies—in this case the motion of lunar apogee. Thus he had to 
reverse his conclusion from the previous year that a small modification 
for Newtonian dynamics was needed. The second-order equations give a 
recession of the apogee of 3°, 2', 6" per lunar cycle, or about 40° per solar 
year. The actual value is 3°, 4’, 11". At a May meeting of the Royal Acad- 
emy of Sciences in Paris Clairaut, acting as a master strategist, reversed 
himself by retracting his statement that lunar motion was contrary to New- 
ton’s inverse-square law of attraction and announced that he had found 
a way to show them in agreement—a volte face that d’Alembert reservedly 
endorsed. Clairaut dropped the inverse fourth power term that he had 
briefly added to account for gravitational attraction. His letter in June to 
Cramer declared that he had grasped this correction only six months after 
proclaiming the reverse in letters sent to the Bernoullis, to England, and 
to Italian cities. Clairaut sent a copy of his new result in a sealed packet to 
Martin Folkes of the Royal Society of London, not to be opened until he 
gave his approval. He did this to forestall others from correcting him and 
to provide time to complete more calculations. 

When Euler learned of the retraction, he redid his own computations 
in July and found not the slightest error. Mistakenly treating the lunar 
orbit as a rotating ellipse, he believed that he needed only first-order ap- 
proximations with differential equations. He considered beyond doubt 
his calculations of the motion of the moon and Saturn, which would put 
Clairaut in error. While Daniel Bernoulli had pointed Clairaut in the right 
direction and supported his findings, neither he, Euler, nor d’Alembert 
knew the new procedure. Clairaut still kept his method secret so that oth- 
ers would not quickly challenge him in lunar theory. He apprised Cramer 
that Euler had written twice that year and the next describing “his fruit- 
less efforts to find the same theory as I, and he begged me to tell him how 
I arrived at [it].’* One letter in June refers to young Augustin Nathanael 
Grischow’s visit to Paris with questions for Clairaut, especially the errors 
in his first lunar computations. Clairaut gave his new results to Grischow, 
who forwarded them to Kies in Berlin. Euler informed Maupertuis, but 
was obstinate on resolving the question of lunar inequalities. In July 1749 
Clairaut wrote of their clashing results, “I suspect that it is because you 
neglected the terms which are derived from the square of the perturbing 
forces within your calculation that when you integrated your second order 
differential equations you did not attain the correct result. It was after 
using these terms that I overcame and found as closely as possible the true 
motion of the apogee.”“° 
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This explanation still did not completely satisfy Euler, who wanted 
to see the entire method of calculation that had led to Clairaut’s latest 
results and how he had arrived—perhaps accidentally—at a critical infinite 
series. Nor did Euler lessen his effort upon receiving a letter in August 
from Daniel Bernoulli, who was preparing tables of Saturn’s orbit and 
had already exchanged ideas with Clairaut on his latest work on lunar 
apogee. Busy preparing the first volume of the Encyclopédie: Dictionnaire 
raisonné des sciences, des arts et des métiers (Encyclopedia: Systematic dic- 
tionary of the sciences, arts, and crafts), dAlembert wrote to Cramer in 
September. Agreeing that Clairaut had been the first of the three to re- 
solve the apogee problem, he claimed to have a method that would be 
shown to be better. But Euler did not wish to wait; from mid-1749 onward 
he undertook an initiative to have the entire successful method released 
so that Clairaut could be mathematically proven correct or—more likely, 
he thought—wrong. 

Clairaut’s results heightened the search for a better lunar theory. 
Euler believed that the computation of the lunar apsides would be deci- 
sive in deciding whether the Newtonian law of attraction needed a small 
correction. This was a third critical test for Newtonian dynamics. The par- 
tisans of Newton had defeated the Cartesians over the shape of Earth in 
a first major test and the flow of the tides in a second, while a fourth, 
computing the return of Halley’s Comet, lay in the future. Meanwhile an 
occasion emerged for disclosing Clairaut’s method for computing lunar 
apsides. In its regulations written in 1747, the Russian Imperial Acad- 
emy had projected scientific contests. It would follow the model of the 
Paris Academy in accepting only scientific debates and none in the hu- 
manities. Schumacher and the Saint Petersburg academicians wished to 
avoid the invective that had followed Berlin’s decision against monads, 
so he counseled Razumovskij to take caution and wait before holding a 
prize competition. Another matter concerned Schumacher: Razumovskij 
wanted the academy to regain the prestige it had lost after the departure 
of Euler, Gmelin, Gottfried Wilhelm Heinsius, and Delisle in the early 
and mid-1740s, but the essays of its resident members Lomonosov, Georg 
Wilhelm Richmann, and Christian Nikolaus Winsheim had thus far gone 
unknown in learned circles in western and central Europe; they would 
appear in 1750 in the first volume of the Novi Commentarii. Schumacher 
wanted that volume published before the contest; he sought significant 
prize questions, well-founded evaluations, expert judges respected across 
the learned world, and the design of a medal for the winner. 

Euler saw his chance. In 1749 he sent Teplov four possible topics 
for the annual prize competition. On 15 July he informed Schumacher 
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that he had sent these to Teplov, and Teplov then instructed Schumacher 
to rewrite them in “another handwriting” so that the academicians, not 
knowing their source, would discuss them and possibly propose other 
problems. At a special meeting in August, the members of the Imperial 
Academy immediately recognized the topics as Euler’s and proposed no 
others. For their initial prize, they selected the first problem: “To dem- 
onstrate whether all the inequalities observed in lunar motion are in ac- 
cordance with Newtonian theory—and if they are not, to demonstrate the 
true theory behind all these inequalities, so that the exact position of the 
moon at any time can be computed with the aid of this theory.” They 
passed over the other three: investigating the duration of the solar year, 
showing whether Newtonian gravitation could explain all planetary in- 
equalities, and examining whether Earth had a perturbation similar to 
Saturn’s as Saturn approached Jupiter. They chose the first as the most 
significant scientific topic of the day, predictions of the moon’s motion 
among the stars being crucial for determining geographical coordinates 
in mapmaking and for obtaining navigational positions at sea. 

A few days later, after Schumacher informed him of the topic selected, 
Euler wrote to Teplov, calling it the best question that the academy could 
have chosen and noting that “at present this topic holds the interest of 
most of the chief savants [those in the sciences] of Europe and opinions 
are divided on it.” Euler’s own computations seemed to him too obvious 
to permit any doubt about whether Newtonian attraction explained the 
motion of lunar apogee. The question, he noted, 


is not only the most profound and the most worthy of all those the Acad- 
emy had to select from, but that from which the most complete answer 
may be expected as well. Until now Clairaut has kept his new method a 
secret, but as soon as he published it, in as much as calculations are in- 
volved, one of two alternatives must necessarily follow: either the rest of 
us must be convinced of his correctness, or else we will find some error in 
his work. Whatever the result, astronomy, physics, and analysis will enjoy 
a promising and important profit too great to be ignored.” 


The choice agreed with Euler’s strategy to entice Clairaut to reveal how 
he had made his revised calculation of lunar apsides. While Teplov coun- 
seled urgency in starting the contest, in order to avoid acrimony similar 
to the monad debate in Berlin Razumovskij accepted Schumacher’s pro- 
posal to delay it to 1750-51. 

In July 1749 d’Alembert’s Recherches sur la précession des equinoxes was 
published, which posited that while the moon orbited in an ellipse, the 
equinoctial points precessed because of the effect of gravity on the sun 
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and moon on Earth’s equitorial bulge when the celestial equator crossed 
the ecliptic. The phenomenon of their advancing through the zodiac 
had been known since antiquity. Newton was the first to attempt to ac- 
count quantitatively for it by seeking the ratio of lunar and solar gravita- 
tional forces acting upon the equatorial bulge of Earth; the first edition 
of his Principia Mathematica gave the ratio from tidal data as 6.33:1, and 
the second edition gave it as 4.48:1. The actual value is 2.17:1; thus New- 
ton’s results were terribly wrong. Bradley’s discovery of the nutation of 
Earth’s axis and a wish to show that Newton’s gravitation could explain 
precession motivated d’Alembert to make his computation of it. Follow- 
ing Bradley, d’Alembert found the ratio to be 2.35:1. While d'Alembert 
claimed that he had carefully handled the problem and sought the ut- 
most clarity, Cramer correctly pointed out that the book was disordered 
and contained confusing diagrams, clumsy equations, and typographi- 
cal errors; to deter competitors, d’Alembert had rushed it to print. On 
20 July he sent a copy of his book to Euler through Grischow, but he 
received no acknowledgment until 3 January 1750. 

Young Grischow was a reliable contact who had been at the Paris 
Observatory since 1747 to participate in astronomical observations. Hav- 
ing become friends with Lemonnier, Clairaut, and d’Alembert, he helped 
forward to Euler their correspondence. In March 1749 Grischow reported 
to Euler his observations of a solar eclipse and comets, along with his 
travels with Lemonnier to England and Edinburgh. He wrote that he had 
purchased a stop clock for Euler and two telescopes for Maupertuis and 
the academy, and that he had been made a corresponding member of the 
Paris Academy. Euler asked d’Alembert to tutor Grischow in mathemat- 
ics. Grischow inquired about the position in mathematics and physics at 
the Berlin Academy that had opened with the departure of Euler’s cousin 
Reinhard Battier, a post that briefly went to Grischow. 

In December Euler reviewed d’Alembert’s Recherches at the Berlin 
Academy. Euler had earlier studied the problems of nutation and pre- 
cession but without success in resolving them; these presented a further 
test of Newtonian dynamics. D’Alembert’s solutions caused Euler to once 
again take up studying them. Neither Euler nor anyone else could under- 
stand d’Alembert’s awkward method. It did not offer a general mechanics 
of rigid bodies, which Newton had lacked, a project that Euler had con- 
templated in his Mechanica and the first volume of Scientia navalis,* but 
d'Alembert correctly gave for the first time an essential procedure for com- 
puting the precession of equinoxes that followed Newton’s inverse-square 
law. It took Euler until March 1750 to overcome the obstacles to finding 
the technique needed to describe precession exactly. 
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Chiefly leading to the break between Euler and d'Alembert was 
competition over not the three problems in pure mathematics and theo- 
retical astronomy but a fourth in fluid mechanics. In 1748 the Berlin 
Academy had announced for its next competition, to be held two years 
later, a prize question regarding the resistance of fluids. The next year 
d’‘Alembert submitted for the prize a long and clumsy paper, “Essai 
d’une nouvelle théorie de la résistance des fluides,” which mentioned 
the work of Clairaut and Euler. Rather than attempting to trace a por- 
tion of a fluid through a conduit and calculate accelerating force, as was 
typical, d'Alembert introduced the concept of fluid pressure and from it 
introduced two correct partial differential equations almost entirely for 
axially symmetric flow. This allowed him to describe at “any point” in a 
field the state of the fluid. These were the first such equations in hydro- 
dynamics for the field. Despite its defects the Essai marks a turning point 
in physics, for it applies partial differential equations to represent fluid 
mechanics. But d’Alembert painfully knitted his equations into a fabric 
of conjecture and error that obscured his contribution. Its rejection for 
the prize the next year by the Berlin Academy was to sour relations be- 
tween him and Euler. 

There were further disagreements for Euler. Bernoulli informed him 
that another edition of Robins’s New Principles of Gunnery had appeared 
in 1749. Robins, who had begun his criticism of Euler in his review of 
Euler’s Mechanica, extended his comments to artillery. To check on Rob- 
ins’s latest differing views, Euler asked Wettstein to send him a copy. As 
was noted in chapter 8, Euler’s highly significant essay of 1749, “Sur la 
perfection des verres objectifs des lunettes” (E118), contradicts Newton 
by asserting that a refracting telescope can be constructed with lenses free 
of color distortion. It was to set off a long dispute with John Dollond, a 
staunch partisan of Newton in London. Apparently neither man knew 
that Chester Moor Hall had in 1733 built several refracting telescopes 
with crown and flint glass without a color distortion. Euler studied related 
color indices and their implications. 


State Projects and the “Vanity of Mathematics” 


From its origins in the Electoral Brandenburg Society of Sciences, the 
Berlin Academy had a practical purpose in the spirit of Leibniz’s motto 
“theoria cum praxis.” This did not mean that the academy was to be a 
technical school. Rather, under Frederick IT it was supposed to be a cen- 
ter for excellent speculative research in the sciences that would result in 
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applications for le bien publique and for the power of the state. In the Mé- 
moires for 1745 Frederick repeated a statement from Formey: 


On regarde aujourd’hui un grand mathématicien, un habile physicien, 
un homme de lettres qui excelle dans quelque genre que ce soit, on les 
regarde, dis-je comme ils méritent de létre, c’est-a-dire, non-seulement 
comme des gens qui font honneur 4 leur patrie par la sublimité de leurs 
connaissances, mais comme des citoyens utiles, sous le pas desquels nais- 
sent, ou du moins peuvent naitre les découvertes les plus intéressantes 
pour le bien publique. 


Today a great mathematician, a talented physicist, a man of letters who 
succeeds in whatever he undertakes is considered as such scholars de- 
serve to be, not only as men of letters who do honor to their countries 
with their superior knowledge, but as useful citizens under whose very 
footprints sprout or at least can sprout the discoveries most relevant for 
the public good.” 


While turning the agricultural realm to projects that would increase its 
commerce and output, Frederick retained the betterment of agriculture 
as the foremost state enterprise of his academy’s botanical and chemi- 
cal departments, as well as to a degree the physical department. Among 
these were the quality, variety, and uses of plants, together with the rich- 
ness of soil and an increase in the extent of lands under tillage. Projects 
that Frederick assigned to Euler before the end of the first two Silesian 
Wars included grading the brine in the Schénebeck salt mines, aiding in 
the building of dams and bridges in eastern Friesland, and setting mea- 
sures for draining the Oder marshland. Later on, practical assignments 
increased in number. 

While among the nobility Euler was not popular and Frederick II 
did not warm to his personality, the monarch valued his contributions to 
applied mathematics and the prizes that he won abroad, most of them in 
Paris. In Histoire de mon temps (History of my times, 1745), the king had 
praised Euler as “an ornament of the court.” After the end of the War of 
the Austrian Succession in 1748, Frederick II assigned him several more 
state projects. 

The first among three notable tasks for 1749 was given in April and re- 
quired the leveling of the Finow Canal to improve navigation on it. About 
fifty kilometers in length and having seventeen sluices or locks at the time, 
the Finow Canal, joining the Oder and Havel Rivers, had first been com- 
pleted in 1620 but suffered decay from neglect and flooding. Reopened in 
1746, it was important to the Prussian king and state for it made possible 
a river system that traversed Prussia’s interior. By connecting Magdeburg 
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and Berlin with Stettin by water, it also made Stettin a second Prussian 
maritime port; the only other was Hamburg. Along the canal in Branden- 
burg, industry was to develop rapidly. On a detailed trip gathering many 
details affecting the canal with colonel Johann Friedrich Balbi of the Prus- 
sian Army Corps of Engineers, Euler took his fifteen-year-old son Johann 
Albrecht to assist him. In May 1749, Euler sent a report to Frederick. Al- 
though it benefited from the contributions of his team, Euler was the sole 
author; he concentrated on manually regulating the pressure in the many 
successive locks. 

On 15 September 1749, well before Euler completed his studies of 
hydraulics that year, Frederick posed him a second problem, one that be- 
longed to what today would be termed recreational mathematics: a pro- 
posed lottery. Euler was to examine use of a kind of lottery employed 
in most large Italian cities and the Low Countries. Frederick wanted to 
know as soon as possible what hazards such a lottery might incur in Ber- 
lin and what profits could be made; in the wake of the two Silesian wars, 
he needed a way to fund pensions for widows. In two days Euler figured— 
using the calculus of probabilities— how much each player should pay to 
have a fair price for a ticket and under what circumstances the state and 
banks could increase profit margins. 

The lottery proposal had ninety tickets with numbers marked on 
them consecutively, and a player would draw five tickets at random. Euler 
gave three ways to proceed. The player might choose a number ahead of 
time and see whether the number was on one of the five drawn tickets. The 
probability of gain was 5/90 or 1/18. The player would set the prize, eigh- 
teen times the amount bet. In another method, called ambes, the player was 
to select two numbers and the amount paid if the two numbers were on 
the five tickets chosen. The probability of winning was (5 x 4)/(90 x 89) = 
2/801. Operating from a set minimum wager of only the 2/801 portion of 
100 ecus, the bank would gain more than 511 percent. The other way to 
play, by terns, had the player give three numbers. The chance of winning 
here was (5 x 4 x 3)/(90 x 89 x 88) = 1/11,748. Euler computed methods for 
the banks to gain greater or lesser profits, the lesser to encourage greater 
participation. He identified sizable bank profits: 44 percent for the first 
method, 94 percent for ambes, and 240 percent for terns. 

The official Prussian lottery did not begin until 1763. Fourteen years 
earlier, before Frederick’s request, Euler had experienced success with a 
different lottery. In April 1749 he wrote to Goldbach about winning a 
prize: “I have won today in a lottery 600 Reichsthaler, which was just 
as good as if I had won the Paris prize this year.”*® But over the course 
of Euler’s career, the calculus of probability was never significant in his 
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mathematical studies; he gave it little attention. Games of chance were 
subsequently to inspire him to compose only eight papers on probability, 
most of which later dealt with the Genoese lottery.*! 

On 27 September, less than two weeks after Euler submitted his re- 
port on the lottery, the king asked him for his expert advice regarding a 
machine—a water pump operated by a windmill—intended to power the 
lavish water fountains at the royal residence Sanssouci in Potsdam.” The 
project occasioned Frederick’s first invitation to Euler to the palace for a 
personal meeting. 

After construction of the palace was completed a year earlier, Fred- 
erick had hired the Dutch architect Johann Baumann to design a sys- 
tem of water fountains for its park and a Dutch garden technician from 
Amsterdam to oversee the hydraulics for their operation. The jet of the 
major fountain was supposed to reach a height of at least a hundred 
feet, eclipsing the jets at Versailles. A canal from the nearby, slowly flow- 
ing Havel River, a series of barrel-like wooden pipes comprised of eight 
hundred drilled-out tree trunks (each twenty-four feet long), and water 
pump stations driven by windmills were intended to feed water to an 
elevated reservoir on the Héneberg behind the castle. A difference in 
height from it to the park and its fountains below of approximately 150 
feet was considered sufficient to provide the high pressure required for 
the principal fountain and four smaller ones. But from the first trials 
since March 1749 the wooden pipes burst at the lower end of the canal 
long before the water jets reached the desired level. Euler had mistak- 
enly assumed that the engineers would subsequently use metal pipes, 
but they replaced the barrel-like tubes with entirely drilled out tree 
trunks; these too burst. To Euler it was evident in October that wooden 
tubes could not handle the high pressure. Their replacements, girded 
with metal rings and protected against sudden pressure changes by five 
large copper tanks along the pipeline did not burst but produced an 
inefficient rate of flow to the reservoir, since the inner diameters of the 
metal ringed tubes were too small. 

Although Euler began with exhausting calculations, his initial at- 
tempts to obtain from these the most efficient operation of such pumps 
by regulating the pressure on them and on fountain pipes did not suc- 
ceed. Ignorant of the laws of hydraulics and lacking the knowledge of 
that subject required to complete a project on a scale this large, the Dutch 
fountain makers were unsuccessful, and the king expressed contempt for 
them. After early difficulties, Euler was able to determine the efficiency 
of the pumps by making what turned out to be correct calculations. 
He demanded thicker walls and larger tubes, advice that was ignored. 
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In October Euler submitted computations for the tubes, for construct- 
ing a windmill, and for ways to improve both. Late that month Frederick 
thanked him for this work. 

The effort to pump the water up a hill behind Sanssouci into another 
reservoir to feed cascading waterfalls lasted another decade; it too suffered 
from flawed pipeline constructions and was abandoned. The project was 
a fiasco. Since Euler worked on this project for only a little over a month, 
his name does not appear on the list of its participants. Still, the king 
placed some blame on him and mathematics for its failure. In January 
1778 he wrote to Voltaire, “I wanted to make a fountain in my Garden... . 
Euler calculated the effort of the wheels for raising the water to a basin, 
from where it should fall down through canals, in order to form a fountain 
jet at Sanssouci. My mill was constructed mathematically, and it could not 
raise one drop of water to a distance of fifty feet from the basin. Vanity of 
Vanities! Vanity of mathematics.”*° 

The study of hydraulics, essential to this fountain problem, was not 
new to Euler. Hydraulics belongs to the applied science and engineer- 
ing that studies the practical application of fluids in motion; its theoreti- 
cal foundations lie in fluid mechanics, also known as hydrodynamics. 
When Euler resided with Daniel Bernoulli in Saint Petersburg, he had 
assisted Bernoulli in preparing his Hydrodynamica and had read Johann 
I Bernoulli’s Hydraulica. Having completed his Scientia navalis, Euler un- 
derstood well how far hydraulics was from hydrodynamics. From 1746 
on, moreover, he corresponded with d’Alembert on hydraulic pressures as 
Daniel Bernoulli examined them. But when Euler briefly took over from 
Baumann the problem of the Sanssouci pumps, he omitted the effects of 
friction, and with embarrassing results. Through the late eighteenth cen- 
tury and beyond, his unsuccessful effort with the Sanssouci fountains was 
taken to symbolize the breach between theory and practice. 

Some German scholars have attributed the failure of the fountains to 
the pure mathematician Euler for lacking in physics and not drawing upon 
practical experience.™ Faulting mathematics for the water-art project’s 
failure, Frederick believed that mathematics was no longer so productive 
as in the previous century. The record of Euler’s insightful suppositions 
concerning the pipes contradicts both of these assertions. His equations 
presaging those of motion for ideal fluids had no way of being confirmed 
quickly, for he lacked successors to extend his ideas in hydraulics, which 
required reaching the level of achievement in the field that would be at- 
tained in the next century by Simeon-David Poisson, Claude-Louis-Marie 
Henri Navier, and First Baronet George Gabriel Stokes, whose equations 
covered friction.” 
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By the end of 1749 Euler designed for use at Sanssoucia horse-powered 
hydraulic machine capable of raising thirty-six tons of water to a height 
of five feet in twelve seconds. He discussed it at length in correspondence 
with Maupertuis. This offers another example of the intimate and mutu- 
ally beneficial interrelations that he saw between science and technology; 
Euler always considered science a productive force and crossed from the- 
ory to application in a sure, well-organized, and thorough way. 


The KOonig Visit and Daily Correspondence 


In September 1749 Maupertuis had the Berlin Royal Academy elect his 
friend Johann Samuel Konig as a foreign member. K6nig had a mod- 
est career as a tutor, mathematician, philosopher, librarian, and transla- 
tor, moving around various cities and countries in northern Europe. He 
was drawn to Leibnizian philosophy, beginning his study of it in 1731 
under Jakob Hermann and continuing in 1735 under Wolff. Shortly after 
the return of the Lapland Expedition in 1737, the Bernoullis introduced 
him in Basel to its leader, Maupertuis. A year and a half later Maupertuis 
acquainted him with Voltaire and Emilie du Chatelet, whom he tutored 
in mathematics and Leibnizian thought; Voltaire would blame Konig for 
converting her to Leibniz’s views. Voltaire and Emilie du Chatelet intro- 
duced him to the eminent French entomologist René Antoine Ferchault 
de Réamur, and the two men’s discussions prompted Kénig to write a 
paper on the structure of honeycombs that was so highly regarded that in 
1739 Maupertuis and Clairaut had him elected a corresponding member 
of the Royal Academy in Paris. Two years later he translated into German 
Maupertuis’s anonymously penned Sur Ja figure de la terre, a work praised 
for its elegance and romance. After accepting a position at Franeker Uni- 
versity in 1744, Konig refined his 135-page Oratio inauguralis, de optimis 
Wolfiana et Newtoniana (Inaugural oration on the optimism of the Wolffian 
and Newtonian philosophies), which was published in 1749. That year the 
election of K6nig to the Berlin Academy unwittingly opened the angriest 
scientific controversy of the century. 

KG6nig, a zealot for Leibnizian science, traveled to Prussia to visit 
Wolff in Halle and see relics of the great Leibniz. In September he pro- 
ceeded to Berlin to express appreciation for his election and in an act of 
self-destructive honesty to show Maupertuis a manuscript in Latin titled 
“De universali principio aequilibri et motus, in vi viva reperto deque nexu 
inter vim vivam et actionem, utriusque minimo” that challenged his host’s 
priority claim for the principle of least possible action and the extent of 
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its application to the laws of mechanics. He wanted the manuscript pub- 
lished, but Maupertuis did not read it. A few days after his arrival, Konig 
was at Maupertuis’s house, along with Francesco Algarotti and Formey, 
to discuss the priority strife between Leibniz and Newton over the inven- 
tion of calculus. Maupertuis sided completely with the English and pro- 
claimed Leibniz a plagiarist. When Konig interjected “my poor friend” 
and vigorously defended Leibniz, an argument ensued. The egotistical 
and autocratic Maupertuis was infuriated with his subordinate Kénig’s 
unfortunate choice of words and in effect the undercutting of his status as 
academy president; his visitor was clearly not his social equal. After Mau- 
pertuis replied with that same phrase for his guest, Kénig quickly left. 
Shortly thereafter he apologized and traveled home to the Hague in Hol- 
land, where he had just become the court librarian to Prince William IV of 
Orange. K6nig, in Maupertuis’s later evaluation, was more than a fanatic, 
which would have been bad enough; he was also un frippon, a scoundrel.” 

In addition to Euler’s research, about one-third of the more than 130 
extant pieces of correspondence exchanged with others in 1749 address or 
touch upon the administration of the Berlin Academy, his wide interests, 
and health or deaths among scholars and practitioners in the sciences and 
their patrons. To Giovanni Marchese Poleni in Padua Euler suggested 
utilizing astronomy to confirm or correct historical chronologies. Sixteen 
letters to Maupertuis discussed the status of the building of the Berlin 
Observatory, the data from Charles Marie de la Condamine on the shape 
of Earth, hydraulic machines, problems with the pumps at Sanssouci, the 
construction of a telescope with plans from Jan Andrej (Johann Andreas) 
von Segner, Euler’s own textbook on arithmetic and geometry, and the 
wave theory of light in an elastic medium. Martin Knutzen requested 
Euler’s recommendation for promotion to the rank of professor at the 
University of Konigsberg. One of Knutzen’s students, Immanuel Kant, 
wrote to Euler in August 1749 to request an appraisal of his first article 
“Gedanken von der wahren Schatzung der lebendigen Krafte” (Thoughts 
on the true estimation of living forces, 1747) that selectively examined 
related basic Cartesian, Newtonian, and Wolffian ideas. Although seeking 
to improve upon Leibnizian thought and written from a Wolffian stand- 
point, Kant’s article arbitrated at times between Newtonian and Wolffian 
positions.*’ This is the first known extant letter from Kant.*® But Euler 
considered the issue of the measure of these forces settled; there is neither 
a record of a response nor of Kant later sending a promised appendix. 
From Saint Petersburg Schumacher asked Euler in February to find a copy 
of Gegenwartig Zustand (Present situation), a history of the Russian mon- 
archy published in Frankfurt; he reported that Lomonosov had agreed to 
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translate Euler’s Scientia navalis into Russian and noted that Euler would 
be sent fifty free copies of the book to distribute to his colleagues, friends, 
and scholars in the field; he also mentioned that Lomonosov had agreed 
to submit his own paper on saltpeter to the Berlin Academy. 

In March 1749 Euler and Schumacher discussed Nikita Ivanovich 
Popov’s method of observing eclipses. In a July letter, also to Schumacher, 
Euler recommended that the Russian Imperial Academy purchase a 
fourteen-foot telescope of the deceased Berlin mechanist Biummler and 
nominated Christlob Mylius for its vacant astronomy position. 

In his letters to Wettstein Euler expressed the impatience among sub- 
scribers to the overdue Uranographia Britannica, a celestial atlas with fifty- 
one star charts by the British physician and amateur astronomer John 
Bevis. However, only a few copies were ever published, in 1750, and the 
printer shortly thereafter went bankrupt. Euler also cited astronomical 
documents dating back to Ptolemy, the seeming shortening of planetary 
years, the number of oscillations that a pendulum of given length makes 
over time, and the return of the Second Kamchatka Expedition explorers 
with results that did not support the existence of a northwest passage in 
North America. On almanacs he gave their prices, explained how they 
presented dates (Julian or Gregorian), and observed that Kohler benefited 
from their sales. Euler regretted that he could not remove astrological sec- 
tions, for Kéhler thought that this would harm sales. Euler also reported 


Figure 9.4. Martin Folkes, in an etching by William Hogarth, 1741. 
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that the Dutch wished Isaac Bruckner to provide them his secret method 
for finding longitude to two-thirds or even one-half-degree accuracy to 
give them an advantage over the British in navigation. He asked Wett- 
stein to pay his respects on behalf of his family to the antiquarian Martin 
Folkes, the president of the Royal Society, and to all of its members. In 
December Euler expressed infinite gratitude to Wettstein for supplying 
him with a crate of books and his favorite English tobacco. Tobacco, like 
almanacs, was a recurring theme in his letters with Wettstein. 


Family Affairs 


From 1748 to 1750 Euler and his family continued to live happily in Ber- 
lin. A genial man, he was not withdrawn from society there. While five of 
his and Katharina’s first eight children reached adulthood, none of the 
four children delivered after 1747 lived beyond infancy. In April 1749 the 
twins Ertmuth Louise and Héléne Eleonora were born, but they died in 
August at seventeen weeks of age. In a letter of September 1749, Euler 
expressed his grief in commiseration with Wettstein, who had also just 
lost a child.” 

In a letter to Goldbach in April 1750, Euler made one of his few men- 
tions of Katharina. He referred to the premature birth the previous month 
of a son, August Friedrich (who would survive only five months) and 


Figure 9.5. Sketches presumed to be of Katharina and Leonhard Euler 
made by their son Johann Albrecht between 1766 and 1770. 
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the serious illness of Katharina. No official portrait of her survives, but a 
sketch made between 1766 and 1770 by Johann Albrecht Euler apparently 
includes his parents at an earlier time. If so, we have a rough likeness of 
Katharina, and an indication that Leonhard Euler was by more modern 
standards a snappy dresser.” 


Chapter 10 


The Apogee Years, III: 
1750 to 1753 


Fe. 1750 to 1753 Leonhard Euler continued at the peak of his career 
in Berlin. He dominated the Royal Prussian Academy of Sciences and 
Belles-Lettres, where he directed the mathematics department, and he 
helped to administer, judge competitions at, and nominate new members 
for the Russian Imperial Academy of Sciences in Saint Petersburg. From 
the Paris Academy he captured a double Prix de Paris in 1752. Through- 
out the decade Euler maintained his prolific correspondence and writ- 
ings, particularly in astronomy, differential calculus, analytic geometry, 
mapmaking, rational mechanics, fluid mechanics, number theory, optics, 
and topology. In applied mathematics, his articles appeared mainly in the 
Berlin Academy’s Mémoires; in number theory and other theoretical math- 
ematics his work was published mostly in the Saint Petersburg Novi Com- 
mentarii or the Leipzig Acta eruditorum. Euler also investigated electricity, 
magnetism, and music theory. In part seeking to establish higher research 
standards in the sciences, he engaged in four ongoing major scientific 
disputes, regarding hydrodynamics, the motion of lunar apsides, the pre- 
cession of equinoxes, and the vibrating string problem, meanwhile being 
drawn into a bitter quarrel between Pierre Maupertuis and Johann Sam- 
uel K6nig. Euler’s labors and style reflected and contributed substantially 
to a growing scientific collaboration and its attendant rivalries across Eu- 
rope, mainly at the royal academies. On the Continent, Paris and Basel 
defined two points of a triangular flow of research. Whether Berlin or 
Saint Petersburg was the third point depended upon Euler’s presence. 
Euler and his family remained in Berlin. From about 79,000 inhabit- 
ants in 1735, the city was now approaching more than 100,000, and by 
1757 would meet that figure. Under Frederick II, a king attentive to cul- 
ture and science, the city had its opera, theater, and renovated science 
academy, along with many salons, clubs, and reading circles. Near to Ber- 
lin were the art, music, plays, and stunning gardens of his summer pal- 
ace of Sanssouci in Potsdam. Johann Joachim Winckelmann, a student of 
Homeric and classical Greek art, sculpture, and literature, introduced his 
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generation to a full and free humanity of a kind fundamental to Enlighten- 
ment classical idealism. In Berlin Winckelmann influenced the dramatist 
and philosopher Gotthold Ephraim Lessing, who with his close associate 
Moses Mendelssohn, known as the Jewish Martin Luther, combated reli- 
gious intolerance. In 1750 the baroque composer Johann Sebastian Bach 
died in Leipzig, and in K6énigsberg the philosopher Immanuel Kant was 
beginning his career. 

Frederick II was one of the three foremost reform absolutists of late 
eighteenth-century Europe; the other two were Joseph II of imperial Aus- 
tria and Catherine the Great of imperial Russia. In the final years of Eu- 
rope’s ancien régime, Euler was to endorse ideas central to the king’s goal, 
the transforming of Prussia into a more efficient and prosperous state and 
a power in Europe. He would be affected at least to a degree by the move- 
ment toward the implementation of these concepts. Frederick proposed a 
concept of the ruler as “the first servant of the state” (/e premier serviteur de 
état). The codification of Prussian law and an end to censorship of speech 
and the press opened the state to ideas cultivated in western Europe, and 
freedom of the press would be raised as an issue in the controversy pit- 
ting Maupertuis against Kénig. The Codex Fridericianus, issued in 1747, 
established the Prussian judicial body. A greater monument to Frederick’s 
interest in legal reform was the Allgemeines preussisches Landrecht (Prus- 
sian Civil Code), completed on the basis of the Project des Corporis Juris 
Fridericiani from 1749 to 1751 by the eminent jurist and baron Samuel 
von Cocceji. In 1794, after Frederick’s death, this work of vast labor and 
erudition would come into force, combining German and Roman law and 
supplementing them with the law of nature. 

Within the German Aufkldrung (Age of Enlightenment, a name given 
by Kant), Berlin was beginning to undergo a Sattelzeit, a saddle or bridge 
era, subjecting old estates to reason and clearing a way for an expansion 
of freedom. But more important as seen by contemporaries is that Fred- 
erician Berlin remained an armed camp. Amid ongoing antagonism with 
imperial Austria, Frederick closely allied with the nobility, restoring man- 
power and equipment expended in the first two Silesian Wars, ordering 
muskets, artillery, and supplies of ammunition and building a financial 
base to fund three future military campaigns. During the 1750s Euler 
found Berlin a pleasant city, but it was a view that later he would call a 
mistake; he would be drawn into the Third Silesian or Seven Years’ War, 
in part as a translator. Until after its end in 1763, only the small French 
community that had earlier fled religious persecution and more recently a 
few French intellectuals and other scholars evading religious and political 
censure accepted Berlin’s spartan character and came to reside there. 
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Competitions in Saint Petersburg, Paris, and Berlin 


In December 1749, the Imperial Academy of Sciences in Saint Peters- 
burg sent to press the program for its first prize contest, which was on 
the motion of lunar apogee. Early in January, after Johann Schumacher 
informed Euler of the selection of that problem, Euler wrote to Grigorij 
Nikolaevich Teplov commending the choice, noting that “at present it 
holds the interest of most of the top men of science of Europe, and opin- 
ions are divided on the question [of the cause of this motion ].”' Although 
Euler employed only Isaac Newton’s inverse-square law for the problem 
of the lunar apse, that of the great inequality, or any other problem in ce- 
lestial mechanics, he declared that he differed entirely with Alexis Claude 
Clairaut’s reversal dictating that Newtonian attraction was sufficient to 
account entirely for it. The results of his many computations of the mo- 
tions of the moon and Saturn seemed to question the notion that New- 
ton’s inverse-square law could be universal. Euler suggested that a small 
correction was needed to account for irregularities in motion from turbu- 
lence. Accurately computing lunar inequalities arising from eccentricities 
required extensive differential equations, possibly with uncertain coeffi- 
cients and constants. The calculations were tortuous; after Euler failed in 
his attempt in 1749 to learn Clairaut’s new method, he had proposed the 
Russian prize topic as a means of obtaining it. His letter to Teplov (cited 
earlier) adds that 


not only is this question the most profound and the most worthy of all 
those the Academy had to select from, but the most complete answer may 
be expected from it as well. Until now Clairaut has kept his new method 
a secret, but as soon as he publishes it, inasmuch as calculations are in- 
volved, one of two alternatives must necessarily follow: either the rest of 
us must be convinced of his correctness, or else we will find some error in 
his work. Whatever the result, astronomy, physics, and analysis will enjoy 
a promising and important profit too great to be ignored. All those minor 
inequalities that we occasionally encounter not only in lunar motion but 
in the motion of all planets depend upon the result.’ 


Conference secretary Christian Nikolaus Winsheim sent out the prize 
program in a letter circulated to academies and universities, and foreign 
journals announced the contest in 1750. The prize was to be awarded the 
next year. The competition gave a new impulse to the advance of Rus- 
sian astronomy after setbacks from the departures of Gottfried Wilhelm 
Heinsius and Joseph-Nicholas Delisle; it helped restore the stature and 
authority of the Petersburg Academy and increased its foreign contacts. 


1750 to 1753 321 


In January 1750 Clairaut wrote to Euler that while he found “very in- 
teresting” the topic of the Russian Imperial Academy’s prize competition 
for the next year, he was concerned that none of its members were com- 
petent to choose the winner, and that Euler, not his Russian colleagues, 
must have proposed the topic.* He remained coy on it. In February Jean- 
Baptiste le Rond d'Alembert, who was actively engaged in research on 
the matter, wrote to Euler that he doubted that he would compete. He 
explained that the prize was too small, he lacked an adequate number 
of lunar observations on which to base his paper, and one year seemed 
too short a time to write it, especially while he was composing his “Pre- 
liminary Discourse” for the Encyclopédie, editing the science parts of its 
first volume, and several articles. The “Preliminary Discourse” publicly 
presented the intellectual and emotional spirit of the French Enlighten- 
ment, and moved Frederick II to exclaim, “Many men have won battles 
and conquered provinces, but few have written a work as perfect as the 
preface to the Encyclopédie.” In his study of lunar apogee, d’Alembert was 
examining lunar tables, the limits of errors of observation, and approxi- 
mations from calculus, and now, for the first time, he expressed support 
for Clairaut’s reversal. Almost a year later, in January 1751, d’Alembert 
told Euler that it was not convenient for him to participate in the Saint 
Petersburg prize contest, although he had finished his lunar theory the 
previous autumn with results, including his method, that he thought were 
superior to Clairaut’s work. 

As the contest began, the chancellery of the Imperial Academy had 
two tasks to complete. The first was to prepare a medal for the winner, 
but in March its officials decided that the time to have a medal struck was 
inadequate. The second was to complement the internal review panel with 
a select panel of distinguished external judges whose decision could not 
be disputed; this was not a problem. In August 1750 Euler expressed to 
Kirill Girgor’evich Razumovskij his readiness to serve as a judge; the pa- 
pers would contain much algebraic analysis that needed to be addressed. 
Heinsius, Georg Wolfgang Krafft, and Christian Goldbach joined him. 

While reexamining lunar motion in June, Euler grew impatient wait- 
ing for the publication of Clairaut’s new method. In March he had re- 
ceived a copy of Clairaut’s article “Systeme du monde dans les principes 
gravitation universelle” from 1745, which cited discrepancies in comput- 
ing the motion of the lunar apogee. In the summer of 1750 some points 
still remained unclear. In July Euler sent Clairaut a detailed analysis of 
the article; he also sent a copy of his own Scientia navalis. Clairaut’s new 
computations, he was convinced, must have errors, for some points were 
completely unclear; Euler sought to identify and correct them. Upon 
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receiving this letter Clairaut decided to enter the contest. “I cannot flatter 
myself beforehand with hopes for the success of my paper in the sense of 
being awarded the prize,” he wrote back, “for I have no way of knowing 
whether someone else will approach the problem in a manner superior 
to mine. But I am entirely convinced that in view of the contributions 
that I have made the prize can no longer be deferred.” In the first part 
of his statement Clairaut was probably referring to d'Alembert. He now 
planned to submit for the contest his paper “Théorie de la lune déduite 
d’un seul principe de I’attraction” (Theory of the moon deduced only 
from the principle of attraction). In a letter of July 1750 he stated that it 
was nearly complete. 

In December the Russian Imperial Academy received its first two con- 
test papers, from the Copenhagen geometer Dietrich Siegvert Brumundt 
and the Freiburg theologian Gottfridus Magnus Maria Stapff; both were 
in Latin. In February two in French were circulated; one was by Clairaut. 
The papers had been duplicated within two weeks of receipt and sent to 
the review panel members. Euler expressed the general evaluation of the 
external committee. The two articles in Latin were far from answering the 
question, and the first in French was worthless. After making comparisons 
of hundreds of lunar observations with positions given in his tables and 
completing arduous computations, based only on Newtonian attraction, 
Clairaut wrote at the end of December that he had arrived at no error 
more than five minutes. He was certain that further computations would 
find that observation and theory agreed even more closely. The prize was 
not yet awarded, for the academy decided to extend the competition to 
June 1751. Euler did not anticipate any benefit from this and Clairaut was 
annoyed, since had he known of the longer period up front he would have 
improved his computations. Nonetheless, Clairaut in the meantime rec- 
ommended that the Paris Academy elect Euler an associate foreign mem- 
ber, but Louis XV chose instead a royal physician. Clairaut urged Euler to 
meet Voltaire, who in July 1750 had arrived in Potsdam;° from that point 
on Voltaire was to be constantly occupied with the king in either Berlin, 
Potsdam, or Charlottenburg. 

In 1750 Euler’s competition with the Paris academicians intensified. 
Whether it was possible to quantitatively deduce the exact precession of 
the celestial equinoxes remained for astronomers one of the most signifi- 
cant questions, as was that of whether the nutation of the Earth’s axis 
could be similarly determined. In March Euler answered these by obtain- 
ing the astronomical equations for both. He cleared up d’Alembert’s con- 
fusing mathematics and on March 7 wrote to him declaring what was still 
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an absolute necessity for treating precession, a theory of gyroscopic mo- 
tion, in which he had far outdistanced his Parisian colleague: 


I applied myself repeatedly and for a long time to the problem of preces- 
sion, but always encountered an obstacle ... and above all this prob- 
lem: given a body turning about any axis freely, and acted upon by an 
oblique force, to find the change caused both on the axis of rotation and 
in the movement... . I must confess that I could not follow you in the 
preliminary propositions you employed, for your way of carrying out the 
calculation was not yet familiar to me. . . . But now that I have succeeded 
better in the investigation of this same subject, having been assisted by 
some insights in your work, by which I was gradually enlightened, I have 
become able to judge your excellent conclusions.® 


Submitted for the Berlin Mémoires dated for 1749, Euler’s article “Recher- 
ches sur la précession de équinoxes et sur la nutation de l’axe de la terre” 
(Research on the precession of the equinoxes and the nutation of Earth’s 
axis, E171);’ it used elaborate trigonometric equations and published a 
novelty. That novelty, which appeared in a result to be published in “Dé- 
couverte d’un nouveau principe de mecanique” (Discovery of a new prin- 
ciple in mechanics, E177), was responsible for his breakthrough to the 
principle of angular momentum. Completed and delivered at the Berlin 
Academy in March 1750, it was not printed in the Mémoires until the next 
year. Following a method only a little different from that of d’Alembert’s, 
its final version solves these problems without second-order differentials, 
which proved negligible. Euler helped perfect the work of others by de- 
veloping needed differential equations. He found d’Alembert’s Recherches 
sur la précession des équinoxes (his foremost book on the subject from 1749) 
to be muddled and difficult. But a series of Euler’s articles, one beginning 
with the same title as d’Alembert’s book, do not recognize the priority of 
that author or mention his name; an omission that astounded and angered 
d'Alembert. He was particularly upset that the dating of Euler’s article as 
1749 made it difficult for readers to know who was first. 

Since Euler was writing not only on the precession of equinoxes but on 
the topics of lunar theory and fluid mechanics, both of which d’Alembert 
had introduced in their correspondence, the French philosophe feared that 
Euler was preempting his ideas. During this period, as d’Alembert became 
known for his editing of the Encyclopédie and his wit in salons, he be- 
lieved that Euler was essentially blocking his progress in scholarship. Not 
known for his tact or discretion, in 1751 he sent a lengthy, bellicose com- 
plaint to the Berlin Academy noting all the items he claimed Euler had 
derived from him. The letter did not attack Euler, for whom d’Alembert 
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had the highest regard, but asked for justice regarding points on the origi- 
nality of Euler’s work.® 

To late June the correspondence between the two men had been 
friendly, but d'Alembert had now sent an angry letter, probably to Jean- 
Henri-Samuel Formey, that the academy declined to publish; only a rough 
draft of it survives, and there is no record of Euler’s immediate response. 
From these complaints Euler felt obliged to insert in the Berlin Academy 
Mémoires for 1750, published in 1752, his “Avertissement au suject des Re- 
cherches sur la Précession des Equinoxes” (E180), in which he denied 
priority for a solution for precession, attributing it instead to d’Alembert.° 
Euler, writing in the third person, declared that “he had not written his 
article until he had read the excellent work of Mssr. d'Alembert on this 
material; and that he makes no pretense to the glory due to him, who first 
resolved this important question.”'° He added that “we are indebted solely 
to Mssr. d'Alembert for this resolution, where he gave the first account of 
the nature of the curves involved,” known as the bird’s beak because of 
their shape. Not satisfied with his own initial solution, the next year Euler 
devised what are known as Euler angles (or, more simply, Eulers)—that is, 
the three separate angles into which general three-dimensional rotations 
may be decomposed. In this case, the two axes of the spinning, precessing 
Earth form these. 

Fluid mechanics offered another controversy. At the Berlin Academy 
Euler headed the three-member review jury for its annual prize in 1750 on 
papers dealing with the resistance of fluids. It found d’Alembert’s “Essai 
d’une nouvelle théorie de la résistance des fluids” to be the best entry, in- 
troducing the initial partial differential equations of fluid mechanics set in 
a field. But Euler believed that the paper’s awkward analysis left it far from 
meriting the prize; having derived some necessary equations in chapter 2 
of his own Neue Grundsétze der Artillerie (E77), Euler judged the article a 
clumsy pioneering effort. He had the jury reject d’Alembert’s paper, along 
with all others on fluid mechanics; this was consonant with his search for 
higher standards. This prize decision, and not their debate over negative 
logarithms, most soured relations between the two men. ‘The academy re- 
turned the articles to the authors and urged them to compare their predic- 
tions with results of measurements from experiments. No evaluation of 
d’Alembert’s paper by Euler is known. The instruction to check whether 
quantitative results matched predictions may have been a pretext to avoid 
detailing the tortuous reasoning of the “Essai d’une nouvelle théorie” and 
its failure to account for a single flow through the partial differential equa- 
tions it gave; it also failed to mention the research of Clairaut and Euler 
on hydrodynamics. Knowing that his paper was significant, d’Alembert 
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thought that only Euler could have brought about this negative decision. 
The junior astronomer Augustin Nathanael Grischow, a member of the re- 
view jury and a friend of d'Alembert, inappropriately confirmed his suspi- 
cion. The academy postponed awarding the prize to 1752, and d'Alembert 
chose not to reenter; instead he requested that his paper be returned and 
published it independently with sarcastic notes on the judges. 

Shortly before the announcement of the prize decision in fluid me- 
chanics in 1750, d’Alembert wrote a letter to the Berlin Academy that called 
Euler’s solution for the tedious problem of the vibrating string of uni- 
form thickness incorrect. After d’Alembert first wrote on vibrating strings 
in 1746, he had discussed the topic in letters with Euler, who published 
his own “De vibratione chordarum exercitatio” (On vibrations of excited 
strings, E119), in Nova acta eruditorum"'; and for 1751 Euler presented a 
first draft of a paper “Sur la vibration des cordes” (On the vibration of 
strings; later translated from Latin as E140)."* D’Alembert was the first 
to solve the wave equation with a partial differential equation, which un- 
dergirds the study of oscillations generated in a continuous medium. To 
1750 Euler added little except a criticism of d’Alembert’s restrictions—for 
example, resolving the wave equation for given end conditions by limiting 
the shape of strings to the sine function. The debate was just beginning. 


Maupertuis’s Cosmologie and Selected Research 


Immediately preceding the second act of the Maupertuis-K6nig affair was 
the publication of Maupertuis’s Essai de cosmologie in 1750, which expanded 
upon his Berlin article from 1746 on least action and the general laws 
of mechanics, and he added what he deemed proof of God’s existence. 
This eclectic collection examines differing ideas on motion and force from 
René Descartes, Gottfried Wilhelm Leibniz, Nicolas Malebranche, and 
Newton. Maupertuis prepared the book for only a small circle of read- 
ers that included leading mathematicians, natural philosophers, literate 
nobles, and men of letters known to him, and he worked with Johann II 
(Jean IT) Bernoulli in having a hundred elegant copies printed at his own 
expense.” The circulation of this first edition restricted to his small group 
of readers must have lessened the response to it. 

Maupertuis’s Essai shifts the emphasis in mechanics from force to ac- 
tion, which could be better measured. He found confusing the Leibnizian 
association of force with monads. In culminating in the principle of least 
possible action, Newtonian dynamics received its crowning glory when 
Maupertuis restated, “Here then is this principle, so wise, so worthy of 
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the Supreme Being. Whenever any change occurs in nature, the quantity 
of action is always the smallest possible.” It was, Maupertuis argued, the 
final law of mechanics that Descartes and Newton had pursued, but he 
claimed to have discovered it, and insisted that it had universal applica- 
tion in physics. 

The title Essai de cosmologie alone must have troubled the Wolffians, 
for it seemed that Maupertuis was offering a dangerous alternative to 
Christian Wolff’s Cosmologia generalis, the second edition of which had ap- 
peared in 1737. Following upon his ontology, Wolff’s cosmology consisted 
of two parts, the scientific and the experimental. The rational scientific 
component included the general principles of the visible world, and the 
experimental had experience confirming them. Wolff was convinced of 
the utility and certainty that his new route in the study of nature provided. 
To make the real world intelligible, Maupertuis required a concordance 
between mechanics and metaphysics. Joining principles of physics with 
the metaphysical concepts of infinite power and wisdom rather than that 
of design, he gave what he deemed was a new proof of God’s existence. 
Maupertuis admitted, however, that he had only a sketch and not a full 
explanation of the system of the world. 

The origins of Maupertuis’s discovery of the principle of least action 
can be traced through three articles. The first, “Le principe universel du 
repos et de l’é€quilibre des corps” (The universal principle of rest and equi- 
librium of bodies), published in the Paris Academy of Science’s Mémoires 
de lAcadémie in 1740, was an inquiry into the center of gravity and into 
elastic curves describing equilibrium in dynamics and hydrodynamics 
that gave a preliminary formulation." The second, “Accord des différentes 
lois de la natur qui avoient jusqu’ici paru incompatibles” (Accord among 
different laws of nature previously appearing incompatible), was a speech 
given in April 1744 at the Paris Academy that offered an early statement of 
the law of least possible action. It held that equilibrium in rigid, flexible, 
elastic, or fluid bodies exists when the sum of all quantities of action is the 
least possible, and examined the Newtonian conception of the connec- 
tion between optical density and the speed of light. It presented results 
from Maupertuis’s studies of the propagation of light, together with re- 
flection and refraction in homogeneous and nonhomogeneous media. Its 
description of refraction employs the sine law of Willebrord Snell and the 
research of Descartes, and it draws upon Pierre de Fermat’s techniques of 
maxima and minima along with Leibniz’s research on optics in a resistant 
medium. But as Euler later argued, Leibniz explained refraction using a 
principle completely different from that of least action, one that was “en- 
tirely unknown” to him," and in a letter in the spring of 1746, Euler had 
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indicated that he still did not have a copy of the text of the article. That 
year Maupertuis published his third article, “Les loix du mouvement et du 
repos” (The laws of movement and of rest) in the Berlin Mémoires; in it he 
called the law of least possible action the “general principle” of mechan- 
ics. This meant that he had reduced to the same principle the laws of mo- 
tion and equilibrium. 

The first section of Maupertuis’s Essai de cosmologie emphasizes geo- 
metric arguments and criticizes natural theology but agrees with Newton 
on God’s occasional intervention to inject forces into the universe. A sec- 
ond section founds the fundamental truths of mechanics in the metaphys- 
ics of final causes. Maupertuis belonged to an older generation in natural 
philosophy that had not yet broken with metaphysics, while Euler and 
d'Alembert looked to geometric proofs. 

In 1750 Euler finished his Institutiones calculi differentialis (Foundations 
of Differential calculus) and wrote fourteen articles, all but one published 
during the decade. He was working to remove paradoxes from calculus. 
At the academy he gave twenty-four presentations. In number theory, he 
attempted to prove Fermat’s conjecture that every integer is a sum of two, 
three, or four squares. (E242) But this is not true for two squares. While 
he proved that every integer of the form 4n + 1 is the sum of four integer 
squares and demonstrated that every rational number is the sum of four 
rational squares, a final proof eluded him for decades. More significant 
than this attempted proof is the article’s foreshadowing of group theory." 
Later Euler was to prove Fermat’s Little Theorem twice, basing his rea- 
soning not on binomial expansions, as his first two proofs had, but on 
properties of group theory. He also submitted to the Berlin Academy that 
year a paper titled “Emendatio laternae magicae ac microscopii solaris” 
(Improvement of the magic lantern and solar microscope, E196).'’ He 
sent a copy to Schumacher that appeared in the 1750-51 volume of the Pe- 
tersburg Academy’s Novi Commentarii. The paper gave methods to better 
magic lanterns; these predecessors of slide projectors were important to 
public optical spectacles during the Enlightenment. ‘They projected a still 
picture contained in a transparent slide; illumination depended on an oil 
lamp. Euler was also the first to develop a solar or projection microscope. 

Occasionally Euler introduced a subject that would not be developed 
until the next century. In “Elementa doctrinae solidorum” (Elements of 
the doctrine of solids, E230), read at the academy in November 1750," 
and its shorter sequel “Demonstratio nonnullarum insignium propricta- 
tum, quibus solida hedris planis inclusa sunt praedita” (Proof of some not 
insignificant properties of solid bodies enclosed by planes, E231) in Sep- 
tember 1751, he explored questions of analysis situs in attempting to found 
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a branch of mathematics, stereometria—that is, solid geometry.'* These two 
articles were for the Novi commentari for the years 1752-53, which ap- 
peared in print in 1758.” “It astonishes me,” Euler wrote to Goldbach in 
November 1750, “that these general properties of stereometry have still, 
as far as I know, been noticed by no one else.””' Although many theorems 
existed about surface area, volume, and angle measures for polygons, no 
one before Euler, except for Descartes, had investigated the combinatorial 
properties of polyhedra. Euler’s “Elementa” begins by stating that just 
as figures of plane geometry require studies of lines and angles, stereom- 
etry must consider the inclination of planes and solid angles; the analogy 
for classifying polygons does not suffice for polyhedra. He provided the 
crucial items needed and a nomenclature for them: points or anguli solidi 
(S); faces, which he represented with the Latin term hedra (H), and edges, 
defined as “the junctures where two faces come together along their sides 
and are sometimes called acies (A),” Latin for the edges on a weapon. He 
notably brought out the significance of edges. Proposition 4 of the “Dem- 
onstratio” gives his famous theorem S + H = A + 2 (in English notation, S = 
vertices, A = edges, and H = faces). 

Euler’s first proof in the “Elementa” is flawed and incomplete; he 
gave a more convincing but still incorrect proof the next year. His beauti- 
ful formula was correct, but he overreached, not giving certain conditions 
for this to be so and many counterexamples. Euler thought there were 
two ways to decompose a polyhedron; from the outside, where he could 
remove pyramids with each apex being a vertex of the polyhedron, or 
from inside by removing pyramids having a common apex and a polyhe- 
dron face as the individual base; he chose the first method. By taking away 
pyramids until a tetrahedron was reached, he found that S + H - A = 2. To 
prove his theorem required recognizing that in the decomposing process 
the quantity S + H — A was unchanged. His formula must meet certain con- 
ditions, and he recognized that it did not apply to all polyhedra, limiting 
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Hexahedron 
Tetrahedron Octahedron or Cube Icosahedron Dodecahedron 
4 Faces 8 Faces 6 Faces 12 Faces 20 Faces 


Figure 10.1. Five regular polyhedra or Platonic solids. Euler’s formula: 
F (Faces) — E (Edges) + V (Vertices) = 2. 
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it to solid bodies bounded by planes, but he did not give many counter- 
examples. Euler’s work together with that of successors who differed by 
preferring to examine the second decomposition opened the path to the 
modern definition of a polyhedron. The left side of the modern form of 
his marvelous relation V — E + F = 2 defines what became known as the 
Euler Characteristic. For polyhedra, those characteristics are topologi- 
cally invariant. 


Academic Administration 


In 1750 the Berlin Academy was building a leading reputation, but Mau- 
pertuis’s desire for greater accomplishments was met with uneven re- 
sults. Unsatisfied with the dogmatic German Wolffians as well as with 
the French savants who rejected metaphysics, he looked to the Swiss to 
offer a middle path. Producing more men of science than were needed in 
the homeland, the Swiss were chosen in greater numbers than the French 
for the academy;” Berlin was one stream in the Swiss exodus that also 
included Amsterdam, London, Munich, Paris, and Saint Petersburg. 

In a letter of 1746, Maupertuis had pleaded with Johann II and Dan- 
iel Bernoulli to come to Berlin, saying that they alone could “put our 
Academy above all the Academies of Europe.” The Bernoullis declined 
but were named foreign members and agreed to recommend candidates. 
Still, the budget was limited, and was mainly directed at current mem- 
bers. In 1750 the academy expelled two Swiss candidates based on poor 
performance. During two prior years in Berlin, the young Basel math- 
ematician Daniel Passavant had turned out to be among the “laziest and 
most dissipated of men.” Having no research projects of his own, he was 
assigned tasks with translations that he accepted reluctantly. Maupertuis 
judged him completely unfit, reporting to the king that this Basler had 
done almost nothing beyond offering instruction in the house where he 
resided. Passavant was expelled and his position left vacant; in April 1750 
he returned to Basel. (From 1755 to mid-1759, Euler would correspond 
regularly with him and his cousin Franz Passavant, a Basel official.) 

Having accomplished little in Berlin, the physicist and mathemati- 
cian Reinhard Battier, Euler’s cousin, departed in 1750 to become tutor to 
the son of the Duke of Gotha. Grischow, whom the academy had sent to 
the Paris Observatory for two years, briefly followed him. 

“Will we ever have any but mediocre people?” grumbled Maupertuis. 
Only two Bernoulli candidates for 1750, the young rhetorician Johann 
Bernhard Merian, who was, like Euler, the son of a Basel pastor, and the 
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mathematician Johann Georg Sulzer, a teacher from Joachminsthal’s gym- 
nasium, succeeded in being named ordinary members. Even though not 
known for his research, Merian was warmly endorsed by the Bernoullis 
as capable of doing the institution the greatest honor. Arriving by April 
1750, he was to be tireless in academy projects, forming a trio with Mau- 
pertuis and Euler in its disputes. Merian was to be one of the most active 
members and the most reliable ally of Euler at the academy. 

The restless Euler had an array of administrative tasks. He watched 
over the library, observatory, botanical garden, publication of scientific 
papers, and preparation and sale of the almanacs and maps. ‘The library 
that he oversaw was perhaps the oldest institution in the academy. The 
Franco-German historian and antiquarian Simon Pelloutier was the li- 
brarian; he and Euler followed the rules that Leibniz had set out in 1700 
for a scientific research library. Although not large, the academy library 
contained most of the best mathematical and physics books and journals, 
along with scriptural texts and periodic literary writings. It grouped these 
acquisitions according to their use in the active research of the members. 
Its comprehensive exchange program of texts and journals with other 
leading science academies and learned societies provided most publica- 
tions. Euler would personally correspond to remove gaps in runs of lead- 
ing journals such as the Philosophical Transactions of the Royal Society of 
London and Leipzig’s Acta eruditorum. 

A painting by Adolph Friedrich Erdmann von Menzel titled Tafel- 
runde (Roundtable) from 1850 has conveyed a misimpression about Fred- 
erick II’s relations with the academy, particularly whether he attended 
meetings or met with its regular members. In the mid-eighteenth century, 
roundtable or discussion groups were a means of bringing scholars to- 
gether. In his equivalent table society, Euler fostered research. The Tafel- 
runde painting pictures the principal entrance area of Frederick’s palace 
Sanssouci, which consists of two halls, the rectangular entrance hall and 
the oval marble hall under the central dome. Guests entered through the 
marble hall, which was the chief reception room; ten pairs of Corinthian 
columns subdivided it. Menzel imagined Frederick hosting a discussion 
at the king’s new Tafelrunde in the marble hall with Voltaire on the left 
and the nine male muses of the German Parnassus, most of them French 
intellectual refugees under the king’s protection, all of whom Voltaire out- 
shone. As the residence of the muses in ancient Greek mythology, Mount 
Parnassus was known as the home of learning, music, and poetry. Fred- 
erick praised Voltaire as a genius who surpassed Homer and Virgil, and 
thus should be an ornament of his Parnassus. Frederick also recognized 
Voltaire as a scoundrel. In time Voltaire would criticize the Frederician 
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muses, for example calling Jean Baptiste de Boyer, Marquis d’Argens less 
than mediocre. The guests at the table are sometimes mistaken as all being 
from the Prussian Academy of Sciences. While Francesco Algarotti and 
Maupertuis belonged to the Tafelrunde, Voltaire seldom attended academy 
meetings but met occasionally with other academicians, mostly his friend 
Joseph de Francheville, and the king never interacted in 1750 or later with 
academicians as a whole—at any meeting or with Euler. He did not associ- 
ate separately with any regular academician in Berlin except for Merian 
and his father-in-law Charles Etienne Jordan.* Jordan, who became the 
vice president of the academy, had been a childhood friend of Frederick. 
Except for Voltaire, the Tafelrunde members were apparently nobles. 

As Euler’s close engagement with the Russian Imperial Academy con- 
tinued in 1750, going far beyond the prize competition and making Saint 
Petersburg his de facto second home, the Petersburg Academy concen- 
trated on its newer publication, the Novi Commentarii, which was divided 
into four classes: mathematics; astronomy; physicomathematics (or me- 
chanics) and experimental physics; and the physical sciences, consisting 
of anatomy, botany, and chemistry. In November 1750 Schumacher asked 
Euler to find a good mathematician to be its editor and prepare regis- 
ters for the old Commentarii, and the next year he asked Euler to under- 
take those tasks himself. Cartography remained a strong mutual interest. 
Euler wanted clarification on a report that Delisle had published in Paris 
a map of all the Russian discoveries from the Second Kamchatka Expedi- 
tion. He pointed out that Delisle did not have a complete record and had 
promised to provide better maps as soon as possible. Delisle’s article for 
the Paris Academy Mémoires of 1750 and his maps of some of the Russian 
discoveries appeared two years later. 

The nasty affair surrounding Johann Georg Gmelin’s decision to ac- 
cept a position at the University of Tubingen caused a stir throughout 
1750. It continued to anger the Petersburg Imperial Academy officials, 
who held that he remained under contract with them. In April Euler wrote 
to Teplov that he disapproved of Gmelin’s actions. In fact, Gmelin had ac- 
tually wished to complete his time with the academy and did not want to 
insult it, but Euler explained that Gmelin feared losing a favorable retire- 
ment from his own country; a solid retirement was absolutely necessary, 
Euler wrote, and being deprived of one drives a man to desperation. He 
asked Gmelin to send a letter declaring his mistake in not honoring his 
Russian contract and a contrite confession for his behavior. This pleased 
Razumovskij. At the end of April, Gmelin thanked Euler for helping to 
have the academy officials accept his move to Tubingen; in another letter 
in August, Gmelin asked for Razumovskij’s forgiveness. This was only one 
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Figure 10.2. The frontispiece and title page of the Novi Commentarii 
Academiae scientiarum Imperialis Petropolitanae for 1750. 


component of the affair; Euler also negotiated a new contract for Gmelin 
to deliver six volumes of his work on Siberian flora to the academy, which 
would pay two hundred rubles for each. Gmelin was pleased. There would 
be no payment for the first volume, since when he completed it he was still 
under contract to the academy; separate compensation, Gmelin agreed, 
would be unfair. For its preface, Euler obtained a fifteen ruble recompense 
for him. The new contract was not completed until after Euler returned 
from his Frankfurt visit in July; he was upset with Schumacher for not 
forwarding it to him there.” 

The correspondence between Euler and Teplov in 1750 also covered re- 
views, descriptions of research, and a rift between Euler and Schumacher. 
In April Euler evaluated two papers sent to him: one on chronometers and 
another on oars. He praised the first, which proposed making a better self- 
winding watch. Euler had earlier considered this idea by applying a py- 
rometer to a pendulum. Changes in temperature would make alterations 
to the instrument that appeared to result in a self-winding mechanism. 
Euler cautioned that this was not a perpetuum mobile. The second paper 
on oars he found pedestrian; it described a new way to construct oars but 
was of no practical advantage. In April Euler criticized Schumacher for 
failing to transmit to the academy a proof concerning astronomy that he 
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had sent and for the delay in purchasing the excellent Blumler telescopes 
that the academy needed, adding that Blumler’s widow was destitute. In 
August Euler received fifty free copies of his Scientia navalis. As thanks 
for these he submitted two articles on analysis for the Novi Commentarii 
along with a note that reiterated his desire to be named a commissioner to 
examine with perfect impartiality the prize papers for 1751. 

In November 1750 Euler received the second of three invitations from 
Razumovskij to return to Russia, but again diplomatically declined. He 
said that his health was deteriorating by the day and that the great ge- 
niuses of mathematics— Newton, Leibniz, Jakob Hermann, Wolff, and the 
Bernoullis—had made their most important discoveries before their forti- 
eth year; what they did afterward did not compare with their work in the 
earlier period. Euler, who was rapidly approaching fifty, claimed that his 
capacity was substantially diminished. In addition, he thought that nei- 
ther his health nor that of some of his children would permit so lengthy a 
trip and the harsh climate of Saint Petersburg, nor could his seventy-two- 
year-old mother endure it. 


Family Life and Philidor 


In 1750, two of three major events for the Euler family involved the deaths 
of children. In March the twelfth child, August Friedrich, was born. Car- 
ried for only seven months, his was a risky delivery, but Euler’s wife Kath- 
arina recovered rather easily. Extremely weak, August Friedrich survived 
only nineteen weeks. In December Euler’s three-and-a-half year-old son 
Hermann passed away; having grown quite close to their youngest son, 
Euler and his wife were deeply distraught. 

The third major event came in June: Leonhard and Katharina, along 
with Johann Albrecht, who was sixteen, traveled to Frankfurt am Main 
to the home of Katharina’s cousin, the Dutch historian and theologian 
Johannes Michael van Loen, to meet his mother, newly arrived from 
Basel, and bring her to Berlin. The travels did Katharina much good, 
helping to restore her health after the last birth experience. The entire 
trip went from Potsdam to Magdeburg, Halberstadt, Duderstadt, Kas- 
sel, Marburg, Giessen, and Frankfurt am Main and back. The round trip 
took twenty days. Euler, who had earlier met with his brother in Frank- 
furt, was there from 28 June to 3 July. Widowed since 1745, his mother 
had remained in Basel with the older of Euler’s two sisters and her son 
Johann Heinrich and his second wife. When Johann Heinrich died, she 
did not move to live with her daughters but accepted Leonhard Euler’s 
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invitation to be with his family. On the return trip the family went to 
Hanau, where Euler’s younger sister and brother-in-law welcomed them, 
and on to Fulda, Wach, Eisenach, Gotha, Erfurt, Naumberg, Merseburg, 
and Wittenberg, finally reaching Berlin on 10 July. Curiously, Euler went 
only as far as Frankfurt on this trip rather than proceeding up the Rhine 
to Basel, where he could have seen old friends and relatives. Perhaps he 
lacked the time for an extended trip, or perhaps a strain in his relations 
with Daniel Bernoulli was the reason. Since 1741 Bernoulli had regularly 
sent Euler three or four letters a year. Suddenly in January 1750 Ber- 
noulli’s correspondence to Euler stopped. Though he did not yet know 
of Clairaut’s latest work on lunar theory, Bernoulli proclaimed Newto- 
nian dynamics correct and criticized d’Alembert on hydrodynamics, the 
theory of winds, and the vibrating string problem. The next year he cal- 
culated the proper frequencies for transverse vibrations. At this time, 
Euler questioned Clairaut’s conclusions on lunar motion. Bernoulli’s 
next letter to Euler came in October 1753, while Euler apparently sent 
none for that three-year period. 

In 1750 Euler, who acted as an advocate and protector for his ex- 
tended family and often asked Frederick for positions for relatives, tried 
to assist Johannes Michael van Loen. His mother-in-law had been born a 
van Loen. This was not his Dutch relative’s first attempt to obtain a post in 
Prussia. In 1746 he had declined Frederick’s offer of the presidency of the 
consistory of the Reformed Church in Berlin and asked for Euler’s help in 
obtaining another post. Euler felt responsible for having van Loen move 
to Frankfurt am Main. In July 1750, after his visit there, Euler wrote to the 
king and Maupertuis that it would be useful to have van Loen in Berlin, 
and he prepared a résumé. In December the king responded that neither a 
law court position nor the associated salary could be arranged. Van Loen 
persisted, and in 1755 Frederick proffered the presidency of the Prussian 
counties of Lingen and Tecklenburg. After writing again to Euler and 
hesitating, van Loen accepted that post. 

Chess remained one of Euler’s few recreations. In June 1750 Gold- 
bach wrote from Moscow about it, having read in the newspaper that 
the twenty-five-year-old French chess champion and composer Francois 
André Danican-Philidor was creating a furor in Berlin and Potsdam by 
defeating its best chess players. To earn extra income, Philidor simultane- 
ously played and won three games blindfolded. Goldbach guessed that 
Philidor would know of Euler’s chess skill. Since Philidor stayed most 
of the time in Potsdam teaching some noble military officers, Euler re- 
sponded on 3 July that he had not seen him.” But Euler would have been 
no match for Philidor, who was probably the greatest chess player of the 
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century. Since the young French chess master kept a mistress, some of the 
Potsdam nobility were upset and unexpectedly forced him to leave early; 
otherwise, Euler thought, he would have probably found the opportunity 
to play the Frenchman. 

In 1748 Philidor had written in French a book on chess; Euler owned 
its English translation, Chess Analyzed, which appeared two years later. He 
found quite beautiful the ways it presented for playing chess; its approach 
was unique, stressing principles over moves and making pawns the “soul 
of the game.” “Seine grésste Starke” (His greatest strength), Euler wrote 
to Goldbach, “besteht in Verteidigung und guter Fihrung seiner Bauern, 
um dieselben zu K6niginnen zu machen, da er dann, wenn die Anstalten 
dazu gemacht, piece fur pi¢ce wegnimmt, um seine Absicht zu erreichen 
und dadurch das Spiel zu gewinnen” (is in the defense and in the skill- 
ful moves of his pawns in order to transform them into queens. ‘Then, 
after proper preparations are made, capturing piece after piece in order to 
achieve his intention and win the game).”’ 


” 


Rivalries: Euler, d’Alembert, and Clairaut 


In 1751, relations between Euler and d'Alembert deteriorated, and re- 
search in fluid mechanics appears to be the chief reason. In “Recher- 
ches sur le mouvement des rivieres” (Researches on the motion of rivers, 
E332), an early draft of which was written in 1750-51, Euler fulsomely 
praised d'Alembert: “To the profound speculations of Messrs. | Daniel and 
Johann I] Bernoulli and d'Alembert we owe all that has been discovered 
in this science up to this time.”* But apparently this recognition was not 
in the early draft, which in any case was unpublished. Euler revised this 
paper to answer d’Alembert’s general criticisms. Presented at the acad- 
emy in 1760, the revision was not printed until 1767. In the calculus of 
variations it contains the Euler-Lagrange Equation for the first necessary 
condition and others to assure for definite integrals with arc lengths along 
curves an extremum—either a maximum or a minimum. Their solutions 
are functions with a stationary functional or mapping of a vector space 
to its underlying field. When these functions reach a maximum or mini- 
mum, the derivative is zero. Most likely not before the revision was the 
statement on d’Alembert along with Euler’s contributions included in the 
article. In 1750 a reading of papers by d’Alembert likely prompted Euler 
quickly to perfect his colleague’s concepts and equations in hydrodynam- 
ics. His first attempt to combine internal pressure with the momentum 
principle nearly succeeded; that took until 1752. 


336 Chapter 10 


From Clairaut—with whom Euler had far better interactions—the 
Russian Imperial Academy received in February 1751 the paper “Théo- 
rie de la lune.” A copy went to chief judge Euler, who wrote to its au- 
thor a month later, “I have with an infinite satisfaction read your paper, 
which I have waited for with much impatience. It is a magnificent piece 
of legerdemain, by which you have reduced all the angles entering the 
calculation to multiples of your angle v, which renders all the terms at 
once integrable. .. . I must confess that in this respect your method is far 
preferable to what I have used.”* Clairaut had finally given accurate com- 
putations showing that the motion of lunar apogee could be reconciled 
with Newton’s attraction alone; it had taken arduous labor to accomplish 
this. The first two dissertations in the competition, from Copenhagen 
and Freiberg, were in Latin. These and a third in French Euler called 
worthless, and he rejected them; the decision was indisputable. The four 
foreign judges and the panel of resident academicians (Grischow, Chris- 
tian Gottlieb Kratzenstein, Nikita Ivanovich Popov, and Georg Wilhelm 
Richmann, who were those academicians with competency on the sub- 
ject), together with Mikhail Lomonosov and Winsheim,*” voted unani- 
mously for Clairaut. 

“The splendid contest paper in French [by Clairaut| is more and more 
to my liking,” Euler wrote to Schumacher, “and even though I did not 
at first share the view that the Newtonian theory is sufficient to account 
for all the lunar inequalities, as asserted in this paper; now after having 
investigated this problem using my own methods, I have arrived at a dif- 
ferent conclusion and have changed my opinion.”*! Not entirely satisfied 
with the computations, Euler had perfected them. After devising his new 
method to account for apsidal motion that avoids variables and derives 
an equation between the longitude and the true anomaly of the moon, 
besides extending his complicated approximations of it far enough and 
studying more observations of lunar motion, he had “finally discovered 
the source of insufficiency in my earlier methods” of computation and his 
errors. Since his method gave the same results as Clairaut’s, Euler wrote 
to Clairaut in early April with excitement: 


I am now altogether clear concerning the motion of the lunar apogee, and 
I find, as you do, that it entirely conforms to Newton’s theory. . . . [S]ince 
now two completely different methods lead to the same conclusion, no 
one will refuse to recognize the correctness of your research. For myself, 
knowing whereof I write, I salute you on this happy discovery, and I even 
dare to say that I regard this discovery as the most important and the most 
profound that has ever been made in mathematics. I ask your pardon a 
thousand times for having doubted the rightness of your retraction.” 


1750 to 1753 337 


Clairaut’s prize paper, Euler asserted, was exemplary in showing that 
gravitational attraction alone is completely satisfactory “to explain the 
motion of lunar apogee.” Along with new lunar studies, Clairaut’s paper 
imparted “quite a new luster to the [gravitational attraction] theory of 
the great Newton.”* But Euler still harbored a belief, which would be 
reinforced later by his study of magnetism, that Newton’s inverse-square 
law needed a small corrective factor negligible in this case. He called Clai- 
raut’s computations on lunar motion of the highest degree of difficulty, 
and he stated that prior efforts of other astronomers to show the accord 
between Newtonian attraction and the motion of lunar apogee had been 
inadequate. For Euler this was an important stage in developing his own 
second lunar theory. 

In response to contestants who claimed that they had not received 
enough time to complete their papers the academy extended the competi- 
tion to June 1751. This upset Clairaut; had he known of the extra time, he 
could have improved his calculations. At the academy’s public meeting on 
6 September 1751, Clairaut was named the contest winner with a prize of 
100 ducats. Euler lavishly praised the outstanding clarity of Clairaut’s cal- 
culations in the appendix and how little they differed from observations 
made at universities and observatories. 


The Maupertuis-K6nig Affair: The Early Second Phase 


When K6nig’s article “De universali principio aequilibri et motus” (The 
universal principle of equilibrium and motion) appeared in March 1751 
in Leipzig’s Nova acta eruditorum, the second act of the Maupertuis-K6nig 
affair began. It startled Maupertuis; Konig had submitted his critique 
without informing him of plans to publish it. 

Konig’s article addressed the two central issues of the debate. It de- 
nied the usefulness and generality of the principle of least action, re- 
placing it as a universal principle with Leibniz’s conservation of vis viva 
that was applied to equilibrium conditions, and it examined who de- 
served priority for that principle (which is today known as the Euler- 
Maupertuis Principle): should it be named for the great Leibniz or for 
Maupertuis? K6nig asserted that the origins of the principle lay in antiq- 
uity with Aristotle’s axiom that nature in all its operations does nothing 
useless and seeks the simplest solution. He sought to establish Leibniz’s 
precedence for the principle but was unable to do so, for he based his 
claim on a copy of a portion of an unpublished letter supposedly from 
Leibniz to Hermann in Basel in October 1707. The letter covers a series 
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of writings with signs, unclear marginal notes, and some faint lines that 
indicate how best to place the interjections. Konig possessed a fragment; 
he did not yet make it clear that the famous Bernese bookseller Samuel 
Henzi, the clerk of the saltworks, had supposedly purchased it for fif- 
teen crowns and copied it. But Henzi had been charged with sedition 
and was beheaded in Bern in 1749 for taking part in an unsuccessful 
uprising in the city against its patrician families; his large collection of 
papers had been destroyed or scattered. This all occurred five years after 
K6nig’s exile from that city for a decade for signing a petition deemed 
too liberal. The desired letter was not listed among the seventy-eight 
published ones between Leibniz and Hermann; it apparently supports 
the claim that Leibniz had much earlier defined the quantity of action in 
the same way Maupertuis had and projected a maximum or minimum. 
K6nig represented the principle of least action as a poor chimera and 
Leibniz’s principle of the conservation of vis viva as fundamental; he was 
not successful in making either case. In place of what was to be called the 
Euler-Maupertuis Principle, he projected a Leibniz-Euler-Maupertuis 
law, denying the originality of the last two. Kénig further rejected Mau- 
pertuis’s hard atoms as contradictory to physics and Leibniz’s conserva- 
tion laws. In its exposition, his article was neither clear nor reinforced by 
persuasive mathematical demonstrations. 

KG6nig was no stranger to controversy in Berlin. He had submitted 
one of the six papers published by the academy on the monadic doctrine. 
Not winning the academy prize, he was apparently bitter.* It is possible 
that Konig thought his article would not harm his friendship with Mau- 
pertuis; in the sciences it should be possible to question a friend’s writ- 
ings. But K6énig, who knew directly of Maupertuis’s vanity, suspicions, 
and insecurity, declared that he had learned of the principle in 1749 but 
delayed his response for two years out of deference to Maupertuis.” 

The full scope of the quarrel in the Maupertuis-K6nig affair can be 
understood only within the intellectual discourse at the academy. Its dis- 
agreement fell at the heart of the division within the academy that ranged 
from the conservative Euler and the Newtonian Maupertuis against 
the Wolffians and freethinkers over mathematics, science, and religion. 
Sharpened by the lingering anger among the Wolffians over the monad 
prize decision, it bore characteristics of the dispute between Newton and 
Leibniz over priority for calculus as well as the rifts between Cartesians 
and Newtonians at the Paris Academy—rifts that Maupertuis knew well. 
The whole was driven by the character of Kénig and the personality of 
the academy’s autocratic president, who was at once arrogant and fragile 
in self-confidence. Beyond a personal insult, the quarrel involved the 
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Figure 10.3. Johann Samuel Konig. 


competition between the renovated science academy and the Prussian 
universities, along with questions of the literary style of the sciences, 
the principal source of their authority, and their status in higher edu- 
cation, which presaged Kant’s work on the strife among faculties. For 
Euler it was the validity of Maupertuis’s mechanics, not religion, that 
remained the most critical element in the controversy. In light of the 
flood of books, anonymous journal articles, pamphlets, and reports in 
gazettes and newspapers in the Dutch, French, and German-language 
presses published about the affair, the struggle for freedom of the press 
and of the republic of letters from censorship does not appear to be a 
major factor. Neither the principle of least action nor its author chal- 
lenged a religious dogma. 

With its counterclaims that rejected the generality of the principle 
of least action and of Maupertuis’s priority for it, Kénig’s “De universali 
principio aequilibri et motus” came as a blow to his pride and personal 
integrity. The paper found the antecedents of the principle of least action 
in Aristotle’s axiom that nature in its operations seeks the simplest solu- 
tion. It considered associated work with minima in antiquity by Euclid 
and Hero in optics and Ptolemy in geography, together with the develop- 
ment of the Aristotelian principle in modern times by Descartes, Nicho- 
las Engelhard, Fermat, Malebranche, Willem ’sGravesande, Leibniz, and 
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Wolff in mechanics and optics. Citing the work of these men brought 
the accusation that Maupertuis had plagiarized from them and other 
sources. For a new member of the academy to attack the president’s re- 
search so blatantly was, as Euler wrote to young Merian, audacious and 
provocative.” 

Since K6nig had been his friend, Euler initially remained out of the 
debate; at first he was seen as an impartial judge. Shortly after, Euler and 
Merian joined with Maupertuis and planned a rebuttal. Even though 
Euler himself deserved priority for the principle, he supported Mau- 
pertuis. A theorem on trajectories of bodies attracted by central forces 
in Euler’s Methodus inveniendi lineas curvas maximi minimive proprietate 
gaudentes (A method of finding curves that show some property of maxi- 
mum or minimum, E65) beautifully applied Maupertuis’s principle: an 
element of the curve multiplied by the speed always gives a minimum. 
The principle had already appeared in the second appendix on elastic 
curves of the Methodus inveniendi, stating, “Since all natural effects fol- 
low some law of maximum or minimum, no doubt in curves described by 
projectiles attracted by forces, there exists some property of maximum or 
minimum. ... [N]othing at all takes place in the universe in which some 
rule of maximum or minimum does not appear.”*” Still, Euler’s defense of 
Maupertuis was unfaltering. Lacking the mathematical skills to formulate 
the differential equations for his law, Maupertuis asked the Bernoullis 
to prepare the scientific arguments for its generality and the differential 
equations for its applications, but they declined. In a series of articles in 
the academy Mémoires, Euler did both himself. 

Gaining the assistance of Frederick II in the king’s role as protector 
of the academy, Maupertuis turned the complete force of the institution 
against Konig. Considering the dispute to be about power and prestige 
as much as science, Maupertuis found the article an assault not only on 
his achievements and honor but on the rising reputation of the royal 
academy in Western Europe. He wanted to indict Konig as a liar and 
a fanatic and “to bury [him] in the mud as he deserves.” The academy 
split over Maupertuis’s action, while many in the larger republic of let- 
ters would consider the procedures and judgment of the institution an 
abuse of power and an injustice. Yet by 1751 Maupertuis had displayed 
the good along with the bad at the academy. He had assembled as foreign 
members more than eighty of Europe’s most distinguished scholars. A 
free institution, the Berlin Academy also opposed intolerance on the part 
of local churches at a time when Frederick’s Potsdam court was a haven 
for French refugee scholars.*® In Paris Denis Diderot, the coeditor of 
the Encyclopédie, praised Maupertuis, calling him “the rival of Voltaire.” 
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Maupertuis was writing a treatise, Lettres sur le progrés des sciences (which 
would be published shortly after his Cosmologie in 1752), not unlike Fran- 
cis Bacon’s Advancement of Learning, that urged navigational exploration, 
geographic measurements, a new round of experiments using the latest 
concepts, the development of new equipment, the collection of curiosa 
in anthropology, and the formation of a global college of savants to pool 
and disseminate knowledge. His labors and his associations defined him 
as a friend to intellectual freedom. 

In the years since the monad prize decision, attacks on Maupertuis 
had subsided. Now in 1751 many Wolffian philosophers in the universi- 
ties, along with German and Dutch journalists, who had renewed their 
criticism of Maupertuis after the publication of his Essai de cosmologie, 
began buffeting him; they challenged the originality of his new law and 
often condemned his autocratic management of the Berlin Academy. In 
two replies K6énig rejected what he termed the tyranny of the academy; 
the public alone, he deemed, was “his natural judge.” Besides many in 
the German press, university faculty members—especially those in the in- 
fluential circle of Johann Christoph Gottsched, a professor of logic and 
metaphysics at the University of Leipzig—supported Konig. Those in the 
Gottsched circle treated Maupertuis with hostility, particularly for his 
haughty supervision of the Berlin Academy, and they questioned the uni- 
versality of the principle of least action. Modeled on the French Academy, 
they spread Enlightenment thought in the German states. Gottsched, who 
had translated Pierre Bayle’s Dictionnaire historique et critique (Historical 
and critical dictionary) into German, attributed the principle to Mauper- 
tuis’s misunderstanding of Leibniz’s dynamics. The circle disseminated 
ideas in its monthly journal Das Neueste aus der anmutigen Gelehrsamkeit 
(The latest from engaging scholarship). 

Since Gottsched wrote in German, Maupertuis asked his ally Abra- 
ham Gotthelf Kastner to translate the articles of Gottsched and others on 
the topic and send them to him; prior to this he had not known the extent 
of the dispute. In 1749 Kastner had praised his work on the principle of 
least action, and Maupertuis had unsuccessfully sought to bring him to 
Berlin. In June 1751, he advised Maupertuis not to respond to Konig, for 
it would be as if “a general of an army wanted to fight a duel with some 
vagabond volunteer.”” Like Gottsched, Kastner was in Leipzig, and he 
was a good source of information from that city, and he was one of the 
few German geometers and philosophers to remain on good terms with 
Maupertuis. 

Outside of Prussia the response was not so negative. In 1751 in the 
entry “Action” in the Encyclopédie, d’Alembert recognized Maupertuis’s 
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priority and endorsed his claim to the universality of the principle of least 
action.*! He traced the law to the reading of a paper by Maupertuis at the 
Paris Academy in April 1744, which later appeared in print as “Accord du 
différentes loix de nature,” and a second article, “Le principe universal du 
repos et de l’équilibre.” D’Alembert saw Euler’s Methodus inveniendi as a 
possible challenge to Maupertuis’s priority, but he defended Maupertuis’s 
claim on the grounds that his Paris Academy speech had preceded his ar- 
ticle’s publication. Maupertuis’s studies of collisions, equilibrium, and re- 
fraction, d'Alembert pointed out, were essential in reaching his principle. 
D’Alembert declared that on refraction Maupertuis agreed with Newton, 
whose explanation differed from that of Fermat and Leibniz in having the 
rays approach the perpendicular. In defining the quantity of action, rather 
than multiplying time by speed to obtain space covered (as was normally 
done), d'Alembert showed that Maupertuis presented an inverse relation- 
ship. Where E is space traversed in the initial setting of speed V, and e the 
space traversed in the second with speed v, E/V + e/v = a minimum—that 
is, dE/V + de/v = 0. Supposing VdE + vde = 0 gives EV + ev = a minimum, 
which is Maupertuis’s principle. It agreed with Newton’s mechanics. Mau- 
pertuis did not stop here, d'Alembert observed, but sought to reconcile 
the fundamental truths of mechanics with final causes in metaphysics. 

In October 1751, Maupertuis brought Kénig’s article to the atten- 
tion of the full Berlin Academy and took measures to bring the affair to 
a close. Euler had already, in a letter in December 1745, accepted Mau- 
pertuis’s priority. Even though he could not yet rigorously show the gen- 
eral application of the principle of least action, he was convinced of its 
truth and importance; Euler’s own work on elastic curves in the Metho- 
dus inveniendi flowed naturally from it. After this letter, he consistently 
backed Maupertuis. He agreed with the Wolffians that the fundamental 
principles of mathematics and physics were founded in metaphysics, but 
“from which ... that of Leibniz and Wolff is still far off.” Presented to 
the Berlin Academy in 1751 and published in its Mémoires for 1751, Euler 
elegantly established in “Sur le principe de la moindre action” (On the 
principle of least action, E198) the universality of Maupertuis’s principle 
by demonstrating its application to refraction, reflection, the orbits of 
planets, and many other natural phenomena. He showed that it facilitated 
solving other problems of natural phenomena besides mechanics. 

With Euler having addressed and resolved the content of the related 
science, Maupertuis still saw little chance of success in disproving Gott- 
sched and journalistic critics. Recognizing no great advantage in admon- 
ishing the often anonymous gazetteers, another task that Euler would 
undertake, Maupertuis decided to concentrate on the authenticity of 
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Leibniz’s letter. On 7 October, he and the academy had Formey write to 
K6nig requiring him to produce the original letter by Leibniz within four 
weeks; correspondence, he knew, had been crucial in the calculus prior- 
ity dispute between Newton and Leibniz. In the mid-eighteenth century, 
the standard for resolving priority in the sciences was publications or the 
testimony from reliable letters. In the spring of 1745 Kénig had obtained 
several missives written by Leibniz, but it was not known whether he pos- 
sessed the one in question. On 10 December, K6nig responded from the 
Hague explaining his search for the full letter, his infinite respect for Mau- 
pertuis and the academy, and his chagrin at the controversy. He good- 
naturedly volunteered to send his copy of the fragment. After Henzi’s 
execution in July 1749 his estate, including his collection of papers, had 
been dispersed, so K6énig could not locate the original. The date 1707 
for the letter posed a problem, for it did not match the time of the cor- 
respondence between Leibniz and Hermann. A meeting of the academy 
on 9 December 1751 discussed the affair; at the next, on 23 December, 
the beginning of its Christmas break, Maupertuis again demanded from 
K6nig proof of the authenticity of at least a portion of the letter written 
by Leibniz’s hand. 

To increase the search for it, the sullen Maupertuis had the academy 
investigate the letter’s existence. Since Kénig had impugned the honor 
of the royal academy, the president asked Frederick II, who strongly sup- 
ported him, to have his judiciary request the regent of Bern, the Mar- 
quis d’Argenson, and the magistrates of Basel, who had the Hermann 
papers, to seek the alleged letter by Leibniz; that Bern housed the re- 
mainder of Henzi’s collection made the city the most likely location for it. 
Through early 1752 Maupertuis corresponded with Johann II Bernoulli, 
who headed the commission set up by the city magistrates that sought 
extensively to locate in Basel any document that might destroy Kénig’s 
position; Hermann’s brother also belonged to this commission. Initially 
Maupertuis asked that the search be kept secret “until we are in a posi- 
tion to close off all his escape routes”; he still wanted Bernoulli to lead 
in championing his cause. To d'Alembert he complained that he also op- 
posed K6nig’s article, for it contradicted his Essai de cosmologie.“* But Eul- 
er’s correspondence with Maupertuis from late 1751 to the winter of 1752, 
when the subject was most important to the president, mentions the affair 
only twice, in March and April 1752. At the same time that Maupertuis 
and Johann IT Bernoulli wrote to each other, Maupertuis likely attempted 
to get a larger involvement from Euler in the affair, for Euler had attended 
all the academy sessions and knew the oral arguments and written evi- 
dence submitted. Some gaps in the extant letters suggest that the two men 
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may have exchanged other letters before March that have since been lost. 
The debate would continue in 1752 even more intensely. 


Two Camps, Problems, and Inventions 


At the academy, other skirmishes between Euler and the Wolffians added 
to the debate over monads and the contentious Maupertuis-KG6nig affair. 
In Prussia the traditional metaphysics advocated by followers of Wolff 
was collapsing; in the 1750s the subject was giving way to the sciences in 
academy prize competitions. In particular, Wolff’s special metaphysics 
consisting of psychology, cosmology, and rational or natural theology 
had been largely displaced. As this part of Wolff’s thought was losing 
favor in Berlin, the philosophy department in 1749 selected determinism 
as the prize topic for 1751. This went against Leibniz and Wolff insofar as 
religious critics held that the preestablished harmony underlay determin- 
ism. For years Wolff had strenuously argued against this interpretation; 
the preestablished harmony did provide a connection between mind and 
matter, he believed, but it did not present all of the interactions. As criti- 
cism of Leibnizian philosophy grew in Berlin, even many who wanted its 
demise opposed a confrontation. Throughout the 1750s the Berlin Acad- 
emy remained divided into two camps: Formey, assisted by Johann Philipp 
Heinius, Philippe Joseph de Jariges, and Sulzer, supported Wolffian 
metaphysics; Euler, along with Maupertuis, Merian, and André P. de 
Premontval, another Basler, opposed them vocally and in writing. Ten- 
sions persisted between the two parties. The concept of a preestablished 
harmony remained essential to the Leibnizian and Wolffian philosophies; 
Euler again rejected that concept, perceiving it as a determinist contradic- 
tion dangerous to the fundamental Christian tenet bearing on original 
sin. D’Alembert added that the topic raised the question of whether hu- 
mans possessed freedom. Kastner, Maupertuis’s friend and an opponent 
of Formey, had since 1745 regularly sent letters to Euler on such topics as 
Newton’s dynamics, the pulse theory of optics, and the theory of colors. 
He won the academy’s annual prize for 1751 for his anti-Wolffian article 
“Les evénemens de la bonne et de la mauvaise fortune dependent unique- 
ment de la volonté, ou du la permission de Dieu” (Outcomes of good and 
bad fortune depending uniquely on the will or the permission of God). 
This received a sharp rebuke from Formey. 

In 1751 Euler completed the manuscript for what has been referred to 
in this book as his second lunar theory, and he produced eighteen articles, 
including a proof of Fermat’s Little Theorem of integral numbers as the 
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sums of squares, which appeared in 1760, as well as another paper on the 
inequalities of Jupiter and Saturn. He continued to pursue the partition 
of numbers, introducing that subject in two articles in volume 13 of the 
Saint Petersburg Commentarii for 1751. 

The first, “Observationes analyticae variae de combinationibus” (Vari- 
ous analytical observations about combinations, E158), answered the 
question that Philipp Naudé had posed in 1741: How many ways can 50 
be summed from seven different integers?* It is possible that Euler re- 
discovered the tool of generating functions, formal power series in one 
indeterminate and coefficients encoding information about sequences of 
numbers, and began to develop comparisons with them to apply to the 
partition of numbers. He claimed that “a most perfect solution” for the 
Naudé problem is the number 522. He did not yet have rigorous proofs 
for this work. 

Euler’s other related article for 1751,“Découverte d’une loi tout ex- 
traordinaire des nombres, par rapport a la somme de leurs diviseurs” 
(Discovery of an extraordinary law of numbers in relation to the sum of 
their divisors, E175), still pursued but did not yet achieve proofs for his 
partition of numbers, and it ended with one of his chief discoveries in 
number theory, the pentagonal number theorem. Rather than having a 
random treatment of products and series, Euler found the law’s simple 
recursion formula for a partition that, he commented, “is quite certain, 
although I cannot prove it.’ Extending the concept of triangular and 
square numbers, pentagonal numbers are figurate numbers of which the 
points form pentagonal arrays. This article gave a version employing di- 
visor theorems relating to quadratic reciprocity (QR). The later QR the- 
orem is often called the most beautiful in mathematics, permitting one 
to determine when a number n is a perfect square modulo p. The num- 
ber n is a perfect square modulo p if there is some perfect square that, 
when divided by /, leaves a remainder of n. An example for modulo in 
Carl Friedrich Gauss’s notation is 5’= 25 = 1(12)—that is, 1 modulo 12, or 
25 — 1 = 24 and 24/12 = 2. Euler’s article gave conjectures developed in his 
correspondence with Goldbach from 1742 onward but did not explicitly 
state or prove the quadratic reciprocity theorem. He later proved that if p 
is a prime, exactly half the numbers smaller than p will be perfect squares 
modulo p or quadratic residues; otherwise half are nonresidues. 

In 1750 Euler completed a paper titled “De partitione numerorum” 
(On the partition of numbers, E191) that appeared in volume 3 of the Novi 
Commentarii for 1753. In it he introduced superscripts for various parti- 
tions and strengthened his command of generating functions. ‘This article 
was not his last on the topic. 


346 Chapter 10 


e ee 
e ee eee 
e ee eee eeee 

e ee eee eeee eeeee 
1 3 6 10 15 

eeecee 

eeee eeecee 

e eoeee eeeee 

e eoeee eeecee 

e ee e eeee eeeee 
1 4 9 16 25 


oy Se ES 


Figure 10.4. Pentagonal numbers. The form n(3n - 1)/2 gives a pentagonal number; 
these begin with 1, 5, 12, 22, 35, 51, .... Each is one-third of a triangular number. 
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Expanding the approach of his contemporaries and, not unlike David 
Hilbert later, Euler set out in August 1751, in his first draft of “Questiones 
physicae,” a list of physical problems for mathematicians and physicists at 
the Petersburg Academy to solve. He wanted these questions to encour- 
age and direct research for several years, and he advised that some be 
selected as prize problems. This first draft, in a letter to Schumacher, gave 
seventeen problems; in November Euler added one more. This was his 
second list of problems; his first, containing seven problems, he had read 
in Berlin in 1742. In November 1755, Euler would send a second draft of 
the eighteen problems, but they were not read to the Petersburg Academy 
until July 1757.*’ Among their topics were the cause of the fluidity of water 
and a physical explanation for why metal dissolves in certain materials 
and from others is precipitated. Other questions inquired about the shape 
of snow, the physical cause of the aurora borealis, and the cause of the 
variation of the magnetic needle in response to location. 

In the intricate debate over a general solution for the vibrating string 
problem, the relationship between Euler and d'Alembert worsened. The 
circulation of Euler’s results in 1751 provoked a verbose controversy. In 
solving that problem with arbitrary functions, the two differed in their 
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points of departure. D’Alembert required one initial shape in equilibrium 
and continuity or smoothness among all functions in calculus. This al- 
lowed him to provide with his differential equations classical solutions 
to the wave equation. A shifting of the debate from the physical prob- 
lem to the nature of function gave a greater advantage to Euler, whose 
approach to the physical problem was powerful. Boldly for his time, he 
proposed discontinuous functions with piecewise continuity or what 
in the twentieth century would be called the problem’s weak solution. 
Most leading mathematicians, including Daniel Bernoulli and Joseph- 
Louis, Comte de Lagrange, soon entered this contest with its new class 
of functions. Even after most mathematicians accepted Euler’s alternate 
solution, d'Alembert tenaciously continued the debate over the vibrating 
string problem. It lasted over twenty years; not until shortly before his 
death would d'Alembert admit defeat." 

On 23 December 1751 Euler received for review a copy of the col- 
lected papers of Count Giulio Carlo de’ Toschi di Fagnano, who had 
made the initial analysis of elliptic integrals. Fagnano’s best work came in 
three papers on the topic reprinted the previous year in the three-volume 
Produzioni matematiche, the first of which dated to 1718. Proceeding in a 
modern style of theorem and proof with novel methods, notations, algo- 
rithms, and analytic transformations, Fagnano gave many new results on 
elliptic integrals that included what is now called the addition formula 
for arc lengths of ellipses and “trisected” the lemniscates, curves in the 
form of the figure 8, with the two parts symmetrical. The symbol for in- 
finity, %°, is an example. Since Fagnano had applied for membership in 
the Berlin Academy, which he would later win, it fell to Euler to be his 
reviewer. Both men recognized that these elliptic integrals could express 
the arc lengths of the ellipse, cycloid, hyperbola, and lemniscate. Carl 
Gustav Jacob Jacobi called the day of its delivery the birthday of elliptic 
functions. For over forty years, beginning in 1727, Euler worked on the 
theory and the application of these integrals to diverse subjects, including 
the oscillation of pendulums of large amplitude and his initiating of the 
theory of mathematical elasticity, this latter particularly in a letter in De- 
cember 1738 to Johann I (Jean I) Bernoulli. Among other problems that 
he now also addressed were the measurement of Earth and the three-body 
problem in astronomy. 

At the time that Euler was developing his classical theory of fluid 
mechanics, he was pleased to find practical applications—in this case in 
studies of hydraulic machines by Jan Andrej (Johann Andreas) von Seg- 
ner, who was then at the University of Géttingen. Building upon Daniel 
Bernoulli’s reaction effect, Segner produced a simple waterwheel. In it 
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water flowed through a cylinder, having at its low point several horizontal 
paddles bent in one direction; as a result, counterpressure forced a turn- 
ing of the cylinder in the opposite direction. Euler’s articles built upon 
this base to describe crude water turbines theoretically and to accurately 
compute their efficiency; he showed that for good efficiency very high 
speeds were necessary. Euler was the first to explain clearly how material 
disturbance caused a weakening in streams, which was crucial in the con- 
struction of water turbines, and he would provide the foundation for the 
modern theory of turbines. 


Botany and Maps 


Among Euler’s many tasks at the academy in 1751 were overseeing the 
progress of the observatory, which was nearing completion; secking the 
publication for subscribers in Berlin of Uranographia Britannica, an as- 
tronomical atlas by the English physician and amateur astronomer John 
Bevis;’ requesting copies of Edmond Halley’s publications on trade 
winds and magnetic needles; ordering plants; and preparing and distrib- 
uting for sale the academy’s almanacs, calendars, and geographical maps, 
still the main source of its funding. In these and many other scientific 
tasks, his correspondence with Johann Kaspar Wettstein—who though 
not a geometer or natural philosopher displayed a wide knowledge of the 
sciences—was important. Information in the correspondence flowed both 
ways. Euler was able to provide the British scientific world with firsthand 
information on the Continental academies. The Uranographia was finished 
by 1750, but the publisher went bankrupt; it was not printed until 1786. 
In a speech Euler branded botany as an unimportant trifle. He gave 
it only limited support, considering it last in his department, and pro- 
claimed that for solving problems only mathematics in principle deserved 
financial support. He had little to do with Johann Gottlieb Gleditsch, the 
guiding spirit and director of the botanical gardens and the small mul- 
berry plantation outside Berlin. With the academy still short on funds, 
Euler found ten thousand thaler to pay for having the plantation walls 
repaired and through Wettstein ordered mulberry seeds and 220 bushes 
from Virginia and Canada; he prized the Virginia bushes for having the 
largest leaves. In June Euler recognized that these plants were not avail- 
able in London but might be found in France. He needed them early in 
the planting season, and they would be grafted the next year with older, 
local plants. The garden and plantation became popular sites for visitors. 
To line the avenues around the academy, Euler ordered a dozen kinds of 
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trees, including two types of tulip trees, an ash, a cedar, and a Virginia 
cypress. He later requested exotic plants, some of which perished, mainly 
from exposure during transportation. But two magnolias from Virginia 
and most of the fruit trees survived. In July Euler’s comments to Wettstein 
on the start of the planting season and in October on moving mulberry 
bushes near the end of the season suggest an interest in plant science. 
In carrying out his many tasks at the academy, Euler had to work with 
accountants, builders, carpenters, gardeners, printers, tax collectors, and 
technicians. 

His correspondence with Wettstein deals often with Euler’s desire for 
tobacco, his preference being for the Virginia leaf. In April 1751 his supply 
ran out, and in June he was reduced to smoking inferior types. Euler had 
earlier loaned to Grischow, then at the Imperial Academy in Saint Peters- 
burg, some tobacco and books intended for his own use. Once Grischow 
received his salary, he quickly repaid the loan. In July Euler requested 
twelve pounds of tobacco. Since the price was uncertain, he recommended 
that it be paid out of income from books sent to Wettstein for sale. In Oc- 
tober he expressed gratitude that his supply of tobacco had arrived. 

From Wettstein in England Euler requested the new maps of Eng- 
land, Scotland, and North America, especially of discoveries around 
Hudson Bay for Maupertuis and for the preface that Euler himself was 
writing for the Atlas Geographicus: omnes orbis terrarum regiones in XLI tabu- 
las exhibens (Geographic atlas: Representing in forty-one maps all regions 
of the Earth, E205), a school atlas that would ultimately be quite suc- 
cessful. (In 1752 Euler would convince Johann Christoph Rhode from 
Magdeburg to visit the academy and had his guest named its geographer. 
Among Rhode’s earliest projects was helping to prepare the school atlas, 
the initial edition of which did not appear until 1753.) In Berlin the run 
of the Philosophical Transactions of Britain’s Royal Society was incomplete, 
so Euler asked for a missing issue, number 433 from 1734, and Halley’s 
astronomical tables. By November 1751 the plants, maps, and Philosophi- 
cal Transactions issue had arrived in good condition. These items were so 
inexpensive that Euler expressed gratitude to Wettstein, who was paid 
twenty-eight pounds sterling; he also sent Wettstein sixty copies of the 
Berlin Academy’s genealogical almanac in French and two in German for 
sale. Copies of the astronomical almanac in Latin, which included the 
names of all academicians, were not available. 

The correspondence with Wettstein for 1752 addressed astronomy, 
astrology, alchemy, sale of the almanac, the Bible, cosmology, the ether, 
longitude, magnetism, medicine, and the Royal Society of London. That 
year Euler observed that John Dollond had objected to his theory of 
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refraction. Dollond’s criticism of Euler’s theory arose from its opposition 
to Newton’s; Dollond did not address the question of the eye’s construc- 
tion. In addition, it was typical of Euler to reject arguments based only 
on one past authority, even a revision of Newton. He recognized that as- 
trology was recently in greater fashion than astronomy in England, and 
he considered specious the alchemical art of making gold. Euler thought 
that Newton was independently a great chemist. For his transmission of 
significant information, Euler happily informed Wettstein in February 
1752 that the Berlin Academy wanted to name him a foreign associate, 
and in April, on behalf of academy president Maupertuis, Euler conveyed 
to Wettstein the academy’s awarding him that post.*” The Wettstein letters 
and his scientific correspondence made Euler a modern Marin Mersenne, 
a center for scientific correspondence. 


The Maupertuis-Konig Affair: 
The Late Second and Early Third Phases 


By late February 1752, investigations regarding the first formulation of the 
principle of least action were ending in the fruitless search in Bern and Basel 
for the missing letter by Leibniz that Frederick’s judiciary had requested 
to help settle the dispute between Maupertuis and Kénig. While initially 
considered impartial and best able to make a scientific judgment, Euler 
did not wish to enter another controversy at the same time as his disputes 
with d'Alembert over the problem of vibrating strings and fluid mechanics 
and with Clairaut over lunar motion. Maupertuis still most wanted Johann 
II Bernoulli to be his chief defender. Had the letter in question been sent 
to Hermann in Basel, as some thought, its information surely would have 
been forwarded to his close friend Johann I Bernoulli. After a thorough 
search, Johann IT Bernoulli failed to uncover it, but found three other au- 
thentic letters. One on action and force by Leibniz, Bernoulli pointed out, 
did not mention the principle. The younger Bernoulli rejected the idea that 
Hermann had received news of this principle earlier and failed to mention 
it. He discounted the possibility that Hermann would not have informed 
Johann I Bernoulli of such an important discovery. Asked to decipher 
these letters, Euler admitted having problems. They, like Leibniz’s letters 
in Hanover, had several words whose meanings Euler did not know, signs 
within the text indicating placement of marginal notes, and hastily drawn 
lines through a line of text either to indicate where the materials belonged 
or to indicate potential deletions, but often neither was clear. The lines 
drawn completely through a line of the text Euler took to be attempts to 
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scratch them out. In 1707 the word actio might refer to the influence of 
one body upon another, Leibniz’s a priori measurement of force, or the 
product of quantity of matter, speed, and path. By March 1752 Euler, it 
appears, had still not decided against Konig’s claim. 

The desire to locate the missing letter by Leibniz remained intense. 
Probably at Euler’s request, Maupertuis asked Kastner to search through 
the manuscripts in the collection at the University of Leipzig library. On 
31 March Euler’s ideas about the alleged letter were evolving, and he 
wrote to Maupertuis about deciphering difficulties. His reference to the 
Leibniz letter suggests that he thought that it might be handwritten by 
that author. But from the confusing interjections Euler deduced a second 
interpretation: that the fragment was counterfeit. The silence of Hermann 
on the principle in subsequent letters to Johann I Bernoulli reinforced 
that argument. Euler and Maupertuis may have had preceding exchanges 
on the subject that are now lost. In May 1752 Maupertuis gave a far differ- 
ent account of Euler’s analysis of the letter fragment. They had, he wrote, 
“been able to decipher very well Leibniz’s original letter despite his ex- 
tremely ridiculous style of writing and had managed to find some new 
evidence against Konig. The letter is shown to depend entirely on action 
and force, and it does not mention the principle that K6nig attributes to 
Leibniz.”*' Johann II Bernoulli made the latter point. On 5 April Kastner 
had reported failing to discover in Leipzig even one letter from Leibniz 
to Hermann, much less the desired letter. At this time K6nig increased his 
attacks on Maupertuis. 

With the academy investigations now completed, Maupertuis called an 
extraordinary meeting for 13 April 1752. Two noble curators—the Pomera- 
nian Peter Christoph Karl von Keith and Count Sigismund Ehrenreich 
von Redern—led it, as happened only on the most important occasions. 
Present were three directors, thirteen ordinary members, one foreign as- 
sociate, three guests, and the perpetual secretary Formey, together with 
two honorary members, the king’s sister, and three brothers. Maupertuis 
intended not to be present. Keith read a brief letter from the president, 
giving as reason for his absence that he was ill as well as being the subject 
for the gathering. For this meeting, Maupertuis wanted Euler to be the 
decisive authority. The academy report on the possible authenticity of the 
Leibniz letter included an exhibition of results of all official searches initi- 
ated by Frederick and also by Formey, recapitulating K6nig’s responses 
to Formey in February and to Maupertuis in March. Euler read “Exposé 
concernant l’examen de la lettre M. de Leibnitz, allegué par M. le Prof. 
Koenig, dans le mois de mars 1751 des Actes de Leipzig, a occasion du 
principe de la moindre action” (Exposé concerning the examination of 
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the letter of Leibnitz, as alleged by Prof. Koenig in the March, 1751 issue 
of the Acts of Leipzig on the occasion of his publication of the Principle 
of Least Action, E176, later reprinted in the Jugement de l'académie royale 
des Sciences de Prusse sur une lettre prétendue de M. de Leibnitz). To be sure 
that the German-speaking members not fluent in French understood him, 
he spoke in Latin. The Jugement would be published in June in Berlin and 
in the Journal des Scavans in Paris. 

Since March Euler’s position in the debate may have hardened. The 
Jugement gives more attention to the fragment, and the charges reflect 
more the conceit of Maupertuis. K6nig had weakened his case by provid- 
ing several improbable explanations to account for the law and the loss 
of the letter. Absent proof of the letter in Leibniz’s hand in the surviving 
estate of Henzi and in Basel and Leipzig, the Jugement declared that 


il est assurément manifeste que sa cause est des plus mauvaise, et que 
ce fragment été forgé, ou pour faire tort a M. de Maupertuis, ou pour 
exagérer, comme par un fraude pieuse, les louanges du grand Leibniz. 


there are manifest assurances that its cause [or source] is more evil and 
that this fragment has been forged, either to malign Maupertuis or by a 
pious fraud to exaggerate praise for the great Leibniz.® 


But the reputation of Leibniz surpassed any need for such inflation. 
Though the Fugement refers to Henzi, it intimates that K6nig was attempt- 
ing to damage the reputation of the president. Its severity also suggests 
that another—Maupertuis—may have been involved in writing it. Two in- 
ternal matters damaged support for this institutional condemnation. Sul- 
zer asked to speak in defense of Konig but was silenced; at the academy 
Maupertuis held all authority, and members were not allowed to criticize 
him. This created a strong, largely secret bitterness that did great damage 
to the academy. For the April meeting, thirteen ordinary academicians 
opposed to the autocratic management of Maupertuis and possibly upset 
at being pressured to condemn KOnig did not attend. Those members 
present voted unanimously for the judgment, voicing their support and 
signing the document. Absence was dangerous, for members depended 
entirely upon Maupertuis for their salaries. In addition, they feared the 
disfavor of the king. 

The academy victory was not to be sweet for Maupertuis and Euler. 
Largely through his harshness and stubbornness together with hostility 
from the press, Wolffian philosophers, and Voltaire, Maupertuis was to 
lose in the public arena what he had won in the scientific. The second 
edition of Maupertuis’s Cosmologie and the academy’s condemnation 
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unleashed a wave of criticism. Opponents within the academy and the 
presses in Prussia, Holland, and France denounced the judgment. Had 
the president misused his power? What had principally been an internal 
dispute in the academy quickly shifted to the public sphere. 

K6nig protested the judgment of forgery and asked the academy to 
reverse it. At its meeting on 8 June the body reviewed the matter and 
reaffirmed its decision. Kénig now saw little chance of overturning the 
judgment. 

During the final quarter of 1752 the lives of three eminent men—Euler, 
Frederick I, and Voltaire—would intersect in one of the most celebrated 
intellectual incidents in history. 

On 13 September 1752 the third act of the affair commenced when 
K6nig angrily returned to the Berlin Academy his diploma of foreign mem- 
bership and issued his “Appel au Public du jugement de Académie Royale 
de Berlin sur un fragment de lettre M. de Leibnitz, cité par M. Konig,” 
holding that the fragment—while not written in Leibniz’s hand—contained 
the content and form with markings indicating the authenticity of the orig- 
inal. He cited in full four letters from Leibniz that he had purchased from 
Henzi, rejected the related articles of Euler on the principle of least action 
in general, and denounced the tyranny of the Royal Prussian Academy. In 
his “Appel au Public” Konig wrote in the third person, 


I] ne reconnait aucun Superieur, aucun juge particulier. Le Public seul 
est son juge naturel. 


He recognized no Superior or particular private judge. The public alone 
is his natural judge.™ 


The reading public was largely the republic of scholars. Mainly abandon- 
ing the Leibniz letter, Konig repeated that the genesis of the principle 
of least action stretched from Aristotle to Wolff, and he claimed to have 
found errors in Euler’s determination of equilibrium. In the scientific 
community, the “Appel au Public” gained him much sympathy. Voltaire, 
who was about to enter the fray, wrote to his niece that the persecutor of 
Konig in Berlin was already considered an “absurd tyrant,” and public 
opinion would quickly shift even more in that direction. 

Responding principally to K6énig’s attempts to rebut the judgment of 
the academy and press criticisms, Euler and Merian accepted it as an obli- 
gation to make a strong defense of Maupertuis. In September Euler read 
copies that Merian had given him of the Hamburg Freye Urtheile and a 
Leipzig literary gazette. Both supported K6énig and were against the acad- 
emy’s position. They found the principle of least action in predecessors of 
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Maupertuis, including Wolff. In his detailed history of the affair, Mémoires 
pour server a Vhistoire du jugement de l’Académie (1752), Merian declared that 
the academy, which had adopted “the discovery of Maupertuis and the 
geometrical applications of Euler,” had the authority to defend the “repu- 
tations of its great men... and publicly repulse injuries done to them.”® 
He disagreed that this quarrel represented a setback to freedom of the 
press, as critics claimed. His position appears to reflect not elitism but the 
question of competency. Qualified scholars, not the general reading pub- 
lic or university philosophers, had to set high standards in the sciences. 
Merian viewed the polemic as a break from the rational and civil discus- 
sion that was sought in the sciences. 

Even after it was long apparent that no final decision was possible, 
Euler continued his effort to resolve the Konig-Maupertuis affair scien- 
tifically. In November Merian read to the academy a long letter trans- 
lated from Latin that Euler had sent in September, “Lettre de M. Euler a 
M. Merian” (E182) also published as the Dissertation sur le principe de la 
moindre action (Dissertation on the principle of least action, E186). Fol- 
lowing upon Ko6nig, the letter investigated related findings from the an- 
cients (among them Aristotle, along with Euclid and Hero in catoptrics 
and optics and Ptolemy in geography) through the moderns, including 
how Descartes, Fermat, ’sGravesande, Engelhard, Leibniz, and Wolff had 
responded to Aristotle’s axiom. In the letter Euler held that the conserva- 
tion of vis viva was not a form of the ancient principle of equilibrium in a 
lever; he explained that ’sGravesande’s law for elastic bodies was correct 
and that Descartes and Fermat, who differed on refraction, dealt only with 
light waves, to which Maupertuis had not limited himself. For curves of 
elastic bands, or elastica, Daniel Bernoulli had in strikingly singular re- 
search affirmed the verity of the extremum principle in demonstrating, 
Euler argued, that “the entire force stored in the curved elastic band may 
be expressed by a certain formula, which he calls the potential force, and 
that this expression must be a minimum” for these elastic curves. In 
equilibrium the academicians found none of Leibniz’s living forces. In 
arriving at his more general law, Maupertuis had not drawn simply upon 
others. Preceding writings in mechanics, including Leibniz’s, showed not 
the slightest trace of this principle. Neither Leibniz’s articles in Acta eru- 
ditorum in the 1680s on resisting motion and planetary motion nor his 
two-part Specimen dynamicum on planetary motion, the first part of which 
appeared in 1695, approached the debated principle. Euler denied that 
Maupertuis’s law was a corollary of Leibniz’s law of the conservation of vis 
viva and rejected as absurd the notion that Maupertuis’s law was deriva- 
tive from others, which could imply that his president was a plagiarist.*’ 
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Euler also rejected the notion that it was chimerical or of lesser impor- 
tance. The principle was not only beautiful, wrote Euler, but fertile in 
deriving curves and highly important for all of philosophy. It was thus 
not, as Konig called it, a poor chimera, while Konig’s law of a nullity of 
living forces was not vital but sterile and disagreeable. Applying that law, 
geometers arrived through a number of steps at a definite minimum, and 
KOnig’s principle thus did not require that initial condition.® 

In establishing in a number of articles the universality of Mauper- 
tuis’s law in dynamics, Euler brought under one rule curves as small as 
those describing the motion of light. Extrema are axiomatic in nature, 
Euler contended, and through their application to elastic and inelastic 
collisions by the derivation of differential equations natural phenomena 
could be explained by final causes, as Maupertuis’s metaphysics held. 
In his double method, maxima and minima were equally satisfactory to 
discover final as well as efficient causes. In this larger quarrel, Euler sur- 
mised, only obstinacy made Konig continue to hold his position.®® Euler 
was proceeding to destroy the objections to the significance of the law 
that Konig considered invincible. 

In the last paragraph of the preface to his Dissertation Euler replied 
to Voltaire’s attack on Maupertuis, citing his lack of standing in the sci- 
ences and questioning his behavior in what should have been a rational 
scientific dispute, though Euler did not mention Voltaire by name: “There 
is another type of person, who wished to insinuate himself into this dis- 
pute without having the necessary knowledge; and as such he understood 
absolutely nothing. He chose to treat this situation by assumptions with- 
out science and without decency; it is certainly not for him that we have 
chosen to write.” While Voltaire was not ignorant in the sciences—his 
satirical Diatribe du Docteur Akakia, Médecin du Pape (Story of Doctor Aka- 
kia, physician to the pope) refers, for example, to hard body collisions, 
centrifugal forces, and the polar flattening of Earth—he still lacked the 
scientific competency essential to resolve the dispute. 

In late December Euler lectured to the academy from his “Exposé 
concernant l’examen de la lettre M. de Leibnitz,” probably composed in 
October, declaring that Maupertuis had persuasively shown his principle 
to be a general law of nature, applicable not solely to equilibrium but to 
motion as well. 

Even after diligent searches the alleged fragment from Leibniz to Her- 
mann had not been proven authentic; no evidence had been uncovered, 
a finding with which Merian agreed. Euler’s commentary looked to other 
considerations as well. Would Leibniz, who had made major discoveries, 
have mentioned this particular discovery only to Hermann? He was, after 
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all, a good friend of Johann I Bernoulli. In any event, Leibniz’s living 
force was not equal to Maupertuis’s estimate of action, which was essen- 
tial for arriving at the principle of least action. The work of Kénig, whose 
command of mechanics “was worthy only of contempt,” did not compare 
with the discovery of the principle or with the other fruitful accomplish- 
ments of Maupertuis, the “illustrious president.”*! Euler found Konig’s 
grasp of mechanics weak and confused in his work between dynamics and 
phoronomy or kinematics, which did not consider the causes of motion.” 
Euler had already expanded upon the scientific arguments that came in 
this “Exposé,” but the expanded study would not see publication until the 
following year. 

Writing to Schumacher at the end of December 1752, Euler made 
use of an epigram from the nearly centenarian Bernard le Bovier de Fon- 
tenelle to dismiss Maupertuis’s antagonist Voltaire: 


Voltaire a de l’esprit, il est vray: Mais, mais, mais, 
Les mais a son régard ne finissement jamais. 


Voltaire has a fine mind, it is true: but, but, but 
The buts regarding him are endless. 


Voltaire’s widely accepted depiction of Maupertuis and Euler as iso- 
lated and having no defenders was wrong. The vote at the academy on 
the judgment against Kénig showed substantial support for them. In the 
face of the storm of hostility that the Berlin Academy encountered in the 
press and at universities, most of Europe’s leading men of science, includ- 
ing Daniel Bernoulli, Krafft, Pieter van Musschenbroek, and d’Alembert, 
supported Maupertuis’s priority and the importance of his principle. Ber- 
noulli, who sympathized with Maupertuis after Konig’s “Appel au Pub- 
lic,” did not set aside his rejection of Maupertuis’s laws of collision for 
rigid bodies. 

In Berlin a strong defense of Leibniz and criticism of Euler remained 
through 1752. Mathias Roholfs, a Berlin calendar maker, had recourse to 
a literary form of frequent use among polemicists: 


Gedankloser Zeitvertreiber, 

A-— x aequal plus minus — Schreiber 
Mit Recht ist Leibniz Dir verhast. 

Als tragt er schon, was Dir gebiihre, 
Macht er die bitterste Satire 

die nur auch Dich vollkommen passt. 
Sein Rechenkusten sollte zeigen, 

Das Denken nicht sey Rechnern eigen 
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Und das ein mathematicus 
Noch mehr also Euler wissen muss. 


Thoughtless time killer, 

A — x equals plus minus — writer 
Rightly you hate Leibniz. 

As if he has what you claim 

He makes the bitterest satire 

that completely matches you alone 
His calculations should show 

That thought is not only by reckoners 
And that a mathematician 

Still more thus Euler must know. 


Voltaire, a Newtonian, had helped Maupertuis defeat the Cartesians at 
the Paris Academy and after taking lessons from ’sGravesande in Leiden 
wrote Eléments de la Philosophie de Newton (Elements of Newton’s philos- 
ophy, 1738). In August 1741 Voltaire thanked Maupertuis in a letter for 
sending an early draft of his Essai de cosmologie, which liberated him from 
depending upon Wolff’s cosmology.® In Elementa matheseos universae Wolff 
agreed with Christiaan Huygens and Fontenelle that life existed on other 
planets. Comparing the intensity of light on Jupiter at different longitudes 
and latitudes with that of Paris, he calculated that Jovians may reach a 
height of 13 819/1440 Latin feet. In Micromegas (1752), Voltaire derided 
Wolff for his method and this measurement. 

Even as the relations between Voltaire and Frederick II were sour- 
ing, partly from Voltaire’s efforts at being a secret agent for the French, 
the king again urgently invited him to Berlin after Voltaire’s lover Emilie, 
Marquise du Chatelet, died. Voltaire returned to Berlin and to the royal 
residence Sanssouci in Potsdam in July 1750 as poet in residence; he ne- 
gotiated favorable terms that included having the king advance sixteen 
thousand French pounds to pay for the trip, receiving rooms in the pal- 
aces in Berlin and Potsdam, taking supper daily with the king in Sans- 
souci, obtaining the gold key of a court chamberlain, and having a salary. 
Voltaire no longer considered Frederick a philosopher king, however, and 
the monarch called him a scoundrel. 

While dominating the intellectual circle around the king, consist- 
ing mainly of French learned refugees, Maupertuis lacked the urbanity 
of Voltaire. Brilliant and biting, Voltaire generally dominated conversa- 
tion, devoted himself to producing plays of his own and others, and 
found allies in d’Argens and Algarotti. Although Voltaire spread hyper- 
bole in praise of Frederick, it took only six months for tensions to arise 
between them. 
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Maupertuis, who was nearly at the top of the constellation of court- 
iers surrounding Frederick, would not allow Voltaire into this circle. In 
May Voltaire wrote to d'Alembert of the unsociability of Maupertuis,” 
who now also refused to follow Voltaire’s advice to support the nomi- 
nation of abbé Guillaume Raynal to the academy. This apparently wid- 
ened the gulf between the two men; Maupertuis’s failure in 1750 to block 
Raynal’s election, which Frederick wanted, did not placate Voltaire. By 
November the break was beginning with Voltaire, who now wanted the 
presidency of the academy. 

More than Voltaire’s acting as a secret agent, his ostentatious style of 
living at court and illegal attempts to increase his sizable fortune angered 
the king. When Frederick objected to his extravagances by ending the 
supply of coffee and sugar to him, Voltaire burned costly candles all day 
in his salon. His position with the king had most deteriorated when, five 
months after his arrival, Voltaire became involved in a scandal involving 
Saxon exchequer stock dealing that led to a nasty court case. In Novem- 
ber 1750, Voltaire had the Berlin banker Abraham Hirschel procure in 
Dresden worthless billets Saxons or stocks from the Second Silesian War. 
On a false rumor that Frederick was planning to pay their full value, Vol- 
taire sold them to Hirschel. Usually Jews could not take Gentiles to court, 
but Hirschel was a Schutzjude who enjoyed legal protection in Prussia. The 
lawsuit against Voltaire had discreditable charges and countercharges. 
When Maupertuis refused Voltaire’s request to concoct an alibi to justify 
him in the stock swindle, Voltaire’s developing hostility grew more pro- 
found. On the basis of possibly forged papers and a technicality, Voltaire 
won the case, but it damaged his reputation; it was a Pyrrhic victory: he 
won just two thousand thaler while becoming a laughingstock in Paris 
and Berlin. 

Lessing, who translated the trial documents for the court, wrote that 
it was easy to see why Voltaire had won: he “war ein grosser Schelm als er” 
(was the bigger crook of the two). Voltaire demanded from Cocceji a cer- 
tificate for the arrest of Hirschel but was refused; Hirschel was imprisoned 
briefly and quickly released. 

The furious Frederick wrote an epigram on Voltaire’s avarice and briefly 
considered dismissing him in disgrace, but he could not yet be separated 
from his beau genie. In February the case against Hirschel ended with a final 
report from Voltaire to Cocceji. As Voltaire sank in Frederick’s esteem, Mau- 
pertuis rose to greater prominence. Rather than conciliate him, Maupertuis 
protected Anglivie de La Beaumelle, an enemy of Voltaire.” There were, La 
Beaumelle wrote, greater poets than Voltaire but none better paid.” An- 
gered, Voltaire began to seek an effective way to attack Maupertuis. 
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Planetary Perturbations and Mechanics 


In the 1750s the prime astronomical consequence that a planet perturbs 
the motion of other planets solely in accordance with Newton’s law of at- 
traction had not yet affected the planetary tables; European astronomers 
and geometers had yet to confirm this result.” While the perturbation 
could not be computed for the inner planets since the relations of their 
masses to that of the sun were unknown, Newton had found the masses 
of the large planets Jupiter and Saturn by employing the distances and 
periods of their moons. In his Principia Mathematica, book 3, proposition 
13, Newton gave the first of three values for the influence of Jupiter on 
Saturn’s irregularities. Another matter was determining whether irregu- 
larities in the mean motions of the planets were cyclical or linear, begin- 
ning with the large planets Jupiter and Saturn. Since the time of Johannes 
Kepler and his three planetary laws astronomers had approximated the 
inequalities, and since the publication of the Rudolphine Tables in 1627, 
planetary tables had remained without improvement in their accuracy. 

In 1752 the Paris Academy awarded its double prize to Euler for the 
article “Recherches sur les inégalites de Jupiter et de Saturne” (Research 
on the inequalities of Jupiter and Saturn, E384). A major effect of New- 
ton’s theory of universal gravitation was that each planet must perturb the 
others’ motions. In May Euler informed Goldbach of the Paris Academy’s 
receiving his own submission. Euler’s winning article examined astronom- 
ical observations made in 1598, 1686, 1716, and 1745, and made compari- 
sons of their resulting planetary tables; it was a significant advance over 
another that he had written on the same subject in 1748. As computations 
became more complex, he had moved from geometrical manipulation to 
analysis. Among his chief innovations in the article was treating trigono- 
metric values not as geometric lengths or diagrams but as ratios. He next 
used the trigonometric series to find approximations of closer values. To 
explain perturbations in the longitudes of both planets, Euler wrote of 
mutually induced changes in orbits and expunged the circular arcs that 
had accounted for these. His innovations included introducing periodic 
functions, irrational functions, and primitive statistical procedures to de- 
rive secular inequalities, eccentricities, and mean motions. He discovered 
secondary eccentricities. But the omission of crucial factors in his com- 
putational formulas based on Kepler’s laws led to errors. His flawed al- 
gebra indicated that the mean motions of both Jupiter and Saturn were 
in slow acceleration with a period of 324,000 years; he could not explain 
that great inequality. Mainly for the methods employed, the Prix de Paris 
article for 1752 provided a successful pattern for research. Euler returned 
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to the topic four years later, and for Johann Tobias Mayer and others the 
mathematical methods and computations were to prove fruitful. Euler 
was the first to determine the perturbations of the Earth’s motion and 
systematically to compute them. The paper on Jupiter and Saturn was not 
published until 1769, by which time Lagrange had attempted to show that 
Jupiter was accelerating while Saturn was slowing. The turning point in 
determining that inequality did not come until the work of Pierre-Simon 
Laplace in 1785. 

Euler’s article “Decouverte d’un nouveau principe de Mecanique” 
(E177) was published in volume 6 of the Mémoires in 1752, two years after 
its completion. Finding insufficient the principles of mechanics then ac- 
cepted for solving problems, Euler employed differential equations for the 
general motion of a rigid body, especially that of three dimensions. Using 
Newton’s second law, Euler devised general equations and changed the 
face of mechanics, as he presented the so-called Newtonian equations in 
Cartesian rectangular coordinates. The approach fundamentally differed 
from those of his time; it was the first use of the Newtonian equations in 
print in a general form. Since he examined these problems in mechanics 
using volume elements, his means of solution could apply to any type of 
body. The article transformed and—to the present day—dominated the 
mechanics of extended bodies; few works have made comparable contri- 
butions to the field. 


Music, Rameau, and Basel 


In 1752 France’s greatest eighteenth-century composer, Jean-Philippe Ra- 
meau, whose operas held sway over the nation’s musical repertory, com- 
pleted a brochure, the complicated Nouvelles réflexions sur la démonstration 
du principe de ’harmonie, attempting to explain all the fine arts and the 
esprit géométrique with the principle of the corps sonore (sonorous body) 
based on mathematical proportions.” The principle involved vibrating 
systems that emitted harmonic partials. First of all a scientific verity, it 
was the single unique principle of music underlying all rules governing 
musical practice. Rameau saw it as fundamental to all the arts and sci- 
ences. In April Rameau sent a copy to Euler and asked for comments on 
that treatise and on his Démonstration du principe de ’harmonie (1749-50), 
for which he claimed to have discovered the universal principle of corps 
sonore. For sources he looked to the ancient Pythagoreans, Descartes, 
and Malebranche, along with the experiments of Marin Mersenne and 
especially the acoustics of Joseph Sauveur on overtones, pitch, limits of 
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human audibility, and the velocity of sound. Rameau developed a math- 
ematical model of music that built on them and was neither lifeless nor 
mechanistic; its theory complemented the judgment of the ear. 

Yet Rameau possessed only an elementary knowledge of mathemat- 
ics, primarily of ratios and numbers, and a faulty method that he applied 
arbitrarily. He had submitted his Démonstration to the Paris Academy, 
since he considered it a scientific work, but in 1699 Fontenelle, the per- 
petual secretary of that academy, had argued that for bringing order, clar- 
ity, measure, and exactness to knowledge not only of the sciences but in 
all fields of learning the application of mathematics was essential. “A work 
on ethics, politics, criticism,” he wrote, “will be better, other things being 
equal, if done by a geometer.”” During the High Enlightenment, Rameau 
was one among many scholars adopting the esprit géométrique. His belief 
that mathematical rapports or relations existed in music concurred with 
efforts of natural philosophers to discover such connections among natu- 
ral phenomena defined in mathematical terms. 

While recognized as a master craftsman, Rameau sought praise as a 
musical genius and desired the title of savant, a higher appellation than 
philosophe, for making seminal contributions to learning. Rameau had 
already received acclaim from the philosophes, and for two of his ballet 
operas Voltaire had provided libretti.’” D’Alembert called Rameau the 


Figure 10.5. Jean-Philippe Rameau. 
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greatest musical genius of ecighteenth-century France, and in Rameau’s 
Nephew Denis Diderot, who had studied composition under him, praised 
him for delivering the French from the plainchant of Jean-Baptiste Lully 
that had “been droning out for over a hundred years” but added criticism 
of Rameau for writing “such reams of incomprehensible visions and apoc- 
alyptic truths on the theory of music, of which neither he nor anyone else 
ever understood a word.””” Rameau sought to understand the principles 
and rules underlying the elaborate structure of music with roots embed- 
ded in theory; in his attempt to bring out the rational, mathematical, and 
scientific bases of music, he craved the approval of Johann IT Bernoulli 
and Leonhard Euler more than he did flattery from the philosophes. 

Not until fifteen years after Euler’s Tentamen novae theoriae musicae was 
published would Rameau criticize it in his Nouvelles reflexions. During this 
time Euler had mostly stopped working on problems in musical theory. 
His belief that tones differing from each other by one or more octaves “are 
considered alike but are not the same” was ambiguous;” they were not 
harmonically identical. In “Extrait d’une repose a M. Euler sur l’identité 
des octaves” for 1753, Rameau concentrated on this statement, taking it to 
mean that these tones were not alike, a notion that he rejected.” Women 
singing in a choral group an octave higher than men, for example, seemed 
to be singing the same notes. But this was a fact that Euler knew. Rameau 
also disagreed with Euler’s device of exponens, giving the degree of agree- 
ableness or pleasantness for notes and chords by ratios of numbers, reduc- 
ing the harmonic to a melodic relationship of lowest common multiples. 
The formula is s— p + 1, where p is the number of prime factors in the low- 
est common multiple and s the sum of the prime numbers. A major fifth 
consists of two notes with a 3:2 ratio, sos =3+2=5 and p = 2. The exponens 
for it would be s—p+1=5-—2+1=4. Euler made tables of the degrees of 
agreeableness of chords. In his theory, the lower the degree, the greater 
the pleasure. Compared to the ancients, Euler was expanding the sphere 
of consonance. Although mathematically imposing, his musical theory 
had no place for the law of octaves and was nonfunctional; for the musical 
performance of its time it made no sense. Since Euler wanted his theoreti- 
cal research in music to promote the improvement of musical creation and 
performance, to be understood by musical practitioners his later work 
would reduce to a minimum the level of mathematics involved. 

In September 1752 Euler responded mildly and constructively to 
both of Rameau’s writings that were sent to him. Both men based their 
work on the principle of harmony, which Euler asserted that Pythagoras 
had discovered, and he cited the contributions of the ancient Pythagore- 
ans to music. He promised to show Rameau’s letter to Frederick II at an 
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opportune moment. A longer response from Euler, sometimes dated 1752, 
was more likely from 1754, after Rameau sent another letter. 


During 1752 Euler is thought to have considered a return to Basel. Many 
threads still tied him to the city—especially his relations with Johann IT 
and Daniel Bernoulli, and he had paved the way for many of his 
countrymen to come to Berlin and had helped them make progress there. 
In 1752 Euler reportedly remarked that if he had ten thousand thaler he 
would purchase a large Swiss country house near Basel. In June he asked 
mayor S. Merian of Basel to grant citizenship for his wife, three sons, and 
two daughters, but this was denied because immigration was essentially 
closed. In addition, for his assistance in a foreign lawsuit against the city 
the magistrates had awarded him a gold medal.” 


Strife with Voltaire and the Academy Presidency 


As long as physics was foremost in the dispute over the principle of least 
action, Voltaire did not enter that fray, for he feared making a mistake in 
Newtonian dynamics. But when Maupertuis wrote a bizarre, eclectic, and 
dull collection of writings dealing with scientific miscellany and specula- 
tions titled Lettre sur le progres des sciences (Letter on the progress of the 
sciences), Voltaire in an array of short pamphlets titled the L’histoire du 
docteur Akakia et du natif Saint Malo would at the end of 1752 seize the 
opportunity to criticize and disparage the ideas Maupertuis’s work con- 
tained on science and polite society. Maupertuis had intended to show 
himself a universal scholar in his collection, which parallels the work of 
Fontenelle and anticipates that of Jules Verne and Carl Sagan in its explo- 
ration of Paracelsan alchemy and the search for the philosopher’s stone. 
The academy president offered odd conjectures on vivisecting criminals, 
dissecting the brains of monkeys and giants to find their souls, and blow- 
ing up the Egyptian pyramids to study their interiors. He reported on 
Patagonians with tails and on drilling a hole through the middle point 
of Earth.” The robust mixture of solid science with the absurd made the 
whole look laughable. 

In mid-September 1752 Voltaire unexpectedly entered the Kénig- 
Maupertuis affair, turning it from a scientific quarrel into a literary 
dispute, perhaps the most notorious of the eighteenth century, and esca- 
lating it. It went further, becoming a court intrigue directly involving the 
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king. This scene was Sisyphean, with Maupertuis having risen high, only 
to be tripped and cast down by the agile and cunning Voltaire.” A more 
lethal adversary than KG6nig, Voltaire attacked Maupertuis with ridicule 
and employed his comic ability to make his readers laugh at the faults 
of others. Voltaire wanted to show this nobleman of the German second 
empire to be a dreamer and a charlatan. His participation in the argumen- 
tation suggests nationalistic competition as well between two Frenchmen 
for favor of the Prussian monarch; for years the quarrel between Voltaire 
and Maupertuis amid their partisans was to appear in rival versions in 
letters, learned journals, literary gazettes, pamphlets, brochures, small 
books, and anthologies in French, German, Dutch, and Latin. Invec- 
tive increased as the combatants debated personality, literary style, and 
open administration. As the harshness grew on both sides, a polite and 
civil order in literary and scientific dialogues appeared to be disintegrat- 
ing. Voltaire’s denunciation of despotism preceded the coming break be- 
tween the philosopher king Frederick and the foremost French philosophe. 
Voltaire wanted to besmirch the dinners at Sanssouci with their pomp, 
flowing wigs and diamonds, merriment, wines, and sarcastically polished 
conversation as the central location of the Enlightenment in Prussia.” 
Voltaire’s public entrance into the dispute between Maupertuis and 
K6nig came in the lively, anonymous article “Réponse d’un académicien 
de Paris 4 un académicien de Berlin” in the Journal des scavans. Disregard- 
ing his own Newtonian views, Voltaire restated K6nig’s position and inno- 
cence, denounced Maupertuis’s handling of the controversy, and asserted 
that the academy vote against Konig only reflected fear of the king. The 
indictment in the “Réponse” enraged Frederick; he saw its charges as libel 
against the president of his academy and an insult to royal honor. Acting 
as the academy’s protector and worrying about the effect of the quarrel on 
Maupertuis’s health, the king quickly wrote several short missives. These 
included in mid-September an anonymous rejoinder titled “Lettre d’un 
académicien de Berlin a un académicien de Paris,” which defended the 
academy’s judgment. A bumbling work, it called the “Réponse” an im- 
position and an effrontery that was defamatory and malicious.™ In the 
republic of letters, everyone knew who both authors were. Apparently 
the king hoped that his reply would restrain the philosophe, but he was 
mistaken. In the world of polemics, Voltaire accepted no master. Even 
in the face of Frederick’s opposition, he refused to stop. When Voltaire’s 
criticisms continued, the king soon published a second edition of his re- 
joinder with the Prussian arms on the title page. This alienated Voltaire 
further, and he was determined to inflict as much damage as possible and 
then leave Prussia. In this conflict he had a pen that was to be a match for 
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the eagle, the scepter, and the crown. Frederick counseled Maupertuis not 
to “listen to the buzzing of these insects in your ears.”® 

What had begun as a series of reproaches from the king became a 
rupture when with the full force of his vitriolic pen Voltaire replied to 
Maupertuis’s Lettre by issuing clandestinely with a faked permission from 
the royal printing press his caustic satire La diatribe du docteur Akakia, mé- 
decin du pape or L’histoire du docteur Akakia et du natif de Saint Malo. This 
was not the first time that Voltaire used such a false method to publish. 
Written in November 1752, the Diatribe ridiculed Maupertuis, who was 
from the port city of Saint Malo, as a tyrant and buffoon. Voltaire care- 
fully chose the title; in Greek akakia means “guileless” or “lighthearted,” 
and indeed Maupertuis’s nickname in Berlin was Mr. Lighthearted. In the 
satire, Doctor Akakia (Voltaire) pillories the young, ignorant, and hapless 
native from Saint Malo (Maupertuis), trying to cure him of his insuffer- 
able haughtiness. His opponent’s Lettre gave Voltaire the opportunity to 
deride the various ideas on the sciences or polite society they contained, 
and his comments were extended to ideas on love and physiology in Mau- 
pertuis’s Essai de cosmologie and Venus physique reprinted in 1751, which 
included paying no doctor whose patients did not recover, proving from a 
simple algebraic equation that God exists, and studying dreams to change 
the soul. Voltaire’s native believes that humans can live for eight or nine 
hundred years by plugging all their pores. 

Section 10 of the Diatribe, titled “Examen des lettres” (Examination 
of the Letters) praises Newton, indicates that Maupertuis should take lit- 
tle credit for knowledge of the polar flattening of Earth, and calls the 
dispute over the principle of least action insignificant and “miserable,” a 
“war between rats and frogs.”* Voltaire thought it wrong to impugn with 
the charge of forgery Konig’s letter written by Leibniz that contradicted 
Maupertuis’s claim to the discovery of the law. The accusation, Voltaire 
believed, was made only to deny to another the glory of discovering the 
law. Without proof, he wrote that “it is evident that the Leibniz letters are 
by Leibniz.” So the letter at issue was supposedly not forged, and Mau- 
pertuis’s claim was prohibiting an honest defense.* 

In Frederick’s Berlin publishing the Diatribe was dangerous. Had any- 
one besides Voltaire written it about the head of the royal academy of 
sciences, he would have been executed. Voltaire, who was quite ill, volun- 
teered to help review it, and trembled as he began to read the manuscript 
of his satire to Frederick in his chambers. The two were heard reading it 
page by page, guffawing, drinking wine, and casting each page into the 
fire. After laughing heartily until tears rolled down his cheeks, the king or- 
dered Voltaire to destroy all copies and forbade writing any more of it and 
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publishing it; the philosophe swore to follow these injunctions but obeyed 
none of them. As it happened, Frederick’s orders were too late anyway: 
Voltaire had already sent the manuscript to Leiden, and Dutch presses 
printed thousands of copies; and editions sold rapidly in Paris and the 
German states. Copies were even shipped to Berlin. Filled with clever wit, 
the Diatribe evoked a burst of laughter across literate Europe from Pots- 
dam to London, Paris, the Hague, Rome, Saint Petersburg, and Vienna. 

While the method Doctor Akakia selected to dispose of his adversary 
through the principle of least action—that is, killing him with a bullet 
traveling at the square of its velocity—says little for Voltaire’s humor, it 
refers to Leibniz’s concept of living force, mv’, a concept that Voltaire 
actually opposed; he also rejected the principle of its conservation. In as- 
suming that this quantity of living force is a minimum principle, Voltaire 
observed, Maupertuis understood only half the law. 

Taking Voltaire’s “Réponse d’un académicien de Paris” as an affront 
to his honor, and further angered by Voltaire’s tricking the royal printer 
to publish the Diatribe, Frederick had the police seize copies of it and had 
them privately destroyed in his chambers; its sale was then banned in 
Berlin. This did not stop Voltaire, and so at 10:00 a.m. on the day before 
Christmas the king had the public hangman burn copies of the book at 
the Place de Gendarmen and all official places in Berlin, so that the large 
crowds leaving churches at midday would see the evidence of royal dis- 
pleasure. To calm Maupertuis, Frederick sent him a sympathetic letter 
with a pinch of the ashes of the books. The Berlin populace was fascinated 
at the fall of a royal favorite. For a time Voltaire remained quietly out of 
sight at a chateau in a suburb of Berlin; although assured privately of 
royal protection, he departed three months later, planning enlarged edi- 
tions of the treatise. Whether the Diatribe significantly impaired the health 
of Maupertuis cannot be determined; he had earlier suffered a series of 
lung illnesses, and from these his condition was worsening. 

Articles 15 and 19 of a sequel to the Diatribe’s first edition, which de- 
scribe Euler as the lieutenant general enlisted to support Maupertuis, 
praises him as “a very great geometer” belonging to the line of scientific 
luminaries from Copernicus, Kepler, and Leibniz through Johann I Ber- 
noulli. It affirms that he created the differential equations for the principle 
of least action, and it declares that scholars who understand his work find 
it to be that of a genius.” Part 1 of article 19 holds that Euler admitted 
that he had never learned philosophy, and “has been misled into the opin- 
ion that one could understand it without learning it. In future he will be 
content with the fame of being the mathematician who in a given time 
has filled more sheets of paper with calculations than any other.”® Part 2 
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asserts that while Euler was the phoenix of algebra his formulas led in one 
instance to the notion that a body dropped through a hole to the center of 
Earth would return to the surface. Voltaire also questioned Euler’s trust in 
resolving scientific paradoxes by extensive and incomprehensible compu- 
tations when logical analysis would suffice. Voltaire considered empirical 
research foremost in the sciences. Later editions of the Diatribe omitted 
references to Euler by name but continued to mention “the professor.” 

As early as 1752 Frederick was considering a successor as president of 
the Berlin Academy because Maupertuis’s health was deteriorating. The 
presidency, of course, remained a matter of deep interest to Euler. Had 
the choice depended solely on scientific eminence, he would already be 
president, for his research and scientific achievements far surpassed the 
successes of Maupertuis; he was the greatest living mathematician. But 
the king did not understand the subject; from the beginning of his reign, 
conversations circulated in court circles about the worth of calculus and 
other advanced mathematics. This led Jordan to write for Frederick a short 
account in Latin of their importance, but the king did not read Latin. He 
did not grasp that Euler’s contributions to the mathematical sciences were 
more significant than the writings of the Paris philosophes. For the acad- 
emy presidency Frederick still wanted more than a leading scholar in any 
particular field. His ideal person had to be a statesman and an engaging 
partner at his table: witty, poetic, and freethinking. Neither the religious 
family man Euler, for whom poetry was not a favorite subject and who 
was often and most comfortable at his writing desk, nor any other Ger- 
man fit that model. Frederick looked to Paris for the combination ideally 
of leading French philosophe, science editor of the famous Encyclopédie, 
competitor to Euler in the sciences, man of the world, and man of noble 
ancestry that he found in dAlembert.® Frederick sent Henri Alexandre 
de Catt, the academy secretary, to offer d'Alembert the presidency with 
a handsome salary of twelve thousand francs, which was more than had 
gone to Voltaire, along with free residence in a royal palace and meals 
at the royal table. Catt was also supposed to bring him to Berlin, but 
d'Alembert declined the offer. Frederick did not relent. The next May he 
had Maupertuis meet with d'Alembert in Paris. D’‘Alembert again refused 
to leave the rich intellectual and social life of the Enlightenment in Paris. 
Frederick’s pursuit of him would continue. 


Chapter 11 


Increasing Precision and 
Generalization in the 
Mathematical Sciences: 
1753 to 1756 


n the first two months of 1753, Leonhard Euler and Johann Schu- 

macher exchanged six letters; their main topics were Voltaire’s Diatribe 
du Docteur Akakia, Médecin du Pape (Story of Doctor Akakia, physician to 
the pope) and the final preparation, printing, and distribution of Euler’s 
Theoria motus Lunae exhibens omnes inaequalitates (Theory of the motion 
of the moon which exhibits all of its irregularities, E187). To Schum- 
acher’s request for some copies of the Diatribe Euler responded that in 
Berlin sale of the confiscated and burned pamphlet was forbidden. But 
Euler also wrote to Gottfried Wilhelm Heinsius in Leipzig and had the 
bookseller Lancke there send copies to Schumacher, who wondered what 
place would accept the controversial Frenchman if he left Potsdam. Euler 
noted that a German translation of the Diatribe was forthcoming. He and 
Schumacher concentrated on the Theoria motus Lunae, which Euler de- 
clared crucial to proving that his computations precisely described physi- 
cal reality. Euler drew up a list of people to receive a free copy on behalf 
of Kirill Girgor’evich Razumovskij. In February Euler submitted the final 
mathematical calculations for the book. 

In letters from the first two months of 1753, Schumacher indicated 
twice that he had made changes to Euler’s annual salary, apparently in- 
creasing it. Euler wrote that he awaited the third part of Johann Georg 
Gmelin’s Flora sibirica, and he praised the successful study of mathe- 
matics by the Imperial Academy of Sciences adjunct Semjon Kirillovi¢ 
Kotel’nikov in Saint Petersburg. 

In February Pierre Bouguer wrote twice from Paris. He promised 
to send his book on practical navigation, Nouveau traité de navigation et 
de pilotage; Alexis Claude Clairaut had earlier alerted Euler that it was 
about to appear. Bouguer referred to Euler’s writings on astronomical 
refraction, as well as his own, and inquired about Euler’s research on 
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the impenetrability and elasticity of bodies along with that of Euler and 
Isaac Newton on the diffraction of light. Bouguer reported that the Royal 
Academy of Sciences in Paris had discussed the principle of least action, 
and that the Journal des Scavans for December would carry his article on 
the judgment in Berlin concerning the supposed letter from Gottfried 
Wilhelm Leibniz. Bouguer’s second letter closed with the news that the 
Paris Academy had named Joseph Jérome le Frangais de Lalande as an 
adjunct. 


The Dispute over the Principle of Least Action: 
The Third Phase 


At the Royal Academy of Sciences in Berlin—after Euler fiercely criticized 
Johann Samuel K6nig’s “Appel au Public du jugement de Académie Royale 
de Berlin sur un fragment de lettre M. de Leibnitz, cité par M. Konig,” and 
defended the originality and universality of Pierre Maupertuis’s principle, 
and Johann Bernhard Merian issued a letter of derision—K6nig released 
in February 1753 his “Défense de l’appel,” which still largely attributed 
Maupertuis’s principle of least action to precursors; Voltaire claimed to 
have seen it circulated the previous month. This was offered as K6nig’s 
final word in the quarrel with Maupertuis, but it did not stop the dispute, 
which was to last long beyond the deaths of the two men. 

In March 1753 Euler spoke to the Berlin Academy again on the prin- 
ciple of least action. That year the academy published his expanded Ex- 
posé concernant l'examen in a single volume and the article “Examen de la 
dissertatio de principio minimae actionis una cum examine objectionum 
Cl. Prof. Koenig, inserée dans les Actes de Leipzig, pour le mois mars 
1751” (Examination of the dissertation of Prof. Koenig, inserted in the 
Leipzig Acta for the month of March 1751, E199).' Essentially Euler’s 
third response to Kénig, this account was methodic, masterful, and more 
scientifically advanced than his first response, which had been historical 
in nature, and his second response, which had been scientific. Since this 
volume carried the imprimatur of the curator Christoph Karl von Keith, 
it officially endorsed the academy’s censure. Released separately from the 
Mémoires de Académie for 1750, it contains correspondence between Euler 
and Maupertuis, short writings of Euler on the principle of least action, 
and a long letter dated September 1752 from Euler to Merian, along with 
a longer postscript. These repeat the claim that the principle of least ac- 
tion was not derivative and argue that its proven universality confirms its 
significance. 
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For Euler this dispute did not require a restraint on discussion with 
the press. All citizens of the republic of letters, he reasserted, had a right 
to express doubts about research in journals. But he appealed to sound 
scientific authority. In contrast to the incisive, learned judgment of the 
academy, the materials against Maupertuis in periodicals were written, he 
believed, by slanderous and scientifically illiterate literary gazetteers and 
journalists. Euler called Konig’s press allies public quibblers and petulant 
censors speaking from malice who lacked adequate knowledge to make 
decisions in the sciences. Generally the press distrusted Euler’s ability to 
be impartial and to follow only mathematical arguments in this case. This 
must have been vexing to a scholar who championed rational scientific 
methods, performed the most advanced mathematical computations, and 
advocated the policy of freedom of the academy from royal control. He 
also set himself against Kénig’s claim to speak as the definitive authority, 
and posed himself as a judge, arbiter, or censor rather than an investigator 
in this mechanics’ controversy. 

During the Enlightenment the development of mathematical physics 
raised questions about causality and prompted a significant debate about 
the proper realm of the application of geometry, meaning all of math- 
ematics. In his Discours preliminaire and in his entry “Application” in the 
Encyclopédie in 1751, Jean-Baptiste le Rond d'Alembert had represented ge- 
ometry as a touchstone to physics, stemming from it, and warned against 
the danger of carrying the new esprit de calcul too far. In the “Examen de 
la Dissertation de M. le Professeur Koenig” Euler agreed, declaring that 
logicians, metaphysicians, and geometers could not provide answers to 
causality in mechanics.’ Euler thus placed limits on the application of 
mathematics in natural philosophy. 

In March 1753 Voltaire ended his disastrous visit to Berlin and trav- 
eled to Leipzig.* Simultaneously a collection of controversial writings, 
titled Maupertuisiana, gathered from the debate (possibly by Voltaire him- 
self), appeared first in Hamburg and soon in a German translation in 
Leipzig. An engraving in it caricatures Maupertuis as Don Quixote riding 
on a broken-down nag and tilting with a lance against windmills. Quix- 
otic or impractical, Maupertuis shouts “tremble” as he attacks imaginary 
enemies in his pursuit of glory. A satyr in the corner of the engraving pro- 
claims “Sic itur ad Astra” (Thus one goes to the stars), but in the end, it is 
understood, the flawed hero is bound to lose. 

In May 1753 Christian Wolff wrote to Schumacher that the strange 
debate between K6nig and the president of the Berlin Academy and 
its council had caused a great sensation.* Of all places, he found it odd 
that the controversy had occurred in Berlin—where, Wolff assumed, his 
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philosophy was dominant. He wished that the dispute had never hap- 
pened. The interference of Euler particularly disturbed him, as did the 
academy’s findings. A self-proclaimed enlightened moralist, Wolff urged 
a fundamental study of his ethics so that scholars would learn better 
about making such criticisms. His books imparted enough instruction, he 
thought; only scholars and practitioners in the sciences were still lacking. 
Whether the Wolffians concocted the letter in question as a subterfuge 
to challenge the achievements of Euler and Maupertuis was generally re- 
jected, for there was no known perpetrator of the letter.’ But as was later 
shown, a passage near the end of the possible full letter approximates 
Euler’s message in December 1743 to Marcus-Michael Bousquet, the pub- 
lisher of Euler’s Methodus inveniendi lineas curvas maximi minimive propri- 
etate gaudentes (A method of finding curves that show some property of 
maximum or minimum, E65). This suggests that Bousquet participated 
in the falsification. 

Prominent among the scholars now supporting Maupertuis and 
Euler were d'Alembert and Georg Wolfgang Krafft, the latter of the Uni- 
versity of Tubingen. In 1753 Krafft called Maupertuis the sole author of 
the principle of least action, and d’Alembert praised even his critic, Euler. 
His entry “Cosmologie” in volume 4 of the Encyclopédie the next February 
attempted to give an impartial account of the origin of that principle.® 

Writing under the pseudonym O, d’Alembert began the “Cosmolo- 
gie” entry by defining the principle as part of general physics, which by 
means of metaphysics brings out analogies and connections to discover 
general laws of physics and determine which are universal. Nature, he as- 
sumed, was simple and unified. D’Alembert credited Jean-Henri-Samuel 
Formey with establishing that Wolff had introduced the field of cosmol- 
ogy in his Cosmologia generalis of 1731, basing it in metaphysics. Yet while 
the second edition of Maupertuis’s Cosmologie in 1752 also accepted meta- 
physics and final causes, it had elicited a hostile response from the Wolff 
ians. D’Alembert showed that Leibniz’s living force and Maupertuis’s 
quantity of action were proportional but not the same. For clarification 
he recommended replacing with “change in velocity” the words “change 
in the nature” in Maupertuis’s abstract. He did not accept Leibniz’s prin- 
ciple of the conservation of vis viva as a general law of nature and, like 
Euler, he argued that it produced a minimum only in the case of a nil 
result. The two laws were not identical: Leibniz’s was a law of nullity and 
not of minimum. D’Alembert praised Maupertuis for being the first to 
reduce to the same principle both rigid and elastic bodies and reconcile 
refraction with final causes, which he thought should have pleased the 
Leibnizians. 


372 Chapter 11 


D’Alembert represented Maupertuis’s law, then, as original and—as 
Euler and others also argued—not as a consequence of the ancient prin- 
ciple of the lever. But since no copy of the letter in Leibniz’s hand could 
be found, d’Alembert did not know how the public could decide on its au- 
thenticity. To confirm the universality of the principle, d'Alembert argued, 
the reader should consult Euler’s Exposé concernant l’examen and the adroit 
defense of Maupertuis from 1753 in the Berlin Academy Mémoires that 
elegantly computed many physical applications. In addition, d’Alembert 
noted that Maupertuis’s algebraic proof of the existence of God was not 
superior to other proofs and that it rejected charges of atheism against 
Maupertuis. The last accusation he found simply a fashionable way to 
criticize the philosophes. 

The “Cosmologie” entry concludes with strong comments that con- 
trast with the dispassion of its scientific portions; these were probably 
largely intended for Voltaire. Since Voltaire’s support was critical for the 
Encyclopédie, d’Alembert did not criticize him directly. He likened the 
character the affair had acquired to the intensity of religious disputa- 
tions that he decried as closed-minded, and he commended Maupertuis’s 
conduct: 


Nous davons ajoditer que M. de Maupertuis n’a jamais rien répondu aux 
injures qu’on a vomies contre lui a cettte occasion, & dont nous dirons: 
ne nominetur in vobis, sicut decet philosophos. Cette querelle de l’action, 
s il nous est permis de la dire, a ressemblé a certaines disputes de religion, 
par l’aigreur qu’on y a mise, & par la quantité de gens qui en ont parlé 
sans y rien etendre. 


We should add that Mr. de Maupertuis has never responded to the in- 
sults that have been spewed against him on this matter, to which we say: 
put an end to the charges against you that are unfitting. This debate re- 
garding action, may we Say, is similar to certain arguments surrounding 
religion for the bitterness that has been injected and by the number of 
people who have spoken without hearing a word. (O) 


D’Alembert also praised Maupertuis in his Discours preliminaire and 
defended him in the article “Force” in volume 7 of the Encyclopédie for 
1757, which largely repeats earlier points from the article “Cosmologie.” 
The notion that Maupertuis’s action and Leibniz’s vis viva were the same 
was absolutely arbitrary; they were not. In “Force” d’Alembert referred 
back to part 2, chapter 4 of his own Traité de dynamique of 1743, attributing 
the principle of the conservation of vis viva to Christiaan Huygens and Jo- 
hann I (Jean I) Bernoulli.’ His “Cosmologie,” he declared, had explained 
the question of least action with great exactitude. He considered it a great 
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error of K6nig’s “Appel au public” to have the public judge the authentic- 
ity of the alleged Leibniz letter. 

Most remembered is not d’Alembert’s “Cosmologie” or “Force” ar- 
ticles but Nicolas, Marquis de Condorcet’s eulogy of Euler read to the 
Paris Academy in 1783. After d’Alembert died, Frederick II named Con- 
dorcet, another mathematician, to be the secret president of the Berlin 
Academy, so Condorcet had more than a detached connection with the 
polemic, and presented the censure of Konig as a flaw in Euler’s charac- 
ter. Critics have found the charge of forgery and the hardness of the lan- 
guage as exceeding appropriate criticism,® and there has been a general 
belief in K6nig’s innocence or naiveté. Accepting the first, Condorcet 
portrayed Euler as too loyal to Maupertuis in a one-time lapse of judg- 
ment: “[I]t cannot be hidden that Euler too harshly condemned Konig; 
painfully we are obliged to count a great man on the list of enemies of 
this persecuted scientist. Fortunately, Euler’s life places him above more 
serious suspicions ... [about] this wise and peaceful geometer whose 
only fault was an excess of gratitude [toward Maupertuis], which was a 
selfless sentiment and for which he was wrong [in scientific debates] for 
the only time in his life.”® 

The claim that K6nig was being persecuted seems overdramatic. He 
was not naive, having accused Emilie, Marquise du Chatelet of recopying 
his mathematics for her Institutions de physique of 1740 and having engaged 
in the debates about monads in Berlin and the continuing Newton- 
Leibniz priority dispute for calculus;'? nor had he lost his position. Al- 
though Maupertuis wrote once to Holland about Konig’s retaining his 
post, throughout the dispute Konig did in fact retain it. In mechanics 
Euler had shown K6nig erroneous in detail about the principle of least 
action. Condorcet’s statement suggests either that he had not read Euler’s 
Dissertatio de principio minimae actionis and Exposé concernant l’examen or 
that he did not accept their arguments. Condorcet also did not address 
what Euler called the tergiversations by KO6nig in the affair, his making 
of almost contradictory statements. What seemed most to bother Euler 
was KG6nig’s obstinacy in not accepting the decisive scientific evidence 
supporting Maupertuis; Euler, as usual, was promoting higher standards 
in scientific research. The notion that his philosophical opposition to the 
Wolffians induced the decision is doubtful; he opposed the dominance of 
philosophy and religion over the sciences. Absence of proof that the frag- 
ment in Leibniz’s handwriting was authentic, combined with advances in 
the principle of least action contrary to Kénig, was what guided Euler’s 
thinking the most. Not until 1898 did research indicate that the letter in 
question may have existed (though not addressed to Jakob Hermann but 
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to the French geometer Pierre Varignon)," but this letter has been largely 
rejected for bolstering K6énig’s position. 

For Voltaire the Maupertuis-Konig affair partly represented a final 
step in the bitter priority battle over calculus pitting Gottfried Wilhelm 
Leibniz and Johann I Bernoulli on one side against the English on the 
other. The Newtonian Maupertuis strongly continued to defend the Eng- 
lish position. In the sciences Euler and Merian characteristically stood on 
the English side, against the Wolffians, even though they did not com- 
pletely agree with the Newtonians. In his opposition to the Wolffian phi- 
losophers, Euler lacked adequate means; as the philosophical disputes 
unfolded, Merian—who translated works of David Hume—would try to 
act as a mediator. 


Administration and Research at the Berlin Academy 


In 1753 the state of affairs at the academy frustrated Maupertuis. Even 
though the Sorbonne and the Paris Parlement were attacking scholars 
such as George-Louis Leclerc, Comte de Buffon, and the French mon- 
archy threatened to suspend the publication of the remaining volumes 
of Denis Diderot’s Encyclopédie, he was unable to recruit leading French 
savants from Paris. Though Berlin was the capital of Prussia, it was but 
a small town compared to London, Paris, Naples, or Saint Petersburg, 
and had only begun to develop the culture, diversity in learning, and sci- 
ence that those cities enjoyed. It had no great libraries, no university, no 
medical faculty, and only limited contacts with the West. Not even the 
brilliance of Frederick II’s suppers and music at Sanssouci could quickly 
change this; his royal initiatives and financial support were among the 
chief elements in a rising country. Still, the failure to lure French think- 
ers to Berlin was a blow to Maupertuis’s vanity. From early 1753 on, as 
his health worsened, perhaps in part over the K6nig dispute, Maupertuis 
began to stay away from the city for longer periods. Plagued by his lung 
disease and considering the climate of Berlin potentially fatal, he spent 
more time in the healthy “native air” of Saint Malo. 

From May 1753 to July 1754, Euler took on an additional role at the 
academy. In April Maupertuis, believing that he was dying and wishing 
not to omit anything from his duties, had asked that during his absences 
Frederick allow him to relinquish presidential duties to Euler, who would 
provide leadership “by his probity, his brilliance, and his zeal.”'? Though 
Frederick lacked confidence in Euler’s managerial skills, opposed his 
policy for an independent science academy, and regretted his lack of 
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wit and dash, he accepted the proposal to make Euler the acting presi- 
dent. During this time in his reign the king was at his closest to academy 
operations. 

For adding luster to his court, the king and his noble court urgently 
wanted to recruit and retain distinguished scholars. Beginning in April 
1753, even before the astronomer Johann Kies succeeded the deceased 
Krafft at the University of Tubingen, Euler pursued Johann Tobias Mayer, 
who was then at the Georg-August Academy in Gottingen for two years 
correcting lunar tables and independently examining lunar motion and 
lunar eclipses; Mayer claimed that the works of Euler in mechanics and 
calculus had made his advances possible. In a long treatise he maintained 
that the moon could not have an atmosphere. Under the leadership of the 
Hungarian Jan Andrej (Johann Andreas) von Segner, he was active in plan- 
ning the building of the Géttingen Observatory. Euler asked Mayer not 
to reveal the offer from Berlin for a position at the academy; in the event 
that Géttingen increased his salary in a counteroffer, Euler asked to be 
informed so he could work out something better. For its post in astronomy 
the Berlin Academy treasury had only 550 Reichsthaler, which was slightly 
less than Mayer’s total income of 600 to 800 Reichsthaler in Géttingen, but 
for preparing a calendar Mayer could earn another 150 Reichsthaler. Fred- 
erick was expected shortly to increase academy funds and salaries, the lat- 
ter by reducing the number of academicians. When Maupertuis returned, 
Euler assured Mayer, he would provide a higher salary. 

In 1753 Euler had good relations with Frederick. To strengthen his 
position, he had Johann Karl Hedlinger, the Swiss man who prepared 
medals at the academy, create a medallion for the monarch praising his 
achievements. In May Euler even sent the king a fruit basket from his 
garden near Schoneberg. Frederick responded with a note of thanks and 
soon after gave an assurance that in a pending inheritance dispute he 
would support Euler’s nephew Georg Vermeulen, who was a Prussian of- 
ficer. There were now more personnel matters to resolve at the academy. 
In July the chemist Johann Heinrich Pott asked the king to appoint his 
son-in-law, Dr. Kurella, as his collaborator and the second professor of 
chemistry. Frederick asked Euler to review the request, but Euler found 
Kurella clearly unqualified, and Frederick forwarded to Euler a copy of 
his refusal to make the appointment. In August the king accepted Euler’s 
nomination of Waldemar Christofer Brégger to be the second professor 
of anatomy. In October Euler proposed Karl Philipp Brandes to be the 
second professor of chemistry, and the king agreed. But Pott strongly ob- 
jected. Seeing a difficult situation with Pott, Brandes chose to go to Mar- 
burg instead. In having him elected a foreign member of the academy in 


376 | Chapter 11 


Figure 11.1. Tobias Mayer. 


1755, Euler showed tenacity, and when Pott retired in 1760, he would have 
Brandes reappointed as an ordinary member. 

While conducting research in the physical sciences, geography, and 
technology to develop water turbines and improve clocks and telescopes, 
in 1753 Euler kept central the fields of theoretical astronomy and differen- 
tial calculus. Almost a year after the 1752 publication of Clairaut’s Peters- 
burg Academy prize-winning paper “Theorie de la lune déduite d’unseul 
principe de l’attraction réciproquement proportionelle aux quarrés de des 
distances” (Theory of the moon deduced from a sole principle of attrac- 
tion reciprocally proportional to the square of distances) with the impri- 
matur of Razumovskij, there continued among Clairaut, d'Alembert, and 
Euler a fight over priority for the most accurate lunar theory that fully 
agreed with Newtonian dynamics.'* Each appealed to his network of sup- 
port through correspondence and publishers, and all three kept in contact 
with Gabriel Cramer, who became the central observer in this controversy. 
Mayer joined the three protagonists in shaping a more exact lunar theory, 
using differential equations devised by Euler." 

During 1753 Euler and Schumacher discussed Euler’s eighteen- 
chapter Theoria motus Lunae, which contained the second of his three 
lunar theories based on calculus.’ He had completed most of the main 
body of the text in 1751. Euler’s comments on this text and his next im- 
portant book of the early 1750s, the forthcoming Jnstitutiones calcul dif- 

ferentialis (Foundations of differential calculus), indicate problems in 
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printing, including the representation of new curves, and disagreements 
about costs. In April Euler expressed delight that President Razumovskij 
thought highly enough of the Theoria motus Lunae to offer to send payment 
for the costs of the printer and bookbinder. That month Schumacher re- 
plied that Razumovskij considered the Theoria extraordinary, advancing 
two hundred rubles to pay for it and requesting a French translation; in 
July Euler gave the actual cost of 633 Reichsthaler, and the Russian Impe- 
rial Academy paid for its publication. Translations, especially into Ger- 
man and Russian, could be unreliable, but the French translation of the 
Theoria made by one of his Swiss students was of high quality. Even so, 
Euler sent six corrections. Two years earlier, Euler had apparently pre- 
sented an early version of the paper at the Berlin Academy. The foreword 
stated that the book was not intended for a prize competition and that 
Clairaut’s prize paper had inspired its revision. 

In the Theoria motus Lunae, one more of his landmark books, Euler 
was taking the lead in transforming theoretical astronomy into a modern 
mathematical science. In a letter of 10 April 1751 to Clairaut, Euler wrote, 
“T have the satisfaction of writing you that I am now altogether clear con- 
cerning the motion of lunar apogee and that I find it, as you do, entirely 
in agreement with the inverse-square law (Newton’s theory).”"° In a letter 
of 29 June he praised Clairaut’s new method profusely: “The more I con- 
sider this happy discovery, the more important it seems to me, and in my 
opinion it is the greatest discovery in the theory of astronomy, without 
which it would be absolutely impossible ever to succeed in knowing the 
perturbations that the planets cause in each other.”"” 

More than a century after planetary and solar tables had become Kep- 
lerian following the Rudolphine Tables of 1627, they were transformed as 
Newtonian tables, taking into account perturbations of each body caused 
by others in universal gravitation. Euler, Clairaut, and d’Alembert pro- 
vided crucial analysis to compute perturbations in the aphelia and nodes 
of planetary and solar motion produced among them. Since Euler found 
the classical expansion method of perturbations ineffective, he proposed 
a variant; he devised a single-step procedure with five ordinary differen- 
tial equations and applied trigonometric series to describe the motion of 
planets. All computations used the same mean motion arguments. Euler’s 
procedures gave closer approximations than Clairaut’s for the intermedi- 
ate orbit and the three-body problem." Since some effects were exceed- 
ingly small, Euler could work from the series for them to make good 
approximations. His text and Mayer’s writings, which resembled Euler’s, 
were two of the first to confirm that lunar apses follow Newton’s inverse- 
square law of attraction. Having two computational methods achieve the 
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Figure 11.2. The title page of Euler’s Theoria motus Lunae, 1753. 


same result, so Euler believed, placed this finding beyond doubt. In his 
seventy-five-page appendix he added another computational method, an 
initial form of the calculus of variations, with new formulas to sharpen 
calculations. 

In the spring of 1753 the Gottingen Royal Society of Sciences and 
Humanities published in volume 2 of its Commentationes Societati Regiae 
Scientiarum Gottingense Mayer’s “Novae tabulae motuum solis et lunae” 
(New tables of solar and lunar motion), which improved equations to 
account for lunar anomalies contained in Euler’s Prix de Paris—winning 
paper of 1748, “Recherches sur les irregularités du mouvement de Jupiter 
et de Saturn,” developed other formulas with added sine terms (that is, 
varying like a sine curve or wave), and used superior astronomical equip- 
ment in making observations of the distance of the moon from a fixed star, 
improving significantly upon Clairaut’s prize-winning treatise and Euler’s 
Theoria motus Lunae. The Berlin Academy had reprinted these writings of 
Clairaut and Euler in 1752. Euler, Christian Michaelis in Halle, and oth- 
ers urged Mayer to formulate a method to find longitude at sea and better 
lunar tables.’® These were vital to the improvement of navigation. 
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In his pursuit of the British Parliament prize, Mayer’s method by 1755 
differed in part from Euler’s method and was partly inspired by Clairaut. 
He devised a multistep procedure for his computations. In astronomy a 
multistep procedure is not iterative but has different arguments within 
each step. Mayer’s approximate solutions for differential equations and 
higher-order terms and equations were distinct from Euler’s; Mayer 
wanted tables verified by observation. The relations between tables and 
positions were still complicated; Mayer reduced to thirteen the number 
of needed differential equations and arranged them in tables, surpassing 
all of his contemporaries. He informed Euler that, using these tables, “I 
shall be able to calculate the longitude of the Moon so correctly in obser- 
vations that the error amounts to not more than 2 minutes.”” The tables 
of Clairaut, d’Alembert, and Euler had errors as large as four or five min- 
utes. This quickly brought Mayer an international reputation and set off a 
competition for his services. Mayer wrote his results in Theoria lunae iuxta 
systema Newtonianum, which was mainly completed in 1754 but not pub- 
lished until 1767, when Nevil Maskelyne prepared it for the press. 

In July 1753 Schumacher inquired about the number of copies and 
the printing costs of Euler’s Institutiones calculi differentialis. Euler wanted 
five hundred copies, and gave the printing costs, explaining also the tech- 
nical problems with the press and the difficulties in distribution and the 
management of sales. As it had for Euler’s Scientia navalis, the Petersburg 
Academy agreed to fund the publication of the Institutiones, even with a 
non-Russian publisher; these efforts on the part of the academy were im- 
portant to both the German and the French streams of the Enlightenment 
in fostering discoveries, especially in the mathematical sciences, and in 
the wider dissemination of scientific knowledge. 

In mathematics Euler pursued abstraction equally with the field’s em- 
pirical roots and applications. He often admonished his fellow geometers 
that, despite their point of view, number theory was not a waste of time. His 
letters to Christian Goldbach in 1753 address proofs of Pierre de Fermat’s 
Last Theorem for n = 3 and 4, Diophantine analysis, and prime numbers of 
form 4n + 1. The next year in “Solution generalis quorundam problematum 
Diophantaerum quae rulgo nonnisi solutiones speciales admittere viden- 
tur” (The general solution of certain Diophantine problems which are ordi- 
narily thought to admit only special solutions, E255), Euler wrote that “the 
Diophantine method, if further developed, will redound to the benefit of 
the whole of Analysis, so that [I am] far from feeling sorry for the prolonged 
efforts .. . [that I] devoted to that branch of mathematics.” He was now 
creating elliptic integrals. Just beneath the surface of that accomplishment 
lay the close connection between the integrals and Diophantine algebra. 
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Inspired by Count Giulio Carlo de’ Toschi di Fagnano’s concepts and 
extending his earlier work on elliptic integrals, Euler had written in Janu- 
ary 1752 one of two important papers on the subject, “Observationes de 
comparatione arcuum curvarum irrectificabilium” (Observations on the 
comparison of arcs of nonrectifiable curves, E252). Despite having the 
Enestr6m number E251, “De integratione aequationis differentialis” (On 
the integration of the differential equations) was written in 1753, a year 
before the “Observationes” (E251); this may explain the appearance of 
Euler’s addition theorem from E251 in the printed form of E252.” For 
a function f, addition theorems give f(x +.y) in combinations of f(x) and 
J(y). These theorems were important in creating the theory of elliptic inte- 
grals and functions. Euler’s two articles offer theorems on arcs of ellipses, 
hyperbolas, and lemniscates, coordinates being the sum or difference of 
an algebraic function or arcs comprising multiples. The addition theorem 
lies at the heart of the general theory of elliptic integrals and functions. 
Both of these papers were finally published in the Petersburg Academy’s 
Novi commentari for 1761. 

In October 1753 and again probably before late April 1754, Daniel 
Bernoulli wrote to Euler about the vibrating string problem. The first letter 
indicates that after reading Euler and d'Alembert, he had written an article 
on a simpler solution, and he asked whether his works on the vibration and 
sound of elastic rods were now in print in Saint Petersburg. In the second 
letter Bernoulli, who had been criticizing d’Alembert in hydrodynamics, 
questioned d’Alembert’s latest article on vibrating strings in the Berlin Mé- 
moires. Bernoulli had solved the one-dimensional wave equation in a new 
way by applying an arbitrary function consisting of a trigonometric series. 
But d'Alembert asserted that trigonometric series cannot represent discon- 
tinuous functions. Euler also rejected using these series for the restrictions 
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they imposed prevented a fully general solution. He wanted further stud- 
ies of discontinuous functions and partial differential equations, which he 
saw as opening a whole new section of analysis. In “De integratione aequa- 
tionis differentialis” Euler asserted the central importance of the partial 
differential equation—with appropriate boundary and initial conditions— 
for the entire theory of the vibrating string. It contained the first notation 
for partial derivatives, but because this article was without major new ideas 
it had few responses except for criticism. D’Alembert declared that Euler’s 
solution did not cover all forms of a string possible initially. At this time 
the correspondence among the three was testy. 

In 1753 Euler entered another Prix de Paris competition. In the yearly 
alternation of prizes between the theoretical and applied sciences, the 
topic for that year fell into the latter category: ship propulsion, including 
the best construction of a ship engine. Daniel Bernoulli won the prize, 
and Euler shared the accessit (honorable mention). Bernoulli’s work, 
which rested on chapter 23 of his Hydrodynamica, contained a serious error 
that the academy missed. Considering forces arising from water pressures, 
Euler’s “Maximes pour arranger le plus avantageusement les machines 
destinées é élever de l’eau par le moyen des pompes” (Maxims for the 
most advantageous arrangement of machines employed to raise water via 
pumps, E208) had earlier given simple rules for mechanics in designing 
pumps and aqueducts, and it proposed a mechanical principle for build- 
ing a jet-reactive engine for a ship. This principle was to be similar to that 
of turbine equations describing uniform motion in a hydroreactive ship. 
Euler had read a draft of this article at the Berlin Academy in February 
1750; it would not be published until 1754. 

For the 1753 competition Euler submitted his seventh nautical paper, 
“Mémoire sur la maniere la plus avantageuse de suppleéer a l’action du 
vent sur les grands vaisseaux” (Essay on the most advantageous manner 
of moving ships without the force of wind, E413).” Its five ways for pro- 
pelling ships successively increased in sophistication, though the first two 
seem almost silly. The first had a large vertical surface suspended ahead 
of the boat; pulled back like a hoe, it was to move the boat forward. The 
second had two large paddles attached to the sides of the boat and a shaft 
that turned mechanically. Neither idea was applied to ships, but from this 
work Euler developed equations of energy and fluid resistance. His third 
proposal had four paddles, somewhat foreshadowing the paddle-wheel 
boats of the next century, and the fourth method’s mechanically oper- 
ated fan was not unlike later propellers. The final proposal was futuristic, 
gaining energy from the different levels of waves to move the ship, which 
raised a problem of stability. 
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Prominent in Euler’s correspondence and research throughout the 
1750s, and especially in 1753, were questions about atmospheric electric- 
ity. Of electricity he wanted to know its physical causes and examined re- 
ports on its medical applications. Electricity and its applications variously 
involved experiments with science, medicine, and entertainment. Con- 
ducted by men of science and artisans, they were popular at universities, 
science academies, and public demonstrations, exhibiting such marvels 
as Stephen Gray’s electrified boy, the electrified Venus, and the circula- 
tion of electricity through 180 gendarmes. In 1752 Euler had obtained 
and studied a copy of Benjamin Franklin’s Experiments and Observations 
on Electricity in French translation. In a letter in October 1753 to Johann 
Kaspar Wettstein, Euler reported that he was saddened to learn in July of 
the death of Georg Wilhelm Richmann, accidentally electrocuted while 
he was making measurements in Saint Petersburg related to Franklin’s 
kite experiment. Euler credited Franklin with the “unhappy discovery” of 
the electrical nature of lightning. Attempting likewise to find exactly how 
lightning is related to electricity, Richmann had put on his roof a bar of 
iron supported by a mass of pitch; the bar was wired to his chamber. As 
a thunderstorm approached, he prudently moved clear of the wire, but 
somehow he brought his chest closer to it and was killed instantly. The 
Saint Petersburg newspapers reported the tragedy and, dismayed at this 
news, physicists in France and Germany who were conducting research 
in the same direction immediately abandoned their projects. In Berlin Jo- 
hann Nathanael Lieberkihn and the physician Christian Friedrich Ludolf, 
who had already fixed iron bars on their houses, had them removed. 

In Saint Petersburg Richmann had worked with Mikhail Lomonosov, 
who proposed a prize question on the causes of electricity and a precise 
theory of electrical forces. Schumacher sent Lomonosov’s article “On 
Phenomena in the Air Caused by Electrical Forces” to Euler. In December 
1753 Euler thanked Schumacher for notifying him of the prize question 
on electricity for 1755; he praised the acuity of Lomonosov and rated his 
findings higher than the discoveries of purely experimental physicists and 
scholars that at times involved fantasy. Euler rejected the idea that elec- 
tricity and magnetism arose from forces in imponderable fluids; he inves- 
tigated the role of ether and how the air could become electric. He did not 
set electricity in isolation but looked for connections with magnetism and 
optics, principally in an underlying ether. 

Deeply engaged in the study of geometric optics during his Berlin 
years and beyond, in the 1750s Euler investigated the rainbow, colors, and 
especially the dispersion of light. Together with his mastery of the mathe- 
matical sciences he displayed a strong interest in related practical scientific 
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technology. He wanted to construct a two-foot telescope with lenses ca- 
pable of detecting Jupiter’s satellites. Developing a compound achromatic 
refractor to improve telescopes was a difficult scientific challenge; Euler 
wanted to remove all chromatic aberration, which limited telescopes’ abili- 
ties, and to reduce the thickness of lenses. Approaching like a physicist the 
problem of these aberrations, Euler sought mistakenly to find an analogy 
to the nature of the eye or a mathematical law covering all refractive indi- 
ces for different colored rays in differing media. Proceeding from incorrect 
analogies to the nature of the eye and experiments with water-filled lenses, 
he concluded that a compound achromatic objective consisting of differ- 
ent materials was possible, but problems blocked his efforts. 

In 1753 John Dollond, an English optician to the king, sent a letter to 
the Royal Society of London on the arrangement of lenses in refracting 
telescopes that appeared as an article in the society’s Philosophical Trans- 
actions. He corrected errors in results from Newton’s experiments and 
maintained that by building upon Euler’s mathematics, he had devised 
largely achromatic lenses. He did not release his optical measurements 
that indicated that refractive indices do not exist for diverse colored rays 
in different media and that each must be checked individually instead. For 
a long time Dollond held a royal monopoly on the manufacture of these 
telescopes. Since Dollond did not cover Euler’s strongest arguments for 
the analogy to the eye, dismissed other optical arguments simply because 
a revision of Newton said otherwise, and did not release his measure- 
ments, Euler did not yet respond to him in articles in 1753 and 1754 or to 
mistakes in his mathematics, but a dispute emerged that was to continue 
through the decade. The Royal Society, of which Dollond was a member, 
declared that Euler was criticizing Newton. To the contrary, Euler be- 
lieved that his research on lenses agreed with Newton’s and that he had 
merely applied calculus to Newton’s hypotheses. 

In 1753, when geography and cartography were important subjects at 
the Berlin Academy, Euler’s work in both fields used information from the 
Second Kamchatka Expedition and the effort to produce reliable maps 
of imperial Russia. Refining Joseph-Nicholas Delisle’s methods, and with 
new geodetic measurements and the help of Johann Christoph Rhode, 
he prepared forty-one maps in color for the preface to the Atlas Geographi- 
cus: omnes orbis terrarum regiones in XLI tabulas exhibens (Geographic atlas: 
Representing in forty-one maps all regions of the Earth, E205, 1753), de- 
signed principally for use by schoolboys. The preface, printed in Latin 
and French, consists of nine divided pages, and asserts that the atlas draws 
all regions of Earth more distinctly than other maps. Observations and 
the lengths of simple pendulum swings for oscillations of one second 


384 Chapter 11 


made possible many corrections. Research on the oscillations of a second 
of the simple pendulum in different regions showed the inequality among 
meridians, which nevertheless produced a spheroid Earth. 

In order to represent distinctly all regions of Earth, Euler made cor- 
rections—some considerable—using better figures for longitude and 
latitude. In determining longitude, two methods were in serious competi- 
tion; both involved a question of technology. One of them, developing a 
precise clockwork to put on a ship to withstand its strong motions, was 
not yet possible. Astronomers relied chiefly on the steady perfection of 
the telescope and in 1731 the invention of the double reflection quad- 
rant in part to measure better angles between celestial bodies. The Royal 
Society made more sophisticated catalogs of the stars. For his study of 
longitude Euler could begin with lunar or solar eclipses or the motion of 
the four moons of Jupiter. The annual Berlin almanacs listed every eclipse 
visible from the city, but to obtain the most accurate longitude, Euler 
found that a study of the complex motion of the moon offered the most 
precise method. It was of utmost importance for navigation. The moon 
traveled hourly at night the equivalent of its diameter among the back- 
ground stars; while a faster moving moon would have increased accuracy, 
there was enough motion to obtain the longitude. Euler traced the lunar 
nightly path on a celestial globe across the fixed stars, which he consid- 
ered to be at rest. It was hoped that the motion of the moon might give 
the time, just as would the hands on a conventional clock. 

For obtaining greater accuracy, observational astronomers relied solely 
on instruments—principally the significant improvement of the telescope. 
Euler stated that greater precision required these refined instruments and 
the development of a new six-inch telescope for oceanic observations. He 
created computational methods with a strong observational base that gave 
a more precise lunar theory. Improving measurements achieved by Mayer, 
Euler reduced from six minutes to less than one the errors in computing 
lunar motion. Consequently, for the moment his results on longitude and 
latitude surpassed the calculations made by his predecessors. In making 
these adjustments to arrive at the same projection, Euler claimed that he 
was able to depict every region of Earth with fidelity. 


The Charlottenburg Estate 


In October 1753 Euler’s mother, accustomed to living in the countryside, 
had him purchase for her—at the price of six thousand Reichsthaler—an 
attractive, bucolic estate with a large house in Charlottenburg, then just 
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west of Berlin, where she was to live comfortably until her death in 1761. 
Charlottenburg was one of three towns, along with Berlin and Potsdam, 
that had a royal residence, and Frederick II had spent much of his youth 
at Queen Sophie Charlotte’s garden palace. 

Euler’s mother’s lovely house and garden, its rich arable land for rais- 
ing grains, its meadows, and its plentiful supply of wood for heating and 
cooking attracted the frugal Euler, and from the estate his family drew all 
of its needed agricultural goods.“ These would be especially important 
during the shortages in 1756, the first year of the Seven Years’ War. Euler 
began with six horses and ten cows. Asa schoolchild in Basel he had spent 
time away from his parents and now, though devoted as a father, he sent 
all of the children to live with their grandmother, together with a private 
tutor for the youngsters and a steward.” This moving of family members 
decreased the size of his household by more than half. 

When Euler found another position for his children’s tutor, he wrote 
to the Basel mechanist Johann Dietrich, who had studied with Daniel Ber- 
noulli, asking him to recommend that his nephew Francois Dietrich, who 
had been teaching in London, accept the position of Euler house tutor; 
Wettstein was asked in 1755 to offer him the job. The elder Dietrich had 
been in contact with Euler, and he made magnets that Euler sold in Ber- 
lin. He also constructed quite accurate instruments for finding magnetic 
inclination. Euler’s son Johann Albrecht used these in preparing his prize 
paper for the Petersburg Academy in 1756, one of the seven international 
prizes that he won. Euler agreed to pay Francois Dietrich sixty ecus per 
year, and the tutor was required to live with Euler’s mother and take meals 
at her home. Dietrich arrived safely and found Berlin to his liking; Euler 
promised to see whether there were opportunities of greater benefit for him. 

To earn extra income, Euler rented out the unoccupied rooms in his 
Berlin house; this permitted him especially to provide convenient lodging 
there for the young students sent from Russia. He kept up close contact 
with his children, and always enjoyed taking them to marionette shows 
and to the zoo. For relaxation, exercise, reflection in solitude, and visits, 
he often took walks to the Charlottenburg estate, which was about a mile 
from his Berlin house. 


Wolff, Segner, and Mayer 
In February 1754 a noisy verbal fight in public between chemists and 


physicians at the academy over their candidates for the same position 
upset Frederick II; he complained to Maupertuis that a “certain degree of 
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anarchy reigns in your academy” and, deciding that its secretary Formey 
was an imbecile, he implored Maupertuis to return as quickly as possi- 
ble.*® Though Maupertuis still considered the climate of Berlin potentially 
fatal, he would return to the city in July 1754 and depart for the last time 
in the summer of 1756. Until the end of the Seven Years’ War in 1763, 
Euler was the academy’s acting president. Uncomfortable with the ad- 
ministrative limits set by Maupertuis, he proved conscientious, financially 
tightfisted, and occasionally stubborn but always equitable. To his death 
in 1759, Maupertuis corresponded with Formey and Euler about the busi- 
ness of the academy, particularly its finances. Although d’Alembert had 
declined to come to Berlin in 1752, he continued to his death in 1783 to 
advise Frederick through correspondence. In effect, he was the academy’s 
secret president or president in absentia. 

Even with Maupertuis absent at the start of 1754, Frederick continued 
to push for building his realm in learning and the sciences, and this re- 
quired the recruitment of a larger number of distinguished scholars. The 
monarch showed confidence in Euler’s identification of talent and was 
aware of his extensive correspondence with German scholars and practi- 
tioners in the sciences. Euler was already expanding his influence beyond 
the Berlin Academy to universities throughout Frederick’s domain. 

In April 1754 Wolff, an Immortal (the term for members of l‘Académie 
francaise, the foremost learned body on the French language), died at the 
age of seventy-five. In June Johann Joachim Lange, a University of Halle 
professor of mathematics, wrote to Euler about student interest in spherical 
trigonometry for astronomy and algebra. He realized that the future teach- 
ing of physics and mathematics instruction at the university depended con- 
siderably upon Euler, whom Frederick had appointed to choose a successor 
to Wolff as professor of mathematics and departmental chair; the monarch 
saw this selection as important to Halle’s attaining eminence among Ger- 
man universities. Euler replied that no talented Swiss candidate would ac- 
cept the post. While German universities did little to promote mathematics 
and physics, two scholars located there would qualify: Segner, a Hungar- 
ian from Gottingen, and Georg Friedrich Barmann from Wittenberg. Since 
both had good positions, Euler was unsure of their interest. Although cer- 
tain that Daniel Bernoulli would decline, Euler first offered his friend the 
Halle post. Upon the king’s reception of Bernoulli’s refusal in September, 
Euler was free to negotiate with Segner. This posed a challenge for the gen- 
erally plainspoken Euler, for Frederick wished him to maneuver deftly in 
opposing the Wolffians and negotiating the smallest possible salary. 

Euler wanted Segner—who was a severe critic of the mathematical 
and scientific foundations of the Wolffian philosophy though he shunned 
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metaphysics, religious debates, and the old charges of atheism against 
them—as department director. In 1741 Segner had identified errors in the 
improved edition of Wolff's Elementa Matheoseos, particularly on the al- 
gorithms of imaginary numbers. In not correcting these mistakes, Euler 
believed the Wolffians were damaging their cause. By mid-1754 he mis- 
takenly thought that the Wolffians were a spent force.*’ Since 1742 Segner 
and Euler had regularly exchanged scientific ideas and shared new knowl- 
edge, addressing the principles of mechanics, the nature of mathematical 
and physical truths, Euler’s optics, Pierre de Fermat’s conjectures, conic 
sections, Colin Maclaurin’s Geometrica organica of 1720, cartography, 
chemistry, and the nature of the barometer and thermometer. Segner’s 
hydraulic machine and mathematics were major topics. His reputation for 
being a talented teacher and author of good course handbooks in arith- 
metic and geometry was growing, and his exchange of ideas with Euler on 
texts had helped in his teaching. Euler expected him to continue to con- 
tribute to mathematics, physics, mechanics, and technology, especially 
improving hydraulic turbines and telescopes. 

In September 1754 Euler invited Segner to Halle, and he quickly 
agreed to come. In a letter to Frederick II, Euler regretted that Bernoulli 
had declined an offer but expressed his joy at Segner’s acceptance. In 
October the monarch instructed his minister Karl Ludolf Danckelmann 
to complete the arrangements. Several times Euler and Segner discussed 
Johann Albrecht Euler’s winning the prize of the Géttingen Royal Society 
of Sciences in 1754 for his article on using water power to drive grinders 
and other machines. Euler had Segner elected a foreign member of the 
Russian Imperial Academy, and in November he asked Segner to send his 
clever mathematics student Johann Matthias Matseo to Saint Petersburg 
as a surveyor or architect. Segner observed that Franz Ulrich Theodor 
Hoch Aepinus, who would soon come to Berlin, was drawn to the re- 
search of Euler. In November the king congratulated Euler for obtaining 
Segner and expressed his satisfaction but complained about the cost. 

Euler was not done with recommendations for Halle. He asked Jo- 
hann Joachim Lange about instruction in mathematics and physics at the 
university, along with the instruments there for experimental physics. The 
Wolffians had wanted the relatively weak Lange to get the chair position 
and advance the Wolffian philosophy. Euler successfully recommended 
the distribution of courses between Lange and the vigorous Segner; he 
saw cooperation between them as a duty and urged that introductory lec- 
tures in the sciences begin with foundations. In November the king ex- 
pressed his approval of these curricular plans. Lange informed Euler that 
Wolff had assembled an impressive collection of instruments, including 


388 Chapter 11 


an apparatus from Pieter van Musschenbroek in Leiden. Euler believed 
that it was vital to fund equipment for chair positions in the sciences for 
expanding and adding new details in research. He persuaded Frederick 
to purchase these instruments from Wolff’s son for Segner’s research. By 
January 1755, the king agreed to pay between eight and nine hundred 
Reichsthaler for them, but he did not sign the appointment until 6 March, 
declaring that the affair over the hiring and equipment was effectively 
concluded. 

In April 1755, Segner and his family arrived in Halle, which allowed 
him to begin teaching his classes in the summer semester. In his correspon- 
dence with Euler, the two discussed improving mathematics instruction. 
Euler wanted Lange and Segner to enhance physical and mathematical 
instruction with themes of interest to students. He suggested lectures in 
logic, new chemistry courses, and curricular reform; he also proposed a 
program in the theory of hydraulic turbines. Although Segner faced dif- 
ficulties from the Wolffian tradition, he was pleased to be in Halle. His 
appointment put the Wolffians at a disadvantage. 

In April 1754 Gerhard Friedrich Miller became the conference secre- 
tary of the Petersburg Academy, and Euler recommended to him Mayer, 
the mathematician Georg Barmann from Wittenberg, and Abraham 
Gotthelf Kastner, a mathematician and physicist from Leipzig; Euler la- 
mented the poor condition of German universities and praised the great 
progress of Kotel’nikov in the study of higher mathematics. Through Au- 
gust of that year Euler made other German nominations, observing that 
as a geographer Mayer had far more to offer in Russia than in Gottingen. 
But he clearly wanted to gain Mayer for Berlin, where he offered to also 
name him director of the academy’s geography section. Although eager 
to work with Euler and the other scholars at the Berlin Academy, Mayer 
indicated in August that he was hesitant to accept a post with an annual 
salary under 700 Reichsthaler, but he would accept the Berlin offer of 650 
Reichsthaler plus another 100 for moving expenses, which he thought 
hardly sufficient.** Mayer looked forward to finding original observations 
by Gottfried Kirch and to constructing the calendar in a more popular 
and more convenient format with lunar ephemerides following his new 
tables, which were accurate to within thirty seconds. Using the ancient 
Babylonian number base 60, astronomers had 1 degree = 60 minutes = 
3,600 seconds. Euler foresaw one of Mayer’s first duties in Berlin as being 
the preparation of the lunar tables with explanations to justify their pre- 
cision; the tables, useful for determining longitude, would aid naviga- 
tion. Euler promised to have the Berlin Observatory turned completely 
over to Mayer. 
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In July 1754 Euler encouraged Mayer to enter the competition for the 
£20,000 sterling prize that the British Parliament had promised in 1714. 
It sought to perfect to within one minute the method for determining the 
longitude of the moon at sea and thereby to reduce errors in the positions 
of ships to less than fifty nautical miles. The surest method for this, Euler 
said, would be the study of lunar motion. Earlier attempts to find longi- 
tude foundered in efforts to establish the exact locations and motion of 
stars measured from sea; finding from sea observations the true positions 
of more fixed stars could confirm the longitude of the moon as given in 
Mayer’s tables.”® Euler had removed the obstacles posed in these general 
stellar studies. If he could find the lunar longitude at sea with the same 
exactness to thirty seconds, compared to the efforts of others—including 
Newton—that were off by at least four minutes, he would deserve the lon- 
gitude prize. At that time Mayer was working on such a method, expect- 
ing observations to confirm his computed results. Assuring total errors of 
less than one minute would give the precision needed to win the prize. 
Probably only Euler fully understood Mayer’s methods, which also de- 
layed the acceptance of his tables. 

On 27 August Maupertuis modestly exceeded Mayer’s financial re- 
quest by authorizing a salary of seven hundred Reichsthaler plus an ad- 
ditional hundred for moving expenses; he also offered free housing. In 
another letter that same day asking Mayer to come to Berlin no later than 
October, Euler enclosed the official academy letter with these terms and 
the academy seal; he pledged to help familiarize the recruit with the new 
position, and he promised that the academy would quickly recognize 
Mayer’s diligence and research with an increase in salary. In a letter dated 
two weeks earlier, Miller on behalf of the Russian Imperial Academy had 
asked Euler to act as its intermediary in extending to Mayer an offer at 
a higher salary. Not until the end of August did Euler inform Mayer of 
the Russian offer and recommend its rejection. On 15 September Mayer 
asked Euler to transmit to Miller his refusal to accept the Russian post. 

When Mayer requested that the Georg-August Academy accept his 
resignation, though, he was met with a surprise: the Hanoverian govern- 
ment asked him what conditions would persuade him to remain. King 
George III, whose father had founded the University of G6ttingen in 
1737, wanted to retain his services at whatever cost. Maupertuis recog- 
nized that tensions between Hanover and Prussia would influence the 
decision. To Mayer’s surprise, the Hanoverian authorities exceeded his 
conditions, offering him a salary larger than that of the Berlin Academy 
and even to name him the sole director of the nearly completed obser- 
vatory. (Until this time the management of the observatory had been a 
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shared position.) In a skillful letter dated 6 October 1754, Mayer reported 
to Euler the grounds for his decision to remain in Géttingen, and that he 
was especially pleased to be named the sole director of the observatory. 
He added that among Hanoverian authorities circumstances caused him 
“to be thought of more highly than I deserve.”* To Euler he said that 
he would be eternally grateful for the Berlin offer, and feared that “you 
would now become impatient with me and deprive me of a part of your 
invaluable favor and written association.”*! 

In 1754 d'Alembert, who like Clairaut, Euler, and Mayer continued 
to investigate lunar motion, published his Recherches sur differens points 
importants du systeme de monde, which had been completed three years ear- 
lier. Relying less on observations than on mathematical techniques, he 
was one of the first to apply to celestial mechanics an iterated sequence 
of approximations. In improving lunar theory Clairaut, not Euler, was 
d’Alembert’s chief opponent, criticizing his “long and tedious calcula- 
tions” and finding his work careless and his tables inferior. 

In his lunar tables in 1753 and his Theoria lunae juxta systema New- 
toninanum completed in late 1754, Mayer systematically derived lunar 
inequalities arising from Newtonian gravitation, providing a better set 
of lunar tables, accurate enough to find longitude to within a half min- 
ute. Upon the opening of the G6éttingen Observatory in the summer of 
1753 and its completion the next year, which included the installation of 
a superior six-foot-radius mural quadrant, he began an enhanced series 
of observations in positional astronomy. His Theoria lunae depended on 
improved practical techniques of observation and removed instrumental 
errors. From his many observations and exhaustive computations in lunar 
theory, Mayer created formulas with more accurate terms yielding, un- 
like Euler’s computations, a true rather than approximate lunar anomaly. 
His results relied on progressively modified corrections. Already in the 
preface to his lunar tables of 1753 Mayer claimed that his numerical re- 
sults were more accurate than those of the celebrated Euler, Clairaut, and 
d’Alembert. In the preface to his Theoria lunae Mayer noted that they had 
agreed that their results had inaccuracies of three minutes or even more 
than five minutes of longitude. By their own admission, none of these 
geometers had errors of less than three minutes, which was insufficient to 
determine longitude at sea within a degree. 

In the appendix to his Théorie de la lune and Recherches sur differens 
points, d’Alembert expressed doubts about the accuracy and validity of 
Mayer’s work, since the methods that underlay Mayer’s formulas were 
unclear and his tables ignored terms that d'Alembert considered large. 
For one instance, d’Alembert suggested that Mayer had employed the 
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little-understood equations of condition, a statistical technique for ascer- 
taining simultaneously a large number of unknowns. In response, Euler 
praised Mayer’s findings and rebuked d'Alembert for his “unfounded and 
jealous allegations.”** To Mayer he wrote in June 1754 with a touch of Ger- 
man nationalism, 


Now, to come to your important discoveries, I first of all congratulate 
you wholeheartedly on them, and wish that their importance would soon 
be known to everyone. Your first tables have indeed aroused as much 
applause as amazement; only jealousy has already let itself be seen more 
than clearly. You have undoubtedly seen M. d’Alembert’s new treatise on 
the Moon, in which he refers in a contemptuous way to the tables and 
mocks the previously given exact determination itself; he does not be- 
lieve that you have made use of the theory and the claim that he and M. 
Clairaut were the first who investigated the theory of the Moon. Notwith- 
standing my already long published tables whose quite new construction 
permits the theory to be easily satisfied, although the errors are still too 
large, he will deny me almost all parts [of it.]. You would not be behav- 
ing badly if you by chance refuted this braggard to the fame of the Ger- 
mans... you brought things so far through your untiring industry that 
your tables denote the longitude of the Moon accurately to 30 seconds 
and the latitude even to 10. There is no further improvement to be hoped 
for from this side [i.e. theoretically], and M. d'Alembert himself stated 
that his tables are still over 5 seconds in error.* 


A New Correspondent and Lessons for Students 


In Pensées sur V’interprétation de la Nature (Thoughts on the interpretation 
of nature, 1754), a short collection of aphorisms on epistemology, Diderot 
proclaimed that his contemporaries were “at the dawn of a great revolution 
in the sciences” and that pure mathematics was approaching its limit. He 
added, “I would almost go as far as to assert that, within the next hundred 
years there will hardly be three great geometers in Europe. This branch of 
science will just cease at the point where the Bernoullis, Euler, Mauper- 
tuis, Clairaut, Fontaine, and d’Alembert have left it. They have built the 
pillars of Hercules and no one will pass beyond. Their works will endure 
in centuries to come, like the Egyptian pyramids, massive and laden with 
hieroglyphs, an awesome picture of the might and resources of the men 
who built them.” Recognizing that the abstract mathematical sciences 
had made great progress, Diderot criticized them and the other sciences 
for concentrating “on comparing and combining known facts rather than 
collecting new ones.” His Baconian treatise decried the neglect of critical 
empirical studies and looked to the power of newly developed scientific 
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instruments. Having written articles on calculus and mathematics for the 
lottery and working closely with d’Alembert, his science editor for the 
Encyclopédie, Diderot was well informed in mathematics. But like the no- 
tion that Newton and Leibniz had reached the boundaries of that science, 
his belief that the growth of pure mathematics was essentially complete 
would quickly be proven incorrect. Euler was to continue making seminal 
contributions to calculus and other areas of pure mathematics and to be 
the principal scholar in transcending their limitations. Early in the next 
century, Carl Friedrich Gauss and Augustin-Louis Cauchy would lead 
much as Euler was presently. 

In late June 1754 Euler gained a significant new correspondent who 
would extend the horizons of mathematics. From the Sardinian capital 
of Turin, the unknown eighteen-year-old Giuseppe Lodovico LaGrangia, 
later called De la Grange or Joseph-Louis Lagrange, took the initiative of 
writing in Latin to Euler. This was the first of thirty-seven letters between 
the two men that continued until 1775; the correspondence was extraordi- 
narily rich in ideas. Lagrange’s initial letter examines the formal analogy 
between the binomial formula (x + y)” and the successive differentiation 
d"(uv) of a product of two functions u and v. He also asked if the famous 
Wolff was dead. This first letter reveals a novice not yet able to seriously 
gain Euler’s attention; he did not answer it, but he characteristically kept it 
for his records. Shortly afterward, in reading the correspondence between 
Leibniz and Johann I Bernoulli, edited in 1745, Lagrange saw that Leib- 
niz deserved priority for the analogy between powers and differentials. 
Fearing a charge of plagiarism, which did not occur, he wrote quickly to 
Fagnano. Lagrange’s first letter to Euler ends with a promise soon to send 
some of his ideas on the theory of surfaces and maximal and minimal val- 
ues, a foretaste of the main subject of their letters over the next decade in 
what Euler would eventually name the calculus of variations. Lagrange’s 
letter suggests that he had begun to reformulate and probably made some 
advances in Euler’s variational calculus and its applications. 

During 1754 and 1755 Euler pursued magnetism, optics, and the edu- 
cation of Russian students working with the Royal Academy of Sciences 
in Berlin. He agreed with Daniel Bernoulli that Johann Dietrich of Basel 
was an extraordinary practical mechanic who had markedly improved the 
magnet needle. Employing Dietrich’s methods and instruments, Euler in- 
vestigated how to make magnets stronger. At Schumacher’s request, he 
asked Dietrich to keep his new instruments secret. Euler observed that 
English and French journals contained many mistaken articles on the 
physical causes of magnetism, which was later made a topic for the acad- 
emy’s annual prize. His letters also address the theory and construction 
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Figure 11.4. Joseph-Louis Lagrange. 


of dioptric telescopes and microscopes. (Dioptrics is the theory of the re- 
fraction of light, the study of the bending of light at boundaries between 
two media.) Euler discussed with Miller his teaching of Russian students, 
deeming the three he currently had to be his most talented. In 1754 the fu- 
ture mathematician and academician Mikhail Ivanovic Sofronov arrived 
in Berlin and was to reside with Euler for nine months until April 1755. 
Later Euler would comment that at one point Sofronov had been his most 
brilliant student, but at this time he expressed concern about Sofronov’s 
problem with alcohol. That year Stepan Rumovskij joined Kotel’nikov 
in Euler’s home; both aspiring astronomers would remain there until the 
summer of 1756. Kotel’nikov had already been in Berlin since 1752 as a 
classmate of Johann Albrecht Euler and the Genevan Louis Bertrand. 

The daily lessons of Euler’s students covered mathematics, mechan- 
ics, hydrodynamics, and astronomy. He related to Schumacher and Miul- 
ler his close attention to the beginning of university instruction of these 
young scholars before they had any scientific accomplishments. “When 
the student is not pressed,” he wrote to Miller, “he can still bring some- 
thing better to light. Before he begins to publish, he must labor over a 
long time to collect a stock of ideas and discoveries. Once he comes in 
possession of these, he needs afterward only to explain these further ac- 
cording to others and to bring their studies to perfection.”® 
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In August 1754, Euler issued a fourth list of problems, sending it to 
the Petersburg Imperial Academy; he recommended these problems for 
academy research and some for prize competitions. The list contained 
fourteen mathematical problems, broadly defined, written on the reverse 
of the second draft giving the list of physical problems that he had pre- 
pared. It was his first list for the academy on mathematics. Among its 
topics were acoustics, the theory of the Archimedean screw, a Newtonian 
wave theory, a theory of a moving ship in a turbulent sea, the three-body 
problem, and the bringing of telescopes and microscopes to their highest 
perfection. While intended for the next year, the list of problems was not 
actually read to the Russian Academy until July 1757.*° 

In 1754 Jean-Philippe Rameau wrote directly to Euler about the oc- 
tave. In Rameau’s theory of harmony, it was a fundamental element and 
essential for resolving the seventh, the first dissonance, into consonance, 
but it was not a mathematical changing point in music. Euler responded 
with “Nouvelles reflexions de M. Rameau,” directed against the Encyclo- 
pedists, especially Jean-Jacques Rousseau, who was in conflict with Ra- 
meau. Where Rameau defined harmony as the basis of music and had 
it depend upon mathematical relationships, providing the basis for its 
modern theory, Rousseau in his Lettres sur la musique frangaise (1753) and 
Examen de deux principes avancés par M. Rameau (ca. 1755) held to the pri- 
macy of melody, criticized the use of mathematics, and praised Italian 
over French music. 

Euler tutored his son Johann Albrecht, who made rapid progress in 
mathematics and the natural sciences; it had by now become apparent 
that Johann Albrecht’s interest lay more in application than in theory. The 
two had collaborated before, when Johann Albrecht had won the prize 
of the Géttingen Royal Society in 1754. Both that academy and its prize 
had been established through the efforts of Albrecht von Haller. Johann 
Albrecht Euler’s paper on the most advantageous way to use water to run 
mills and machinery had aroused great expectations for his future.*’ His 
father helped him with the paper but expected him to make further prog- 
ress by continuing to apply himself to the sciences, and Johann Albrecht 
benefitted from having Kotel’nikov and Bertrand as classmates. Further 
to encourage Johann Albrecht, Maupertuis included him among the six 
people nominated in December 1754 for membership in the Berlin Acad- 
emy, though with a meager annual salary of two hundred Reichsthaler. 
The members unanimously approved the nomination, and Euler was joy- 
ful at his son’s recognition; Johann Albrecht was only twenty. 

Having recently learned of the promotion, Goldbach in April 1755 
offered heartfelt congratulations to both father and son: “I am certain,” 


1753 to 1756 395 


he wrote, “that he has already acquired extraordinary knowledge in math- 
ematics. Nevertheless he will still have to endure, in case he is a lover 
of scholarly disputes, to be contradicted by his antagonist”;** he stressed 
that Johann Albrecht would need to respond independently rather than 
as Leonhard Euler’s son. Euler’s lengthy response to Goldbach maintains, 


Es ist jetz[t] das mathematische Studium so weitlaufig, dass es eine lange 
Zeit erfordert, ehe man sich in allen Teilen so fest setzen kann, dass man 
ohne Anstoss etwas namhaftes darin zu leisten imstand kommt; dahero 
er freilich ohne meine Hilfe noch nichts Sonderliches wiirde zum Vor- 
schein bringen konnen. Insonderheit muss er sich ja in keine gelehrte 
Streitigkeiten mischen.... 


It is now [true] that the studies of mathematics have become so multi- 
faceted that it takes much time before one can gain solid ground in all 
parts, so that without incentives he can accomplish something substan- 
tial therein. So [Johann Albrecht] independently without my help would 
still not be capable of bringing anything considerable to light. Especially, 
he must participate in no scholarly disputes. . . . * 


Institutiones calculi differentialis and Fluid Mechanics 


In 1755 Euler published another masterwork in mathematics, his two-part 
Institutiones calculi differentialis (E212), the second component of his tril- 
ogy on calculus.*° The book was probably begun around 1727, but it was 
mostly finished in 1748 and completed two years later, when Euler was 
forty-three. For the previous decade, he had worked on it steadily." 
Institutiones calculi differentialis is the first textbook to organize sys- 
tematically the hundreds of important discoveries made since the time of 
Leibniz and Newton. Today it is mainly remembered for the definition of 
the concept of function, which stressed not the role of formulae but the 
more general idea of a formal correspondence between two sets of num- 
bers. This new definition, which looked forward to the modern concept 
of mapping between two sets, was probably motivated by the controversy 
with d'Alembert and Daniel Bernoulli over the vibrating string.” The 
book began with the first didactic presentation of the calculus of finite 
differences. Euler viewed differential calculus as the limit of the calculus 
of finite differences when the differences become “infinitely small.” This 
was a sound idea, but Euler did not possess a formal theory of limits, 
and so his program failed at a fundamental point. He had to resort to 
the idea that the differential, an infinitely small quantity, is “a true zero” 
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and to formalize differential calculus as a “calculus of zeroes.” This led 
to a series of hazardous statements. For example, corollary 83 in chapter 
3 noted that the differential “could certainly not be anything but zero, 
for if it were not = 0, then a quantity equal to it could be shown, which is 
against the hypothesis” and that “there are not so many mysteries hidden 
in this concept as usually believed. The mysteries have rendered suspect 
to many people the calculus of the infinitely small. Doubts that remain 
we shall thoroughly remove in the following pages.’ The exactness of 
mathematics, Euler argued, required that the differential equal precisely 
zero. Thereby he refined the classical notion of infinitesimals as quantities 
tending to zero. He wrote, “[E]very quantity can be diminished until it 
vanishes completely, and is reduced to nothing. But an infinitely small 
quantity is simply an evanescent quantity and therefore actually equal to 
zero.”* His vague definition of infinitesimals as quantities smaller than 
any fixed number looked back to the ideas of Johann I Bernoulli, and it 
would remain the accepted formulation of calculus for several decades. 
Euler’s work had the merit, however, of having removed the indetermi- 
nacy of higher-order differentials and making what we now call the de- 
rivative of a function more prominent than the differential.” 

The second part of Institutiones calculi differentialis contains an impres- 
sive array of important results, many of them found by Euler himself. 
Chapters 5 and 6 elaborate his summation formula for the Basel Problem 
and what would later come to be called the Euler-Maclaurin Formula. The 
results of the Bernoulli numbers were many, starting from their generat- 
ing formula and going on to their application at the summation of power 
series and connection with the Riemann zeta function. Euler found sev- 
eral properties of these numbers, which had applications in many fields 
of mathematics, and their computation provides a challenging problem 
even today. With them Euler obtained exact sums of power series of even 
reciprocals. Among the questions that Euler studied in chapter 6 are the 
partial sums of the harmonic series, the Euler constant gamma, the value 
of x, and approximated formulae for large factorials. 

The book was to be extremely influential, and is now considered one 
of the most important scientific texts of the eighteenth century. But its first 
impact on the scientifically educated public was slight and disappointing: 
after six years, 406 of the 500 copies of the first edition remained unsold. 
‘The state of university education in calculus at that time suggested that a 
wider readership did not yet exist for a book written on that level. 

In transforming infinitary analysis and applying it skillfully to astron- 
omy, mechanics, and optics, along with advancing analytic number theory, 
Euler was bold, nearly tireless, agile, and occasionally bizarre. He sought 
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to bring more coherence, order, and simplicity to each of these fields and to 
reduce seeming complexities and disjointed areas. Carrying out his massive 
computations required that he devise fruitful analogies, algorithms, and 
formulas. In the invention of unorthodox methods for summing infinite 
series with deft interpolations, approximations, and substitutions, he was 
unmatched. Like the Bernoullis, Euler had a sharp sense of the problem, 
looking for other geometers and natural philosophers with worthwhile so- 
lutions illuminating the whole. His analytical intuition was peerless. When 
temporarily blocked from making further computational advances, he 
turned to pursue other topics and awaited a breakthrough whenever he 
or others made them. Possessing them, he returned to problems to refine 
methods and to provide another round of extensive computations. 

In these calculations Euler was essentially a formalist. He placed 
great demands on himself and was almost always correct; to confirm his 
equations in mechanics, astronomy, and optics, he required the most ac- 
curate and thorough observations and experiments. He sharply distin- 
guished between results derived from measurements and those devised 
from reason; he did not ignore or seek to remove empirical measurements 
but wanted to lessen the need for them. Although he made few errors and 
had scarce lapses in rigor, his work has been portrayed as “happy-go-lucky 
analysis,” for his methods in calculus do not conform to the standards of 
rigor of the late nineteenth century.” This evaluation might apply to an- 
other with a lesser intuition or without a penetrating sense of problems, 
but is mistaken for Euler. As a matter of fact, in his day satisfactory proofs 
of convergence were only beginning to emerge; Euler had supplied one, 
the integral test. Only with the work of Augustin-Louis Cauchy in the 
early nineteenth century would come a general theory of convergence and 
much of the rigorous foundation for calculus. 

In his Novum Organon of 1620, Francis Bacon had offered a power- 
ful symbolic metaphor in his aphorism 1.95, rooted in antiquity, of ants 
(mindlessly gathering), spiders (producing works from their own sub- 
stance, like pure rationalists), and bees (observing, collecting, digesting 
and analyzing, and transforming) that might be applied to Euler. These 
terms were commonly used at the time for the study of nature. Bacon 
argued that good natural philosophers were unlike ants and spiders. In 
this metaphor, which Bertrand Russell found somewhat unfair to the ant, 
Euler would be a splendid bee. 

Expanding upon d’Alembert’s pathbreaking but imperfect work in 
fluid mechanics, from 1752 to 1755 Euler wrote a three-part series of mas- 
terful articles that laid the foundations of modern fluid dynamics. He had 
read to the Berlin Academy, reportedly in August 1752, a treatise titled 
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“De motu fluidorum in genera” (On the motion of fluids in general). Ac- 
cording to Clifford Truesdell, the article was probably published much 
later in 1761 under the title Principia motus fluidorum (E258). In 1753 
Euler read another paper that became the first in his series, completing its 
final version in 1755: “Principes généraux de l’etat d’equilibre des fluides” 
(General principles of the state of the equilibrium of fluids, E225). In 1757 
all three parts were published in volume 11 (for 1755) of the academy’s 
Mémoires. The articles reduce to differential equations the entire theory 
of hydrostatics. Euler was perfectly conscious of the importance of this 
step. At the beginning of the article he wrote, “The generality I here take 
on, far from dazzling our enlightenment, reveals to us the true laws of 
Nature in all their brilliance, and there we shall find even stronger reasons 
to admire her beauty and her simplicity.” 

This article contains the differential equations known today as the 
Euler equations for hydrostatics. He introduced the pressure () in the 
modern sense: not as a force against the walls of the vessel but instead 
as a measure of the internal stress of the fluid.*! For dynamic principles 
he proved that there is no essential difference between compressible and 
incompressible fluids. These three articles on fluid motion marked a turn- 
ing point, with the continuum view of matter advanced as an essential 
principle; this was a fundamental contribution to rational mechanics. 

At the Berlin Academy in September 1755, Euler presented the second 
section of the treatise, “Principes généraux du mouvement des fluides” 
(General principles concerning the motion of fluids, E226), which places 
the entire theory of fluid motion on the same level as his principles of 
hydrostatics and their equilibrium in the previous article. Here Euler ob- 
tained the dynamical equations for ideal fluids, one of the greatest achieve- 
ments of all time in mathematical physics. It is difficult to summarize the 
paper, but every single result appears in modern treatises. For example, 
Euler gave a counterexample to the hypothesis that velocity necessarily ad- 
mits a potential. He showed that the particles of a fluid have fewer restric- 
tions than applied for solids. He also gave boundary conditions for related 
partial differential equations. To clarify when velocity potential existed, 
Euler gave counterexamples of simple vortex flows. The theory of fluid 
motion he reduced to the solving of various analytic formulas. 

At the beginning of the paper Euler derived the partial differential 
continuity equation 0u/Ox + dv/dy/ + Ow/dz = 0, where u, v, and w are the 
components of the velocity. His derivation is similar to one of d’Alembert’s 
in d’Alembert’s paper for the 1750 Berlin Academy prize, but Euler did 
not mention dAlembert. Relations between the two were touchy, and 
the reason for this silence is unclear. It does not seem likely that Euler’s 
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failure to mention d’Alembert was simply an oversight, and it deepened 
the chasm between the two men. Their correspondence in 1750 contains 
no mention of fluid mechanics. 

The third section of Euler’s treatise, “Continuation des recherches sur 
la théorie du mouvement des fluides” (Continuation of the research on the 
theory of fluid motion, E227) augmented “Principes généraux du mouve- 
ment des fluides.” It applied the theory developed in the second section 
to specific examples, offering a detailed theory of flow in tubes, and for 
the first time dealt with compressible fluids. Euler put his work in his- 
torical perspective, noting, “However sublime are the researches on fluids 
which we owe to Mssrs. [Johann I and Daniel] Bernoulli, Clairaut, and 
d'Alembert, they flow so naturally from my two general formulas that one 
cannot sufficiently admire this accord of their profound meditations with 
the simplicity of the principles from which I have drawn my two equations, 
and to which I was led immediately by the first axioms of mechanics.”” 

This statement, sometimes interpreted as Euler’s disparaging the 
achievement of his predecessors and inflating his own, followed his pat- 
tern of praising significant accomplishments of his predecessors. He took 
a more general point of view that recognized prior work. 


A New Telescope, the Longitude Prize, 
Haller, and Lagrange 


In the four years after 1752, Euler had broken off relations in astronomy 
with d’Alembert and stopped corresponding with Clairaut. No evidence 
of a falling out with Clairaut exists; more likely their interests diverged. 
After Euler failed to be elected a foreign member of the Paris Academy of 
Sciences in 1753, which d’Alembert called a great injustice, the next va- 
cancy occurred in 1755 when Abraham de Moivre died; but that position 
was reserved for the president of the Royal Society of London, the astron- 
omer George Parker, Second Earl of Macclesfield. Undeterred, Clairaut 
probably helped arrange in June to have Euler elected simultaneously as 
an associate member. The honor, Euler wrote to Wettstein in August, “has 
given me a great deal of pleasure.” That letter also expressed his impa- 
tience in waiting for the latest volume of the Philosophical Transactions of 
the Royal Society. Euler requested two copies, one being for Johann The- 
odor Eller. A letter in November addressed his extensive work in dioptrics 
to perfect the telescope. His design of an achromatic nine-foot telescope 
with multiple lenses, the surfaces of each improved to reduce refraction 
and give greater clarity, differed from the telescope of Dollond that had 
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been examined in the previous volume of the Philosophical Transactions. 
Euler believed that his design was superior, and he urged craftsmen in 
London to manufacture his new telescope. 

In May 1755 Euler informed Mayer that the English, after exhibiting 
complacency in basing lunar tables on Newtonian theory, would recog- 
nize the superiority of Mayer’s recently improved lunar tables and should 
award him the maximum prize of the £20,000 sterling that the British Par- 
liament had promised since 1714. Mayer had perfected to within one de- 
gree the method to determine the location of the moon, which allowed for 
obtaining longitude at sea to a half degree and latitude to ten minutes, giv- 
ing the precision required to win the prize. The discovery of this method 
alone deserved part of the longitude award, and at this time no further 
improvements were likely. So encouraged, Mayer sent to English officials 
with Hanoverian connections and then to the English Board of Longitude 
his lunar and solar tables that applied differential equations from Euler, 
derived the formulas on which Mayer had based his latest tables, and thus 
claimed he was due the longitude prize. Euler was very curious about 
this matter and asked to be kept informed of its progress. James Brad- 
ley, the royal astronomer, unsuccessfully recommended Mayer’s tables for 
the longitude prize. Euler believed that the English commissioners had 
done Mayer an injustice by explaining that since they claimed the tables 
were in print, they were ineligible as an original work for the award. Euler 
knew that Mayer’s latest tables allowed for computing longitude to thirty 
seconds compared to the previous four-minute differential in others, that 
they were not the ones in the Géttingen Commentationes, and that these 
new tables were yet unpublished. Since the competition winner had to 
demonstrate practical applications, Mayer’s method had to be tested at 
sea, but the Seven Years’ War, beginning in 1756, precluded this for a 
time. The English wanted John Harrison’s clockmakers to develop an al- 
ternative that was more exact. 

After the Swiss anatomist Albrecht von Haller expressed interest in 
working for Frederick II as the curator and a professor at the University 
of Halle, in May 1755 the king instructed Euler to invite him to those 
positions. Haller, a distinguished naturalist and physician as well as a pre- 
vious student of Hermann Boerhaave in Leiden, had retired two years 
earlier as a professor of medicine, botany, and surgery at the University of 
Géttingen. Euler was not enthusiastic about the potential appointment 
of Haller, believing that Segner would contribute more to scholarship. 
Complying with the king’s wishes, he proposed a salary of two thousand 
Reichsthaler; in mid-August Haller requested three thousand Reichs- 
thaler, stressing that he preferred the leisure and freedom of his native 
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Bern to joining a prominent scientific institution with a modest salary. He 
also mentioned that he did not wish to undertake the Prussian post for 
another decade. Frederick found excessive Haller’s requests as regarded 
salary and benefits. He apparently thought that Haller was negotiating 
with Prussia only to leave Hanoverian service and gain more benefits from 
the University of Géttingen. The monarch then left the further negotia- 
tions to Euler, who offered 2,400 Reichsthaler, which Haller also rejected. 
In October and November Euler and Haller exchanged letters, and in 
December Haller declined the Halle professorship because his terms had 
not been met. Instead he chose to remain in Bern, where he had moved in 
1753, to enjoy its liberty and to participate in public service contributing 
to improving the school system, the care of orphans, and city economics. 
Haller wrote to Maupertuis that he was unsuited by nature to court cere- 
monials and the king’s roundtable with its conduct that ran counter to his 
timidity.** Frederick was happy with Euler for attempting to increase the 
honor of Prussia and his royal self, and he was pleased that Euler had him 
elected one of the ten foreign members of the Paris Academy of Sciences 
in 1756. The relations between the two men were at their zenith. 

In August 1755 Euler received the celebrated second letter from La- 
grange, which was revolutionary in that it proposed a way of eliminating 
the tedium of Euler’s geometric considerations in the Methodus inveniendi 
by reducing variational problems entirely to analytic techniques. In a suc- 
cinct description, Lagrange introduced a new algorithm, analogous to or- 
dinary differentiation of functions and denoted by the Greek letter delta 
(A), which reduces to a set of algebraic rules the solution of variational 
problems. In September Euler wrote that Lagrange had bought the theory 
of maxima and minima to a high point of perfection in its generality and 
usefulness.*’ Lagrange’s letter started a major development in what Euler 
now renamed the calculus of variations. To be sure to give Lagrange full 
credit for the discovery, he withheld articles on the subject until Lagrange 
had perfected his ideas and published them in the 1760-61 volume of the 
Miscellanea Taurinensia (Turin miscellany). 


Anleitung zur Nauturlehre and Electricity 
and Optimism Prizes 


Besides making prolific and seminal contributions to mathematics and 
introducing a succinct notation, through his style Euler advanced and 
shaped the field perhaps more than any of his contemporaries. To his 
stress on collaboration, participation in fierce competitions, and open 
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exchange of methods and results through publications and extensive cor- 
respondence, Euler added another dimension to his style in the Lagrange 
case. While he already gave credit to others where he deserved it, such 
as in the case of Maupertuis and the principle of least action, he now 
went further by not simply applauding the achievement of a talented ju- 
nior scholar but by generously allowing that scholar time to prepare and 
publish his work first; this would resolve any question of priority. In his 
“Dialectics of Painting” (ca. 1647) the great French artist Nicolas Poussin, 
who emphasized the importance of clarity, logic, and order in the arts, 
had defined the term style—in a way that may be applied to Euler—as “a 
particular manner and skill . . . which comes from the particular genius of 
each individual in his way of applying and using ideas. ‘This style, man- 
ner, or taste comes from nature and intelligence.” Having Lagrange’s 
powerful tool, Euler proceeded over roughly the next decade and a half 
to invent the analytical form of the calculus of variations. 

Possibly as early as 1755, but more likely a few years later, Euler com- 
pleted his Anleitung zur Naturlehre (Instruction for natural philosophy, 
E842) in 162 folio pages, his most important work on the nature and laws 
of the theory of matter. It again rejected Wolffian monads. This book 
did not affect the continuing debate over the smallest amounts of matter, 
for the particular manuscript, which was kept among Euler’s numerous 
writings in Berlin (most of which were published) was fated to be forgot- 
ten for almost a century until Paul Heinrich von Fuss discovered it in 
1844, publishing it in the Opera postuma in 1862. Euler’s increasing atten- 
tion to astronomy and geometric optics, his belief that he had already dis- 
proved monads, and Wolff’s death in 1754 may explain its being set aside; 
Euler did not want to argue with a recently deceased opponent. Chapters 
1-5 examine the basic properties of matter, centering on impenetrabil- 
ity, while chapters 6-11 explain forces. Chapters 12-19 discuss the ether, 
subtle celestial air, and mutual attraction or gravitation. 

Continuing the recent investigations in Berlin and Saint Petersburg 
of the physical causes of electricity, the Russian Imperial Academy made 
it the prize topic for 1755. At the time, that institution was at an ebb in its 
research; according to its Protokolii (Protocols), essentially its conference 
minutes, only three to five members attended most meetings. Johann Al- 
brecht Euler submitted a paper, “Disquisitio de causa physica electricita- 
tis,” that won the prize. It explained electricity as stemming from the least 
and most elastic part of the ether that penetrates the pores of all matter; 
rubbing together two bodies of different masses produces this electricity. 
Since the elder Euler had written on the topic and knew Lomonosov’s re- 
search, it was thought that he had written the paper, but his position with 
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the Imperial Academy in Russia made him ineligible to participate. In 
September 1755 the conference secretary Miller sent an inquiry to Euler 
requiring that the author indicate his name on the first and last page of 
the dissertation. Euler responded that while he had developed the general 
theory, his son Johann Albrecht deserved the prize, having worked out the 
particulars. The text and his son’s name were in Latin. 

For 1755 the philosophy department of the Berlin Academy had cho- 
sen as the prize topic an examination of the plausibility of a version of Al- 
exander Pope’s optimism from the French translation of the Essay on Man 
that tout est bien (all is for the best, or whatever is, is right). During the 
devastating Lisbon earthquake on the morning of 1 November, All Saint’s 
Day, many died in churches, and it was followed by a tsunami and five days 
of fire that destroyed most of the city, so the effect was to challenge the no- 
tion of optimism. This particular competition popularized a supposed af- 
finity between Pope and Leibniz, who could be trivialized as proposing a 
theory of the best of all possible worlds. Johann Georg Sulzer, Christoph 
Martin Wieland, and their Wolffian allies in Zurich still believed that a 
Leibnizian triumph was possible. Sulzer had opposed the selection of the 
prize topic, worrying that this might be used as an opportunity to belittle 
Leibniz, but he thought that in the academy vote Johann Philipp Hei- 
nius and Formey were with him and Merian alone could not be effective. 
This would defeat Maupertuis’s Essai de cosmologie, which found excessive 
most final considerations in physicotheology and rejected Pope on the 
problem of evil. Pope’s Essay, published in 1733-34, asked how a divine 
creator who is good could allow evil and projected a distant clockmaker 
God. French freethinkers embraced its universalist spirit, while Euler op- 
posed a narrow interpretation of Pope," believing the problem of evil to 
be beyond human understanding. In the final vote Formey turned to back 
Maupertuis, and A. F. Reinhard won the prize challenging Pope’s sys- 
tem. Before the winning article was published in autumn, an anonymous 
English-language treatise titled “Pope, a Metaphysician” argued against 
depreciating Leibniz and his theory; its authors, Moses Mendelssohn and 
Gotthold Ephraim Lessing, had entered the competition after the winner 
had already been chosen.” The academy was widely and bitterly criticized 
for giving the prize to what was deemed a mediocre article. 


Chapter 12 


War and Estrangement, 
1756 to July 1766 


hief among the matters that Leonhard Euler discussed with the Rus- 

sian Imperial Academy of Sciences from the end of 1755 through the 
first half of 1756 was the problem of paying for the printing of his two- 
volume Jnstitutiones calculi differentialis (Foundations of differential calcu- 
lus), which was under agreement with the publishing and paper trading 
firm of Haude and Spener in Berlin. Euler wanted to be sure that the best 
paper be used; after Ambrose Haude’s death in 1748, the firm had been 
expected to use only paper of high quality. Apparently the Petersburg 
Academy had agreed to fund the publication. In September 1755 Johann 
Schumacher awaited from Euler two copies of the Jnstitutiones and seven 
volumes of the work of Polybius. As the printing progressed, Euler found 
his first estimate of 229 rubles to be too low; instead he needed about 
335. Since Schumacher was seriously ill, he tried to collect payment from 
Grigorij Nikolaevich Teplov in November. Euler’s letter the next month 
to Teplov claimed that Kirill Gregor’evich Razumovskij had promised to 
pay for this project. Another letter from December wished Schumacher 
good health and repeated the financial request. 

As usual in matters of finance, Euler was tenacious. In January 1756 he 
informed Razumovskij about his problem in obtaining the payment, and the 
next month he took it up with the academy’s conference secretary Gerhard 
Friedrich Miller. A lengthy letter to Schumacher in February lists the exact 
cost as 325 rubles plus 2 percent interest. Euler believed that the greater ex- 
penditures might be retrieved from the subsequent sales of the book for 1.5 
Reichsthaler. But payment at this time was absolutely necessary. 


The Antebellum Period 
In March, April, and May 1756, Euler repeatedly requested that Miiller, 
his main correspondent in the Petersburg Academy that year, provide 


funds to cover the printing of his Jnstitutiones, but all of his entreaties 
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failed. In a letter in June Euler called it shameful that since that academy 
was not sending funds, he had to pay the cost from his personal means. 
He was fortunate to have sufficient income from winning the double Prix 
de Paris in 1756 for his fundamental article “Investigatio perturbationum 
quibus planetarum motus ob actionem eorum mutuam afficiuntur” (An 
investigation of the perturbations by which the motions of the planets 
are affected by their mutual action upon each other, E414).' Responding 
in June 1756 Miller expressed regret at Euler’s using personal funds for 
the printing of his Jnstitutiones, complimented him on winning the Paris 
prize, praised the research of the Milanese mathematician and physicist 
Paolo Frisi on electricity, and sent questions for Franz Ulrich Theodor 
Hoch Aepinus. 

Euler continued in his attempts to prepare native scholars to fill acad- 
emy and university posts in Russia. In December 1755, he had reported to 
Teplov that under his instruction in Berlin Semjon Kirillovié Kotel’nikov 
and Stepan Rumovskij had made great progress in mathematics, sur- 
passing other foreigners in it. A letter to Schumacher the next April re- 
viewed Mikhail Ivanovié Sofronov’s grades. In June Miller wrote that 
Kotel’nikov and Rumovskij had returned to Saint Petersburg. For his edu- 
cation of Russian students, his publications in the academy’s Commentarii 
and Novi Commentarii, and his later research circle in Saint Petersburg, 
Euler is credited with establishing a Russian school of mathematics. It is 
clear that he also founded the continuing Russian school of astronomy. 

Euler’s letters to Miiller cover the arrival of the chemist Ulrich Chris- 
toph Salchow in Saint Petersburg to join the academy and the appoint- 
ment of Gerhard Andreas Miiller to the chair of physics at the University 
of Giessen, along with Euler’s own research, especially on the path of 
Venus and on optical technology. In January 1756 Euler inquired about 
a rumored comet not yet seen in Berlin and announced his invention of a 
more powerful magic lantern, a machine that could magnify the represen- 
tation of objects and project images of all sorts on a wall. For at least five 
years since writing “Emendatio laternae magicae ac microscopii solaris” 
(Improvement of the magic lantern and solar microscope, E196) in 1750 
he had worked to perfect it,” addressing the problem of the more that ob- 
jects were magnified the less distinct they became. The name magic lantern 
Euler traced back to a wish to suggest magic or witchcraft. It differed from 
the common camera obscura, a device that passed a bright light through 
a small hole in a thin material so that the rays would not scatter but cast 
images upside down on a flat surface opposite to the hole; applying only 
to figures painted on glass, the camera obscura was more limited than 
the magic lantern. Euler gave his improved version of the lantern to his 
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Russian pupils and another to Razumovskij. Like Galileo Galilei, he rec- 
ognized the support that recreational devices might generate for further 
projects. After turning to dioptrical systems in “Régles générales pour la 
construction des telescopes et des microscopes” (General rules for the con- 
struction of telescopes and microscopes, E239, 1756) Euler did not pursue 
new theoretical research on magic lanterns.’ In April 1756 he claimed that 
his optical research had produced the best construction to date of the tele- 
scope and microscope, and he recommended the purchase of magnetic 
needles from Swiss mechanist and instrument maker Johann Dietrich. 

Numbers 196 and 197 of Euler’s Lettres a une princesse d‘Allemagne (Let- 
ters to a German princess), sent in 1762, describe the magic lantern in 
detail. Euler introduced larger wicks on lamps inside the machine and 
chimneys to let smoke escape and thereby help illuminate objects as much 
as possible. He observed that rays from the sun strengthened by what 
is called a burning glass could provide light for the lantern and turn it 
into a solar microscope. The camera obscura remained a popular topic; 
Francesco Algarotti would explain it in his Saggio sopra la pittura (Essay on 
painting) in 1764.* 

During the first four months of 1756, Euler and Christian Goldbach 
exchanged six letters. Covering applied mathematics, M. Chauchot’s win- 
ning of the Prix de Paris for 1755 on the rolling and pitching of ships, and 
the difference between metaphysical and mathematical proofs, the corre- 
spondence still stressed number theory. Euler attempted to prove the bi- 
nary Goldbach conjecture that it is possible to express every even integer 
greater than 2 as the sum of two primes (for example, 10 = 7 + 3 and 12 = 
5 + 7), but he was not successful. He gave fourteen theorems on properties 
of prime numbers and proofs, including by contradiction. These theorems 
dealt with such issues as when large numbers are prime. 

In April Euler shared with Pierre Maupertuis the second letter from 
Joseph-Louis, Comte de Lagrange that had come the previous August. In 
a condensed form understandable only to Euler, it presented Lagrange’s 
precise new algorithm for solving isoperimetric problems. Euler would 
soon coin the term calculus of variations, and asserted that “all of dynamics 
and hydrodynamics can be developed with astonishing ease by the single 
method of maxima and minima.” Euler believed that Lagrange had at- 
tained the greatest perfection in the field; his algorithm reduced to analysis 
Euler’s abstruse geometric methods of finding maxima and minima, and 
it solved some of the problems in Euler’s Scientia navalis—and others else- 
where—that Euler’s method could not. Lagrange sought to demonstrate 
that by applying his algorithm to ordinary techniques in dynamics and 
hydrodynamics researchers could solve the most difficult problems. Euler 
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was ecstatic. Although he had corresponded with Alexis Claude Clairaut 
and Jean-Baptiste le Rond d’Alembert, he had never addressed a genius 
comparable to himself in the sciences. Although Lagrange was only eigh- 
teen Euler treated him as an equal, and Maupertuis was also taken with 
Lagrange’s sagacity. The letter justifies the principle of least action, which 
Maupertuis called the supreme law of physics. Lagrange’s effort to prove 
its “greatest possible universality” much pleased Maupertuis,° and he rec- 
ommended that Lagrange be elected to the Berlin Academy. Euler invited 
him to leave Turin and its artillery school and come under the protection 
of the Prussian king. In May Lagrange declined but asked Euler to thank 
Maupertuis for the proffered honor. 

On 3 June Maupertuis presided for the last time over the Royal Acad- 
emy of Sciences in Berlin. In November Lagrange was to demonstrate 
generally how to approach rapidly with a line and solve the brachisto- 
chrone curve with one end point free, a problem that Euler had previously 
solved only for special cases. 

In June 1756 Maupertuis, his weakened lungs unfit for the harsh Ber- 
lin winter to come, departed from the city for the healthier climate and airs 
of Paris, Bordeaux, Toulouse, and Saint Malo; he would never return to 
Prussia. His increasing disaffection with the German intellectual commu- 
nity, his displeasure with the paucity of German achievements in his acad- 
emy, and the tug of his loyalty between Prussia and France also figured in 
his decision. During his last two years in Berlin, Maupertuis had attended 
only sixteen meetings of the academy, but he oversaw finances, member- 
ship, and publications. Even after the Seven Years’ War commenced in 
1756, correspondence continued between the enemy capital cities Paris 
and Berlin. While in Prussia Maupertuis had retained a connection to 
France and now, in France, he would in part remain loyal to Frederick IT, 
though this disturbed many of his friends; he and d’Alembert would even 
congratulate the Prussian monarch on his victories. Maupertuis wanted to 
return to Berlin via a route passing through Hamburg, but that port was 
blocked to him, and was it not possible to make a sea journey to Prussia 
leaving from Bordeaux.’ Frederick recommended that his ailing president 
go to Italy to recuperate and lengthened the time allocated for his vaca- 
tion, but Maupertuis did not go to Italy. 

Maupertuis confidently left the academy in the hands of Euler, who 
resumed the office of acting president, a position that he had held during 
Maupertuis’s earlier absence. While they differed on some membership 
selections, the two were now close friends; Euler was the dominant fig- 
ure in the sciences, and Maupertuis in society, and both were religious. 
That Euler was a Reform Protestant and Maupertuis a Catholic presented 
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no obstacle to their collaboration. The president trusted Euler, which 
strengthened his influence at the academy. Diametrically opposed to both 
of them in religion, Frederick II sought to add to the academy such free 
spirits as Louis Isaac de Beausobre in 1755. For the moment the king, oc- 
cupied with the war, left the acting president in control of the academy’s 
selection of members and finances; Euler believed both powers to be criti- 
cal to an independent and professional institution. (Their subsequent loss 
to Frederick would eventually influence his decision to leave Berlin.) 

In absolutist Prussia the old patronage system was shifting. While 
personal patronage ties still existed in the sciences with maneuverings and 
brokering among ministers, well-situated aristocrats, generals, and senior 
academicians were replacing them in the etiquette of the royal court.’ As 
president of the Berlin Academy at midcentury, Maupertuis had sought 
honors such as salaries, titles, and recognition reflecting his noble status. 
Other leaders benefited from the patronage system, including Clairaut, 
d’Alembert, and Euler, but they and most of their academic colleagues did 
not consider such patronage necessary for participation in the life of the 
sciences. A commoner by birth, Euler at this point saw no need to pursue 
noble rank. While the academicians were free in selecting their intellec- 
tual stance, they publicly justified and gained financing for their scien- 
tific research and technical work by demonstrating its utility to the state 
and the public. Euler had to navigate the interests of the higher nobility 
at the royal court, including the state ministers, but again mainly met 
resistance because the role of science was not yet established in the Prus- 
sian royal state. While no longer courtiers except on special occasions, the 
academicians were not yet independent professionals, a status that Euler 
attempted to build for them. Euler and Maupertuis, who were not com- 
petitors, did not face conflicting ambitions. Only after the war would the 
king reassert total authority over the academy. Through letters exchanged 
with Euler and with Johann Bernhard Merian, who was named librarian 
of the academy in 1757 and often replaced Jean-Henri-Samuel Formey as 
secretary, Maupertuis continued to submit articles and helped to oversee 
the publications and finances of the academy. 

Euler persisted in his effort to draw Lagrange to Berlin. Although in 
July 1756 Lagrange did not want to leave Turin, the next month Euler 
included his name on the list for election as a foreign member of the acad- 
emy. Once he was so named Lagrange changed his mind and wanted to 
move to Berlin. His opposition to any attempt to disprove the generality 
of the principle of least action and his praise for the research of Mauper- 
tuis strengthened his case for regular membership in the Berlin Academy. 
“T count myself very fortunate,” Lagrange wrote, “to be able, after the 
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learned Euler to contribute in some manner to the universal application 
of that law.” It “will always be esteemed as the most beautiful and impor- 
tant discovery of mechanics.”® He did not, however, agree with Mauper- 
tuis that it was a fundamental metaphysical law; to that point only Euler 
understood its total application. Lagrange apprised Maupertuis that he 
would accept an advantageous offer, meaning a larger salary. Maupertuis 
instructed Euler to act as an intermediary in the recruitment and imme- 
diately arrange suitable compensation. In September Euler reported that 
to recommend Lagrange for the position Maupertuis awaited the return 
of the king to Berlin. In October Lagrange wrote to Euler that his salary 
must surpass what he was making in Turin. 

In the fall of 1756, the disruption of the Seven Years’ War brought a 
break to postal service between Berlin and Turin that effectively stopped 
the initial negotiations. In January 1757 Maupertuis recommended that 
the salaries freed up by the deaths of several members of the physics de- 
partment, among them Johann Nathanael Lieberkihn, be combined to 
pay Lagrange. But Euler’s efforts to obtain that salary foundered. Mau- 
pertuis had left Berlin, and in February Euler wrote to him, “We see little 
possibility of electing Lagrange. In the present circumstances [the war], no 
one dares make the proposal to the king.”'” And Lagrange’s articles were 
not yet available. His salaried position in Berlin would not come for nearly 
a decade. 

Just before the war started, Euler’s Russian students and adjuncts had 
returned home, though Euler kept in touch with Miller. He was pleased 
with the progress of these students but had regularly criticized the Pe- 
tersburg Academy for not fully funding their living expenses. Euler’s cor- 
respondence with Miller continued without interruption throughout the 
war; in December 1756 he requested for a friend a copy of the horoscope 
of Nostradamus, published in Geneva in 1565, that was difficult to find. 


Into the Great War and Beyond 


In early 1756 a sharp realignment of alliances, called the diplomatic revo- 
lution, replaced the old arrangement in Europe that had pitted France 
and Prussia against imperial Austria and Britain. In January Frederick 
II secretly signed the Convention of Westminster with his old enemies 
the British to avoid an attack from Hanover, but he failed to inform his 
French allies of the convention, and they viewed it as a betrayal. Appar- 
ently Frederick thought unlikely a rapprochment between imperial Austria 
and France, but that reorientation became imperative for the Habsburg 
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monarch Maria Theresa and leaders in her court after the loss of Silesia to 
Prussia in the first two Silesian Wars ending in 1748. Negotiations headed 
by the Austrian foreign minister and later state chancellor Prince Wenzel 
Anton Kaunitz had Austria join France in 1756, and France agreed to end 
its wars against the Austrian Habsburgs. This shift in partners made for 
a confessional (meaning religious) match, with Catholics facing Protes- 
tants. Orthodox Russia under Empress Elizabeth also joined Austria and 
France, and these three European powers formed a strong coalition that 
confronted Prussia. Frederick’s unprincipled diplomacy and his taking of 
Silesia from Austria awakened a lust for revanche against him. The other 
states in coalition also wanted to reduce the sudden growing power of 
Prussia. 

In August 1756 the Seven Years’ War began with Frederick’s inva- 
sion of Saxony. He claimed that this was a preemptive act of self-defense, 
but no evidence existed that Saxony was involved in preparing the plans 
against him that were under way in Vienna and Saint Petersburg. War 
on the part of Prussia against Austria and Russia was imminent. Brit- 
ain, wanting to avoid military intervention, provided Prussia mostly with 
financial aid. The war was popular; the states in the west experienced 
a surge of patriotism, the concept of nation was developing among all 
classes beyond the concept of royal states. The Seven Years’ War was to 
involve the very survival of Prussia and at the end confirm its new status 
of European power. While its principal theater was in central Europe, a 
clash in commercial interests between Britain and France took it to Af- 
rica, Canada, the Caribbean, India, and the Philippines; it was the first 
truly global war. 

The conflict opened with Prussian victories in Frederick’s conquest of 
Saxony and appropriation of its finances. A month after the king entered 
Dresden in September 1756, Euler reported to Johann Kaspar Wettstein 
that Frederick had ordered Te deum (based on Psalms 20:6) sung in all 
churches. Since there are two numberings of Psalms, it is either the prayer 
for the king in time of war or, more likely, thanksgiving and glory in vic- 
tory along with prayers for the king. In mid-1757, Frederick defeated the 
imperial Austrians at Prague and Kolin. Although the Prussians had the 
initiative through 1757, these were not the decisive battles that Frederick 
sought. Instead the Austrians inflicted heavy losses on his forces, and the 
war was costly; the Prussian economy suffered sharp losses. A triumph 
late in 1757 against a Franco-Austrian force at Rossbach and Leuthen 
marked a brief resurgence of the Prussian position. In a letter to Mauper- 
tuis that December Euler mentioned the first of these victories. But worse 
times lay ahead for Prussia. 
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While early in the war Euler made little of his Russian connections, 
they did not prevent him from proposing to Miller two scholars for posi- 
tions in Russia. In 1755 the physician Franz Ulrich Aepinus and his audi- 
tor and mathematician Johan Carl Wilcke had come to Berlin from the 
University of Rostock and studied electricity together. During the next 
two years, Euler recommended Wilcke to teach physics at Moscow Uni- 
versity, but he went instead to the Royal Swedish Academy of Sciences. To 
succeed Georg Wilhelm Richmann at the Petersburg Imperial Academy 
Euler guided through the election of Aepinus, whom he found excep- 
tional in physics and astronomy and who had been named director of the 
Berlin Observatory. A deep friendship developed between the two: Aepi- 
nus boarded with Euler and participated in his table society meetings. In 
October 1756 Euler informed Miller that Aepinus wanted to leave Berlin 
for Saint Petersburg. The next January Euler gained from Frederick the 
release of Aepinus, who left for Russia as the war raged. From Aepinus 
Euler had learned of electrostatic analogies, elastic electric fluids, and the 
latest on magnetic phenomena. He told Maupertuis that he considered 
Aepinus’s work the foremost at the time in electricity. Aepinus was writ- 
ing Tentamen theoriae electricitatis et magnetismi (An attempt at a theory of 
electricity and magnetism), which further develops Benjamin Franklin’s 
one fluid theory of electricity and bases electrical phenomena on action 
at a distance without giving its cause. After learning of this fundamental 
electrical research, Euler and his son Johann Albrecht turned more to the 
subject. 

In July 1756 Euler entered into a lawsuit against Count Peter Karl 
von Keith, a neighbor whose land bordered his Charlottenburg estate, 
over damages relating to the boundary and divisions of a private cem- 
etery. This challenge demonstrated Euler’s independence; a commoner, 
he confronted a landed aristocrat and curator of the Berlin Academy. 
The dispute took more than a year to resolve, and its appearance often 
in Euler’s correspondence suggests its significance to him. He cited the 
case in letters to Maupertuis in August and October 1756, and in January 
1757 reported Keith’s death. In February of that year he commented on 
d’Alembert’s attack on him for continuing the case. In September 1757 
Euler won the lawsuit; he was awarded five thaler, but each side had to 
pay one hundred thaler, the cost of court work and the lawyers." Letters 
to Maupertuis in January, September, and December 1757 and February 
1758 also mention the case. 

In 1756 Louis Bertrand of Geneva, who later became a professor of 
mathematics there, was among Euler’s correspondents; Euler called him 
“one of my best friends.”"* From 1752 to 1756 Bertrand had resided with 
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him in Berlin; possessing a good knowledge of mathematics when he ar- 
rived, he received an advanced level of instruction from Euler. Bertrand 
succeeded so ably that Euler believed that he should be a member of the 
Berlin Academy. 

In Berlin Bertrand’s main task was to tutor Frederick II in mathemat- 
ics. With the beginning of the Seven Years’ War, the king granted Ber- 
trand permission to travel to London. In a letter from August 1756 Euler 
asked Wettstein to make travel arrangements for Bertrand; the same letter 
expressed Euler’s worry that a few verses in the almanac that he had pre- 
pared at the academy were being falsely credited to Voltaire, when their 
correct attribution should have been to Joseph Francheville. Reduced now 
to smoking plugs,” Euler pleaded in the same letter for a dozen pounds 
of Virginia tobacco. 

In a letter of November 1756 Bertrand wrote that Wettstein was still 
not in London and that John Dollond’s telescope following Euler’s di- 
rections had failed; he also judged as unfounded Johann Tobias Mayer’s 
hope for an astronomy prize from the British Parliament. In December 
Bertrand wrote that the Berlin Academy would acquire some South Amer- 
ican platinum, which Andreas Sigismund Marggraf was studying. He also 
sent potatoes and, for Johann Albrecht, logarithm tables. Probably later 
in December he sent minerals including platinum from Peru and tobacco 
from Virginia. 

The Seven Years’ War brought many hardships to Berlin and the acad- 
emy, and Euler’s task to keep the academy active was difficult. Individual 
scientific research proceeded nearly without interruption, but despite a 
tenfold increase in Saxon appropriations and British subsidies, the econ- 
omy suffered sharp losses. In the summer of 1757 academic salaries were 
cut in half. Since few funds existed for repairs of academy buildings and 
property, these began to deteriorate. From 1757 to 1760 no new members 
were elected, and this lessened the infusion of new ideas and programs. 
The war disrupted the posting of letters from Berlin to Turin, Paris, Lon- 
don, and Saint Petersburg; Euler’s correspondence contained a mélange 
of news concerning research, the academy’s almanacs, lenses and the tele- 
scope, maps, tobacco, military campaigns, austerity, invasions and near 
invasions in wartime Berlin, administration at the Berlin and Petersburg 
academies, the publication of the Novi Commentarii, and various prize 
competitions. From 1757 to 1762, Euler’s correspondence with Goldbach, 
who was growing old, almost stopped. 

In 1756 and 1757 Euler’s research included his improved descrip- 
tion of the magnetic field by recognizing both declination and inclina- 
tion, which was important for finding longitude. A compass did not point 
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exactly north but had an angle of fifteen degrees from Berlin; that angle 
was the magnetic declination. In 1755 Johann Albrecht had completed his 
eighty-four-page article on magnetic inclination. Employing inclination 
compasses made by Dietrich and sent by Daniel Bernoulli, Euler’s “Re- 
cherches sur la déclinaison de l’aguillle aimantée” (Research on the dec- 
lination of the magnetized needle, E237) introduced a mechanical frame 
of reference giving the relative positions of the geographic and magnetic 
poles of Earth. Using spherical trigonometry, Euler determined from any 
place on Earth the true positions of the two magnetic poles positioned on 
two different meridians. His article was not to be published until 1862 in 
his Opera postuma. 

Two of Euler’s seminal articles, “De integratione aequationis differ- 
entalis mdx//(1—x") = ndy//(1—y")” (On the integration of the differen- 
tial equation mdx//(1—x") = ndy/j(1—y"), E251) and “Observationes de 
comparatione arcuum curvarum irrectificabilium” (Observations on the 
comparison of arcs of unrectifiable curves, E252),"* together giving a uni- 
fied theory of elliptic integrals, were in the Novi Commentarii for 1756-57; 
the volume was not published until 1761. 

In early 1757 Euler and Dollond independently made progress cor- 
recting spherical lenses to construct an achromatic telescope.” Euler’s 
work involved a convex and a concave lens separated by a small space 
filled by a liquid with an index of refraction differing adequately from that 
of the glass; the shape of the lenses was circular or parabolic. 

At this time, astronomers disagreed over whether the moon had an 
atmosphere. A solar ring and missing rays from the fixed stars produced 
a paradox: either the moon had an atmosphere or it did not. Assuming 
the invisibility of rays from the fixed stars passing through a thin lunar 
atmosphere, Euler accepted the concept of an atmosphere on the moon 
and believed that it had inhabitants.'° In September Euler responded to 
Wettstein’s request for a copy of his Introductio in analysin infinitorum (In- 
troduction to the analysis of the infinite). He did not think that it would 
fit English tastes with its Newtonian fluxions, but agreed to send a copy 
to a bookseller if Wettstein paid all shipping fees and a price of 3.5 ecus. 

In August news came of the death of Johann Samuel Konig, who had 
been unable to complete his book on Leibnizian physics. With Lagrange’s 
support, Maupertuis in France felt assured about the success of his prin- 
ciple of least action; despite his precarious health and the war, he con- 
templated a return to Berlin, but this remained impossible. In October 
1757 a paper comparing the rational psychological principles of Gottfried 
Wilhelm Leibniz with the countering critical empirical views of the abbé 
Etienne Bonnot Condillac was read at the academy. Merian, who opposed 
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the ideas of Leibniz, found correct the comparison favoring Condillac. At 
a meeting in January 1758, Merian referred to a work of Maupertuis on ev- 
idence, certainty, and the contingency that the president always thought 
possible in the sciences. The next month Merian read his own article “On 
the Proof of Natural Laws.”'’ Outside the mathematical sciences Marg- 
graf, known for his precise laboratory techniques and one of the last in 
chemistry to defend the phlogiston theory of combustion, attempted in 
1758 to manufacture soap by deriving soda from common salt. Employing 
microscopic and flame tests, Marggraf checked the difference between the 
alkali in potash and that in common salt and determined the difference 
between them in solubility. In June Euler placed before the academy a 
paper by Aepinus on an attempt to find from the principle of least action 
the center of oscillations. 

After the Prussians defeated the French in early 1758 at Crefeld, near 
Diisseldorf, William Pitt proposed sending six thousand British troops to 
join Frederick. The Prussians were euphoric over the prospect that the war 
would soon end witha peace favorable to them. But from late August 1758 
on the Prussian situation deteriorated. Prussian troops singing Lutheran 
hymns fought the Russians to a devastating draw at Zorndorf. In October 
Frederick suffered a major loss against the Austrians under Leopold von 
Daun near the village of Hochkirch. The next month the monarch held up 
at Dresden, briefly stabilizing his position. Frederick had visibly changed; 
his hair grayed, and he was missing half his teeth. 

From the beginning of the war, the pensive and reserved Euler dis- 
played an enthusiasm and patriotism for Prussia and its king. He had of- 
fered to decipher and translate all letters from Russian officers intercepted 
by Prussian forces. In 1758 there were so many that they took time away 
from his regular correspondence. In February he urged the British to sup- 
port the “just causes” of Frederick—that is, the freedom of the Germans 
and the defense of the Protestant religions. In October he wrote to Mau- 
pertuis, “We have just intercepted the mail that [Field Marshal and Count 
Wilhelm von] Fermor had sent 25 September to his [Russian] court and 
I have been asked to examine all the Russian letters which number in the 
hundreds. .. . Fermor’s reports to the empress are singularly interesting, 
since they still tell her of their continuing victory. One can see that this 
has no other purpose than to misguide the Tsarina, since all of Europe is 
convinced that this is nothing but pretense and that victory is outside of 
Fermor’s grasp.” 

In April 1758, Bertrand wrote from London describing the war 
and the political situation in England, a meeting of the Royal Society 
of London, and his pleasure at learning that Johann Albrecht Euler was 
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preparing a book on mechanics. Bertrand judged the British telescopes 
made by James Short to be superior to those on the Continent and re- 
ported that the previous year Dollond had found a process to produce 
from two types of glass—flint and crown with differing refractive indices— 
lenses that eliminated differences in refractions, which produce achroma- 
tism. The advocates of Newtonian optics had denied the existence of such 
lenses. In experiments that year Dollond had built his lenses strictly by 
Euler’s formulas, hoping to prove Euler’s theory wrong and Isaac New- 
ton’s right. The experiments were widely known, and their outcome was 
eagerly awaited in Europe. The experiments vindicated Euler, giving him 
a triumph in the long optical debate. The realization of excellent lenses 
was still to be about five years in coming. In October, Bertrand sent Euler 
a supply of tobacco from Geneva and invited Johann Albrecht to spend 
the summer with his family. He found Dollond’s new telescope not com- 
pletely satisfactory but still better than its predecessors. 


Losses, Lessons, and Leadership 


In 1759 the Russians planned a new campaign against Frederick II. “We 
have just intercepted the mail from Vienna to Saint Petersburg that con- 
tained the war plans for the campaign,” Euler wrote in March to Mau- 
pertuis, “and the king was extremely pleased. ... It is perhaps the only 
news that we know for certain. ... ”!° Still, in August Frederick suffered at 
Kunersdorf on the eastern side of the Oder River his worst defeat by the 
joint Russian and Austrian forces. ‘The Prussians had nineteen thousand 
killed, wounded, or missing, and the Russians and Austrians nearly fif- 
teen thousand.” If the Austrian and Russian forces had cooperated more 
closely, the Prussian situation would have been worse. In the war’s first 
three years, the Prussian forces were being bled white with the loss of a 
hundred thousand highly trained men. 

In February 1759 Euler wrote to a disheartened and ailing Mauper- 
tuis, who was increasingly pessimistic about the war, “That God protect 
our great King! That Frederick lives, reigns, and triumphs; that is the 
wish of us all along with Formey.”*! On 6 March Euler expressed his high- 
est Prussian patriotism by writing to Frederick that he hoped that his 
youngest son Christoph Euler would prove worthy of the honor of the 
king’s inducting him into the Prussian field artillery regiment. At the 
age of sixteen, Christoph had volunteered, and Frederick lauded this as 
an act of true patriotism. On 14 March Frederick wrote thanking Euler 
for “his show of loyalty and his attachment to his monarch.” Maupertuis 
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remained allegiant to Frederick, and in France this provoked a charge 
that he was a spy. 

Early in 1759 Euler sent Maupertuis improved telescopes but noted 
that problems with the lenses remained; he faulted the glasses used in 
them and wrote to England for the manufacture of better glass. Although 
not as successful as Maupertuis had been, Euler pursued the king’s sup- 
port for the sciences. 

In 1759 Euler announced that he had completed a significant part of 
his Institutiones calculi integralis (Foundations of integral calculus), the last 
volume of his trilogy on calculus; initially to have been two volumes, the 
work had expanded to three. Meeting difficulty in locating a publisher, 
and unable to find a German editor, Euler edited the volumes himself. In 
1759 he shared another Prix de Paris for a paper in applied mathematics 
titled “Dans le roulis & dans le tangage” (Concerning the pitching and 
yawing of a vessel, E415).” For navigators and shipbuilders, its new calcu- 
lations and reasoning regarding the effects of these actions comprise one 
of his most notable works on the stability and speed of vessels. 

In April 1757 Euler had written to Goldbach that he was investigat- 
ing a chess problem. In March 1759 he read a paper on the problem, 
“Solution d’une question curieuse qui ne paroit soumise a aucune ana- 
lyse” (Solution of a curious question that does not seem to have been 
subjected to any analysis, E309). “I found myself one day in a company” 
the article began in French, “where on the occasion of a game of chess, 
someone proposed the question: To move with a knight through all the 
[sixty-four] squares of a chess board, without ever moving two times to the 
same square, and beginning with a given square.”™ Today this problem is 
called the knight’s tour. Euler credited Bertrand with giving him the idea; 
it was the only mathematical problem in chess that he addressed, and he 
solved it. 

Making the knight’s movements a matter of rational skill, Euler took 
a systematic approach and generalized the problem. He examined an 
open tour, the case in which the knight may not move directly from the 
last point of his route to the first, or not be “reentrant upon itself,” and 
he considered closed tours, which are reentrant. Euler constructed types 
of routes for each. He transformed a partial open tour into a closed tour, 
giving seventeen similar routes or symmetric invariants. This was compu- 
tationally inefficient. 

Such chess puzzles in Berlin reflected the wide popularity of chess in 
the city. The automaton, a complex clockwork machine known as the Turk- 
ish player or the Turk, was invented to defeat human chess players. When 
wound, it powered about a dozen flawless moves, designed to re-create 
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Euler’s version of the knight’s tour. The Hungarian noble engineer Jo- 
hann Wolfgang, Ritter von Kempelen invented the machine for Empress 
Maria Theresa in 1769, and it would also appear in Leipzig in 1784. The 
Turk consisted of a carved life-size figure dressed in oriental garb that sat 
behind a cabinet with a chessboard on top; it usually won, which caused 
a mild sensation.” In Prussia the interest in the relations among intel- 
ligence, concealment, and mechanism appears to have been greater than 
anywhere else in Europe. In chess circles the knight’s tour problem was 
pursued into the nineteenth century but has since been largely forgotten. 
It has little to do with the proper playing of chess. 

After deciding not to go to Italy, in 1759 Maupertuis headed from the 
south of France toward Prussia. He wanted to reach Berlin and Magde- 
burg, where his wife was residing in the Prussian court, but he only got as 
far as Switzerland. After a few months in Neuchatel, he had another bout 
of illness and turned back to Basel and the home of his friend Johann II 
(Jean IT) Bernoulli, where he had been welcomed the previous fall. In his 
last hours he was with a Capuchin monk and Johann III, the fourteen- 
year-old son of his host. On 27 July Maupertuis died; he was buried in the 
neighboring village of Dornach in a Catholic cemetery.” While Euler had 
held a leadership role in the administration of the Berlin Academy since 
1753, he was now officially in charge. 

In September 1759 Euler agreed to privately instruct the fourteen- 
year-old Friederike Charlotte Leopoldine Louise, a second cousin of Fred- 
erick II; he did so chiefly because her father, his close friend Friedrich 
Heinrich, who would become margrave in 1771, had asked him to. She 
was thus also known later by the variable title Princess of Brandenburg- 
Schwedt; she, her younger sister Louise Henriette Wilhelmine, and their 
cousin Sophie Friederike Dorothea were the three German princesses of 
the time. For the frugal Euler the chore was a way to earn extra money 
besides gratifying his love of teaching. He had taught noble children from 
the time of his arrival in Berlin, but what was unusual for the time was 
the fact that his student was female. Euler had read Bernard le Bovier 
de Fontenelle’s best-selling Entretiens sur la pluralité des mondes. Writing 
Mondes with élan, Fontenelle had sought to reach a wider reading pub- 
lic, including women. Euler had read also Algarotti’s Neutonianismo per 
le dame (Newtonianism for the lady) and perhaps Voltaire’s Micromegas. 

In noble circles the friendship between Euler and Friedrich Hein- 
rich was unusual, for Euler was not popular among Frederick II’s entou- 
rage. The two men shared an interest in music; during many visits they 
would perform duets, with Euler playing the clavier. Friedrich Heinrich 
raised his two daughters alone in Berlin. His wife, Maria Leopoldine of 
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Figure 12.1. Princess Friederike Charlotte Leopoldine Louise von Anhalt-Dessau 
(later Brandenburg-Schwedt) in a pastel by Susan Petry, 2010. 


Anhalt-Zerbst, was the daughter of Leopold, known as the Old Dessauer. 
After the birth of the second daughter, Maria Leopoldine suffered from 
postpartum depression and became so violent that she was sent to Kol- 
berg Fortress in Silesia. Never recovering from her madness, she remained 
there for the rest of her life, and Frederick II forbade her husband visita- 
tion rights. 

Euler’s initial lesson plans for Friederike Charlotte Leopoldine Lou- 
ise, beginning in September 1759 in Berlin, have not survived. This was 
not Euler’s only teaching project at the time; he was recommending that 
a second edition of his Einleitung zur Rechen-kunst (Introduction to arith- 
metic, E17) in German be prepared for gymnasium students in Russia. 
For the advance of science he wanted to enlist sound pedagogy, reliable 
textbooks, and refined popularizations along with acute original works. 

In mid-September 1759, on behalf of the academy’s office of the 
president, Euler sent Frederick a pair of field glasses, a telescope, and 
information on his optical research perfecting both devices. Employed 
as spyglasses, telescopes allowed Frederick to observe the movement of 
enemy forces. On 15 September, the king sent Euler a handwritten letter 
from Waldau: “I wish to thank you for the small field glasses that you sent 
me. ... I commend you for the care that you have taken to render useful 
to men a theory that your studies provide and your application to the sci- 
ences. My current duties do not permit me to examine everything that you 
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have sent me with the attention that all that comes to me from you merits; 
I reserve the right to do that when I will have a little more time to do 
so....QOn this I pray to God that He keep you under his holy and worthy 
protection.”*’ Apparently Euler hoped that Frederick, despite the strains 
between them, would name him president of the academy. 

In the first months after his death, academicians repeatedly spoke of 
Maupertuis’s watchful eye on their research. Formey, who delivered a eu- 
logy in January 1760, hoped that if he was not named the president of the 
academy he would at least be the most trusted adviser to the king regard- 
ing its affairs. Instead Frederick turned to Jean Baptiste de Boyer, Marquis 
d’Argens, a French noble and philosophe and the director of the historico- 
philological department at the Berlin Academy. D’Argens, who entered 
into academy affairs by September, would write an anecdotal history of 
it. Among other things he, as well as Dieudonné Thiébault, mentioned 
an unusual occurrence. Soon after learning of Maupertuis’s death, the 
botanist Johann Gottlieb Gleditsch claimed that one afternoon at about 
3:00 p.m., as he entered the meeting room of the academy, he had seen to 
his left the ghost of Maupertuis standing immobile in a corner next to the 
great clock. Gleditsch noted the visage but busied himself at his work cab- 
inet. The apparition stayed for about ten minutes, its eyes set on him, and 
then disappeared. To his colleagues Gleditsch insisted that it was as real 
as if a live figure were standing there.*’ Formey gave a different version, 
maintaining that the vision terrified Gleditsch. Not prone to superstition, 
most of his fellow academicians were amused and ignored the story; oth- 
ers claimed that Maupertuis’s restless spirit had not yet found peace and 
continued to wander. When the king heard of the incident he was angered 
more than amused, viewing it as a slight to Maupertuis. After Voltaire 
continued his assault on Maupertuis, the king wrote an ode praising his 
president as noble, true, and a model for others.” 

With the death of Maupertuis, d'Alembert in antagonistic France, and 
Frederick immersed in the Seven Years’ War, in 1760 Euler managed the 
Berlin Academy in close relationship with Merian. No longer having to 
report to Maupertuis, Euler was now actually the president, though with- 
out the official title. In this position he would pursue as always his goal 
of choosing candidates solely on merit, thereby helping to establish the 
independence of the academy. 

Once Johann Heinrich Pott retired, Euler brought from Marburg as 
an ordinary member the chemist Karl Philipp Brandes, who had been an 
associate member for five years. Upon the death of Johann Theodor Eller, 
the director of the physics or experimental philosophy department and 
personal physician to the king, a successor was elected. Among the twenty- 
three academicians present, the vote was thirteen for Marggraf, six for 
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Johann Gleditsch, and four for the physicist Christian Friedrich Ludolff.” 
D/Argens reported this result to Frederick II in September, and in January 
1761 the king accepted the choice of Marggraf, calling it well deserved. 
Acting solely upon the initiative of the academy and his authority, Euler 
now nominated nine candidates and presided over their unanimous elec- 
tion. While most of them were foreign, coming from Bologna, the Hague, 
Paris, or Switzerland, there were also three Germans: Johann Essais Silber- 
schalg was elected in March, followed by the physician and chemist Chris- 
tian Ludwig Roloff and the dramatist and philosopher Gotthold Ephraim 
Lessing in October.” The botanist and surgeon Johann Jacob Huber from 
G6ttingen and Kassel was by birth Swiss, originally from Basel. Freder- 
ick, who did not know the foreign candidates, apparently believed that he 
could comment only on the Germans Huber, Silberschlag, and Lessing; he 
hardly knew the first two, though he had enough acquaintance with Less- 
ing, whom Voltaire had slandered. Occupied with the Seven Years’ War, 
the king validated the elections without comment or requiring any proof 
of accomplishments. With Frederick’s mild disdain for German candidates, 
he was never pleased with the election of Lessing, and he planned to re- 
spond to the next election in April 1761, when the popular poet and fabu- 
list Christian Fiirchtegott Gellert, one of two coryphaei in Leipzig, and 
Johann Heinrich Lambert were the German candidates. Election required 
the approval of the king. Gellert would fail to win election, for Frederick 
wanted most of German literature excluded from the academy and con- 
cluded that with Lessing there were already too many Germans. 

On two other matters Euler was not so successful. He argued for an 
increased salary for Marggraf in recognition of his great service and re- 
search, but Frederick replied that he lacked the funds for it; during the 
war he issued no new salaries and no raises were granted. From 1756 to 
1759 the Mémoires had been published regularly under Maupertuis. Al- 
though the issues for 1760-63 were mainly completed on time and ready 
for the press, d’Argens advised the king not to print these, for d’Argens 
needed the paper for state business and the academy did not. D’Argens 
recommended that their publication be suspended as long as there was 
no president; thus, a volume for the years 1760-63 appeared only in 1764. 
Only after the Prussians and Austrians signed the Treaty of Hubertusburg 
in February 1763 would new life be infused into the academy. 

When Maupertuis died, the Swiss comprised between one-fourth 
and one-third of the membership of the academy, and it appeared that 
Euler led a disciplined regiment. In an attempt at what might be termed 
a humorous and contradictory inspection Thiébault found the Swiss to 
have a dangerous appetite for control of everything. He noted, making 
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an exception for Lambert and Merian, that he had “seen how [Johann 
Georg] Sulzer, [Nikolaus von] Béguelin, [Jakob] Wegelin, etc., ruled the 
entire academy.”*' Thiébault declared that the Prussians, who had a harsh 
political order, did not think of that course of action, that the French, 
who enjoyed a degree of power in their homeland, were satisfied to enjoy 
equality; and that the Swiss, who were free at home, wanted to dominate 
the academy. Thiébault portrayed the Germans as tending “to enjoy natu- 
ral laws” and the French enjoying “the privilege of liberty,” whereas the 
Swiss pursued “absolute authority.” 

That the tasks in leading the academy in 1760 did not detract from 
Euler’s prolific science writing is demonstrated by his nine articles pub- 
lished that year. Keeping up his productivity, he would publish a total of 
fifty-four articles in the following five years. In 1760 the publisher Anton 
Ferdinand Rose in Rostock offered to issue either Euler’s book on integral 
calculus or another on rigid bodies. Euler had been working assiduously 
on the latter topic, and by 1758, he also arrived from his study of torque 
at the Euler equations, in which angular velocity and the diagonalizing 
vectors and tensors of inertia appeared.* By 1762 Euler completed his 
masterwork Theoria motus corporum solidorum seu rigidorum (Theory of the 
motion of solid or rigid bodies, E289), but it took until 1765 for Rése to 
get it into print. Euler was thorough in the planning for it, proposing the 
type, the format, and the attainment of subscriptions. When the Theoria 
motus corporum appeared, it still had only twelve subscribers. (Publish- 
ers sought preorders from subscribers to underwrite production costs.) 
Euler corresponded with Wenzeslaus Johann Gustav Karsten, a professor 
of mathematics in Rostock, who wrote the preface maintaining that the 
book was not taken in part from a 1761 article by d’Alembert. 

In 1760 the Paris Academy of Sciences awarded two prizes: one on 
the making of glass and the other on the variation of planetary motion. 
Euler’s son Karl, who won the prize in astronomy, was twenty; a student 
planning to pursue medical studies, he had little interest in the mathe- 
matical sciences. Euler is credited with editing the paper, but doubtless 
he wrote it. 

In September 1757 Euler had reported to Maupertuis that his “cor- 
respondence with Saint Petersburg is completely broken,”™ and his letters 
to Miller did stop in 1758 and were apparently curtailed to only two in 
1759. In May 1759 Miller sent him a copy of the fourth volume of the Now: 
commentari and reported that the printing of the fifth volume was com- 
plete; he also expressed his wish that the correspondence between them 
would no longer lapse.* Their letters resumed and increased from four- 
teen in 1760, to fifteen in 1761, to nineteen in 1762, and to twenty-three 
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in 1763. Although Prussia and Russia were on opposite sides during the 
Seven Years’ War, the postal service continued between them, albeit with 
delays. The growing correspondence with Miller has been taken to sug- 
gest Euler’s wish to return to Russia, but it testifies more to his efforts to 
improve the Imperial Academy of Sciences and Arts, in part by nominat- 
ing candidates for positions; in 1760 he nominated Mayer and Lambert, 
along with the physicist Johann Arnold from Erlangen, the chemist Johann 
Cartheuser from Frankfurt, the astronomer Georg Moritz Lowitz (Lovits) 
from Géttingen, and Gerhard Andreas Miller from Giessen. Euler failed 
to fill a vacant position with Caspar Friedrich Wolf, a field doctor in the 
Prussian Army with a medical degree from the University of Halle; Wolf’s 
Theoria generationis of 1759 refuted the theory of fully preformed embryos 
of organisms and confirmed a gradual developmental process of epigen- 
esis. Euler also requested abstracts of articles for volumes 5—9 of the Novi 
commentarit. He proudly commented on the Bavarian, Paris, and Saint 
Petersburg prizes won by Johann Albrecht, requested the payment of his 
own stipend, and inquired about Mikhail Lomonosov. 

Euler’s correspondence with Miller concentrated on the magnet, 
Franklin’s theory of electricity, and many discoveries in applied optics, 
especially to improve the microscope and telescope, including the lenses 
and research of John Dollond, Clairaut, and Samuel Klingenstierna. In 
astronomy he studied the paths of comets, Joseph Jérome le Francais de 
Lalande’s expedition in 1761 to observe the transit of Venus, and Stepan 
Rumovskij’s observations. 

Of the events that transpired in the fall of 1759, most were obstacles 
to Lagrange’s coming to Berlin. After a three-year interruption, his corre- 
spondence with Euler resumed. In October Euler informed Lagrange of the 
death of Maupertuis and reported that Lagrange’s larger written work had 
not returned to Berlin. He recommended that Lagrange seek a publisher 
in either Lausanne or Geneva for his two articles on his new method, since 
Berlin was in financial straits.** Euler had received the first volume of the 
Miscellanea Taurinensia (Turin miscellany) and expressed his admiration for 
Lagrange’s excellent work presenting the most difficult differential equa- 
tions, calling it Lagrange’s “true chef d’oeuvre.”*’ A second letter in Octo- 
ber, which discussed the calculus of variations, discontinuous functions, 
and sounds, dismissed as pretense Jean-Phillipe Rameau’s Demonstration du 
principe de Vharmonie of 1750 regarding the extent of the same chord occur- 
ring at different intervals. Euler declared that he avidly awaited the publica- 
tion of Lagrange’s two articles in the next volumes of the Turin Miscellanea. 

In 1756 Euler had completed two articles, “Elementa calculi variatio- 
num” (E296), in which the term variation appears, and “Analytica expli- 
catio methodi Maximorum et Minimorum” (An analytical explanation of 
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the method of maxima and minima, E297). He began these by citing the 
research using geometric methods of Johann I (Jean I) Bernoulli on the 
brachistochrone and Jacob Bernoulli on isoperimetric problems. Euler 
reportedly spoke on these articles in Berlin in 1756 and sent them to Saint 
Petersburg four years later, but they were not put in print until 1766 in 
the Petersburg Novi commentarii.* His son Johann Albrecht had also ap- 
plied Lagrange’s new algorithm to solve a problem in 1757, the results of 
which were published in 1764 in the Bavarian Learned Society’s Abhana- 
lungen (Proceedings), and Bertrand in Geneva applied the new algorithm 
with great success. While Euler always recognized Lagrange’s priority, 
Lagrange was upset that it was Euler who publicly announced the new 
algorithm. In 1769 the Bavarian Learned Society became the Bavarian 
Academy of Sciences and Humanities. 

Although the relations between Euler and Lagrange had cooled, the 
two continued to correspond. In 1760 and 1761 Lagrange published in 
the Turin Miscellanea two articles on his new method. He did this quickly, 
since Euler had agreed to withhold his own articles on the subject until 
these appeared. These articles rigorously derived what has since come to 
be called the Euler-Lagrange Equation, the first necessary condition for 
an extremum. Though they are the mark of a genius, Lagrange’s articles 
are difficult to read; in contrast, Euler’s future writing on the subject was 
more accessible. Even though he recognized Lagrange’s priority and cru- 
cial role in developing the calculus of variations, in which Euler solved 
with clarity a substantial number of problems, many would come to be- 
lieve that Euler was its actual inventor. 

In the conflict between d'Alembert and Euler, in which the vibrating 
string problem remained an issue, Lagrange had entered the debate in 
1759 by sending d’Alembert his treatise “Nouvelles recherches sur la na- 
ture et la propagation du son” (New research on the nature and the propa- 
gation of sound). Although d'Alembert did not accept Lagrange’s analysis 
of the vibrating string problem in an elastic medium, he was impressed, 
writing, “If I am not wrong, you are destined to play a great role in the 
sciences and I applaud your success in advance.”** He promised to defend 
Lagrange and his interests, and the two became good friends. In politics 
d'Alembert was essentially his foster father. While Lagrange had earlier 
contact with Euler, their later friendship was never so close and warm. 
These two strong personalities addressed problems in the mathematical 
sciences only, including some critical comments from Euler. In research 
Lagrange tacitly followed Euler. 

Responding to the rumors that d'Alembert would become president 
of the Berlin Academy, and with a large salary, Euler in an expansive let- 
ter to Lagrange in early October 1759 vilified the philosophe. “D’Alembert,” 
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he wrote, “has tried to undermine by various sophisms [Euler’s solution 
of the vibrating string problem], and that for the single reason that he 
did not get it himself. He announced that he had a crushing refutation in 
press, but I ignore that claim. He believes that he can deceive the semi- 
learned by his eloquence. I doubt whether he is serious [about produc- 
ing a refutation] unless perhaps he is thoroughly blinded by conceit. . . . 
What disorder he would cause if he were to become president. But I await 
all with serenity, having decided to abstain from all activities with him.”” 
This letter stated that the late Maupertuis “of happy memory” had not 
wanted Euler to publish in the Berlin Mémoires his rigorous demonstra- 
tion disproving d'Alembert and transform his academy into a playground 
featuring d’Alembert’s rhetoric. 

In the spring of 1760, twenty-six-year-old Johann Albrecht Euler wed 
Anna Charlotte Sophie Hagemeister, who was the same age; the marriage 
made Formey an uncle to Johann Albrecht. Although the groom’s an- 
nual salary was supposed to double, from two hundred to four hundred 
Reichsthaler, the higher salary was not paid until 1763; the couple thus 
materially depended upon Leonhard Euler and lived with him. Over the 
next two years Johann Albrecht and his wife had two children. From late 
in 1760 on, the Euler home must have been crowded, because a military 
action against the estate in Charlottenburg would force all members of 
the family, except for Christoph, to return to Berlin. Johann Albrecht was 
active in research; during his years in Berlin, he published fifteen articles 
in such journals as the Philosophical Transactions of the Royal Society of 
London and the publications of the Paris and Bavarian Academies."' 

Before the Russians approached Berlin in the fall of 1760, many fled 
the city. The royal court moved to Magdeburg, eighty-three miles away. 
Euler was asked—probably by the future margrave Friedrich Heinrich— 
about leaving, but he chose to stay. Distressed at the distance that made it 
impossible to give lessons to Friedrich Heinrich’s daughter in person, he 
agreed to supply private instruction by mail as far as the subjects permit- 
ted and to have occasional visits. From April 1760 to May 1762, he sent 
234 letters and would spend the following two years revising them for 
publication. But it was impossible to publish them in a Prussia torn by 
war and in financial distress. 

In 1760 the Seven Years’ War went badly for the Prussians. The Aus- 
trians and Russians cooperated more closely, and the French in the west 
along with the Swedes in the north united against Prussia. After the vic- 
tory at Kunersdorf in August, the Russians planned to move into Berlin 
but were delayed on a mission to help remedy Austrian disappointments in 
Saxony, where the Austrians saw that the exploitation of Saxon resources 
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Figure 12.2. Johann Albrecht Euler, by Emanuel Jakob Handmann, 1756. 


was crucial to the Prussian war effort and Prussian strength there was 
increasing. Not until early October 1760 did the Russians, led by Gott- 
lob Heinrich Totleben and Zhakar Grigorevich Chernyshev, reach and 
occupy Berlin along with the Austrians. 

The plundering of Euler’s Charlottenburg estate by the Russians 
was a low point in his relations with them but did not produce a break. 
Chernyshev, who had formerly visited Euler, knew that he was a salaried 
member of the Petersburg Imperial Academy, and thus a military guard, a 
salvegarde, was to be dispatched to protect Euler’s house and estate; more 
generally, Totleben ordered troops not to harm the civilian population. 
Before Chernyshev’s message was sent, however, the Prussians quickly re- 
treated and abandoned Charlottenburg to the Cossacks, who devastated 
Euler’s estate.” The protective guard arrived too late. When General Tot- 
leben learned of Euler’s loss it was reported that he declared that he had 
not come to make war on the sciences and would reimburse Euler. In a 
letter to Miller in October 1760, Euler submitted a detailed request for 
payment from the Russian government to cover his losses, including “four 
horses, twelve cows, many small animals, a lot of oats and hay.”*’ Added 
to the wreckage of all furniture in the house, the damages by Euler’s reck- 
oning cost eleven hundred Reichsthaler, or seven hundred rubles. Taking 
into account future losses, such as being unable to cultivate his lands for 
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the coming year, he arrived at a total just below twelve hundred rubles. 
Possibly the amount that Totleben paid was only for the year. From Berlin, 
Charlottenburg, and surrounding lands, the Russian generals extracted 
ransom and cash contributions of nearly 2.5 million Reichsthaler, though 
they remained in Berlin less than a week, until 11 October 1760. 

Euler’s relations with the Russian officers remained good.“ He spent 
time in their company with major general Aleksey Michailovich Maslov 
and the physician Konstantin Ivanovich Schepin, who were friends.* 
Chernyshev expressed regret over the estate losses from the Cossacks, 
noted Euler’s application for restitution, and denied the rumor that the 
Russian monarchy had offered Euler a guaranteed three thousand rubles 
in salary to return to Russia. It is thought, apparently mistakenly, that 
Chernyshev reported the damages to Empress Elizabeth, who paid a sec- 
ond time, in the amount of four thousand rubles, to cover Euler’s losses. 
Instead, Razumovskij later mentioned this destruction to Empress Cath- 
erine II, who came to the throne in 1762; the payment appears to be part 
of her effort to draw Euler back to Russia. He did not receive these funds 
until 1763. In the meantime, Euler submitted a detailed bill seeking a full 
payment from the Prussian government. 

In May 1761 Euler took his son Karl to the University of Halle to earn 
a medical degree. Since Karl was known for being talkative, the conversa- 
tion must have been lively. After Frederick II spent the winter in Leipzig, 
the Austrians turned mainly to Silesia and the Russians to the Baltic re- 
gion; Euler’s trip was thus not to a combat zone. In Halle he stayed at the 
house of his longtime friend Jan Andrej (Johann Andreas) von Segner. 
From 1755 to 1766 their correspondence covered family and personal mat- 
ters as well as political events, such as the occupation of Halle in 1759 and 
1760. Among the topics that they discussed after 1760 were mechanics, the 
logarithms of negative numbers, the properties of logarithmic functions, 
the observation of the transit of Venus from Halle, and the designing of 
better objectives for telescopes. Instruction at the university, especially 
with Segner’s textbooks such as the Elementa Arithmeticae, Geometricae 
of 1758 and editions that would later run to 1768 and Segner’s Cursus 
mathematicus, was a prominent topic. In these books Segner introduced 
a whole series of Euler’s symbols. Through his correspondence with the 
king, Segner, and Johann Joachim Lange, Euler had a fruitful and sub- 
stantial influence on the development of curricula in the exact sciences at 
the University of Halle during the second half of the eighteenth century.” 

After a brief visit with Segner, Euler proceeded to Magdeburg to 
spend a few weeks meeting with Friedrich Heinrich and instructing his 
daughter the princess. The entire trip in May took three weeks. 
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Rigid-Body Disks, Lambert, 
and Better Optical Instruments 


Over a twenty-year period beginning in 1761 with “De frictione corporum 
rotatantium” (On the friction of rotating bodies, E257),*” Euler published 
four articles concerning the movement of a rigid body circling a mov- 
ing axis. The other three were “Du mouvement de rotation des corps sol- 
ides autour d’un axe variable” (On the motion of rotation of solid bodies 
around a variable axis, E292, 1765); “De mouvement d’un corps solide 
quelconque lorsq’il tourne autour d’un axe mobile” (On the motion of a 
rotating solid around a mobile axis, E336, 1767); and “De effectu frictionis 
in motu volutorio” (On the effect of friction on associated motion, E585, 
1781, 1785),” the third of which was read at the academy in April 1775. 
The Euler disk demonstrates such motion. On a clean and smooth sur- 
face, a circular and homogeneous metal disk is spun. It starts by rotating 
around the vertical axis but friction makes it tilt and roll along a circular 
path. As the tilting of the axis increases, the circular path widens and the 
pitch from the contact point of the disk and the surface is higher. The 
rising pitch seems to suggest that the speed of the disk’s motion is increas- 
ing. But friction dissipates energy and on the surface the disk abruptly 
halts. To explain this requires a set of differential Euler equations, Euler 
angles, and other measures. 

By February 1762, Karl had completed his medical studies and gradu- 
ated. He was soon named physician to the French colony in Berlin and 
earned a good reputation. After the recent death of Empress Elizabeth, 
Segner hoped for a peace treaty with the Russians. In 1762, after three 
years of service, nineteen-year-old Christoph Euler became a lieutenant in 
the Prussian artillery. Frederick had previously limited to the nobility the 
positions of officers in the military, but under the pressures of war had to 
add commoners. Euler’s letters to Miller indicate that Christoph’s promo- 
tion did not begin to better his own relations with Frederick. 

In 1762 Frederick asked d’Alembert to compare Lambert to Euler as 
a scholar. Lambert, who possessed a reputation as a mathematician, cos- 
mologist, physicist, and logician,’ was from Mullhausen in Alsace, which 
then belonged to the Swiss cantons. Self-educated since he was nine, he 
may have briefly attended courses at the University of Basel. While a 
tutor in Switzerland in his twenties, Lambert continued his autodidac- 
tic learning, demonstrating by the age of thirty a strong command of 
calculus and demonstrative geometry along with fluency in French and 
Latin as well as a good knowledge of Greek and Italian. He was a tutor, 
referring to himself as the Hofmeister. Traveling with his students in 1758, 
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he met Mayer, Pieter van Musschenbroek, and d’Alembert. Lambert was 
known for originality in his Photometria (1760) and Cosmologische Briefe 
(1761) the next year projecting the Milky Way as a system and the uni- 
verse as populated with other creatures like human beings.*° In April 
1761 Euler nominated Lambert to be a regular member of the Royal 
Academy of Sciences in Berlin, and he was unanimously elected. But 
late during the war Frederick, working to reestablish his control over 
the academy, withheld approval.*! D’Alembert asserted that Lambert 
and Euler were equals in the sciences, and in the same proportion as 
Pierre Bayle to René Descartes and Newton. But in abstruse metaphys- 
ics, d'Alembert placed Descartes, Newton, and Leibniz under Bayle and 
the French philosopher Pierre Gassendi. The king responded that “our 
century has the rage for curves.” Frederick had earlier suggested the un- 
worthiness of mathematics in the fine arts by citing Euler’s attempt to 
compose a minuet, following a simple arrangement within sections of 
a + b. From his field camp the king happily teased d'Alembert with a 
satirical epistle concluding with a mathematical proof implying an artis- 
tic mathematical poetry. D’Alembert responded with a poem based on 
quotations from the letter titled “Reflexions de la géométrie sur la poésie 
(Reflections of geometry on poetry). The two had a good rapport. 

The importance of royal academy prize competitions in generating 
significant papers contributing to the development of the sciences in the 
eighteenth century persisted in 1762, when the Petersburg Imperial Acad- 
emy divided its annual prize between Clairaut and Johann Albrecht Euler; 
The assigned problem was to account for perturbations in the motion of 
comets. Clairaut had submitted the article “Recherches sur la cométe des 
années 1531, 1607, 1689, et 1759” (Research on the comets of 1531, 1607, 
1689, and 1759) as an addendum to his paper of 1758 announcing the 
return of the most recent of these, what would later come to be known as 
Halley’s Comet. Johann Albrecht sent an article titled “Meditationes de 
perturbation motus cometarum ab attractione planetarium orta” (Medita- 
tions on the motion of comets arising from the attraction of planetary per- 
turbations). The academy published the papers in 1762, but the paying of 
the prize money was delayed. The articles confirmed Clairaut’s belief that 
academic competitions, even when small, could considerably advance the 
sciences by producing “better papers than heavily endowed awards” and 
generating “reverberations . . . throughout the entire scientific republic.”** 
Since at the time the elder Euler was believed to be directing and outlining 
his son’s research, this competition may be interpreted as a renewal of his 
correspondence with Clairaut that had suddenly stopped in 1752. Amity 
and respect marked the correspondence between the two; apparently a 
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divergence of interests and not disagreement had led to the decade-long 
silence between them. 

It was not the theoretical study of lunar or cometary motion but an 
applied science, the technical development of optical instruments, that 
now drew Clairaut and Euler together. Neither of them had adequate 
lenses. Refining a manufacturing process that assembled elementary 
lenses of crown and flint glass, Dollond had had been the first to succeed 
in producing good achromatic lenses. In 1762 Euler read the article “Con- 
sidérations sur les nouvelles lunettes d’Angleterre de Mr. Dollond, et sur 
le principe qui en est le fondement” (Considerations on the new English 
glasses of Mr. Dollond and the principle on which that is based, E380), 
which was not printed until 1769. In September 1763 Clairaut resumed 
corresponding with Euler; the exchange lasted only a few months. La- 
lande had reproached Clairaut for not checking on Euler’s work. A letter 
from Clairaut discussing telescopes with double lenses noted the “very 
grand generality of your formulas” in articles on optical instruments in 
the Berlin Academy Mémoires,* but urged Euler to be clearer and more 
succinct in his research on the manufacture of achromatic lenses. The next 
January Clairaut sent a letter bridging differences between his method 
and Euler’s and commenting on Dollond’s use of flint and crown glass. 
Euler designed a microscope consisting of three convex achromatic lenses 
and a concave lens between the ocular and objective lenses. 

To 1762 the longitude prize competition posed by the British Parlia- 
ment remained unresolved. The Seven Years’ War had impeded Mayer’s 
efforts; the presence of French troops often disrupted observations at the 
G6ttingen Observatory and made it dangerous to go there after dark. 
The competition, moreover, could not be completed until observations 
were made at sea, and this could not be undertaken during wartime. In 
February 1762 Mayer died; the following year his widow sent his final 
manuscript of corrected tables of lunar and solar motion to London. The 
British royal astronomer Nevil Maskelyne carefully edited these and pub- 
lished The British Mariner’s Guide in 1763. These and Mayer’s longitudinal 
method provided the first practical and reliable analytical means that re- 
duced the complexity of Euler’s computations to determine longitude at 
sea. Mariners around the globe were able to grasp and employ them, but 
the prize was not awarded for another two years. 

As 1762 began, Prussia was on the verge of collapse. Then an event 
that Frederick II called the “miracle” turned the impending defeat into 
victory. On 5 January Empress Elizabeth of Russia died of a stroke. 
Her son and successor, the feebleminded Peter III, an admirer of Fred- 
erick, withdrew Russian troops that were opposing him. In July Peter’s 
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thirty-three-year-old wife Catherine, a German from Anhalt-Zerbst, led a 
military coup that removed him. Her ascent to the Russian throne was to 
influence Euler’s decision to return to Russia. While he had steadfastly 
resisted efforts to draw him back to Saint Petersburg under Elizabeth, he 
was open to the possibility with Catherine II, patroness of the arts and sci- 
ences, on the throne. Her Winter Palace was to become the main building 
of the Hermitage Museum. In central Europe the fighting now came to a 
close; In February 1763 the Austrians and Prussians signed the Treaty of 
Hubertusburg, ending the Seven Years’ War for them. The Austrian mon- 
archy recognized the borders of 1756 with Prussia, under which Prussia 
kept Silesia but withdrew from Saxony. Prussia corroborated its status as 
a European power and was a growing competitor to imperial Austria as 
the leading German power. 


The Presidency of the Berlin Academy 


After Maupertuis died, the rumor had grown that d’Alembert or another 
Frenchman would come to Berlin as the new president of the academy. The 
other, whom d’Alembert proposed, was the polyhistor and encyclopedist 
Chevalier Louis de Jaucourt, but Frederick II rejected him for not being 
among the first rank of scholars. In a letter to Miller in December 1759, 
Euler had repeated that d’Alembert was holding out for a larger salary. In 
addition to the polemical correspondence between the two, in 1761 came 
d’Alembert’s publication of his Opuscules mathématiques (Short mathemati- 
cal treatises), which contained a paper refused for publication by the Ber- 
lin Academy that revived his claim to priority over Euler for solving “the 
argument over a string” —that is, the vibrating string problem. Like Daniel 
Bernoulli's animosity toward d’Alembert, Euler’s did not abate but flared 
in early 1763. Ina letter in June to Miller he described dAlembert’s imper- 
tinence and noted that Clairaut considered his French colleague’s work a 
disgrace. In addition to their competition in the sciences was Euler’s oppo- 
sition to the ideas of the French Enlightenment in religion and philosophy. 

As 1763 began it was announced that d’Alembert would come to Berlin 
to visit Frederick. Information was conflicting on whether he was to be 
president of the Berlin Academy. Prince Vladimir Sergeevi¢ Dolgorukij, the 
Russian ambassador to Prussia, thought d’Alembert would be so named, 
while Miller called it highly unlikely; in April 1763 Euler observed that 
nothing was yet known with certainty about this matter. But once the ap- 
pointment seemed about to happen, he denounced in June dAlembert’s 
“intolerable arrogance” and conceit. Euler questioned how this “esprit 
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créateur” and “homme qui embrace tout”—this dilettante—could lead the 
Royal Prussian Academy and set its future course.® To Euler, Bernoulli’s 
past complaints against d’Alembert now seemed justified. 

Frederick worked diligently to draw d'Alembert to Berlin. The two 
met in Cleves that May, and then d’Alembert came to Potsdam, residing 
for three months in Charlottenburg. He intended to compliment the king 
on the peace ending the Seven Years’ War. Royal courtiers were unsure of 
how to treat so distinguished a philosophe; it was assumed that he would be 
named president of the Berlin Academy or to a high political post. Freder- 
ick flattered d’Alembert and offered a position combining the income and 
privileges of Maupertuis and Voltaire. He promised a salary of more than 
twelve thousand francs that compared very favorably with d’Alembert’s 
income in Paris of seventeen hundred, along with lodging at Sanssouci 
and dinner at the monarch’s table. But d’Alembert refused to leave the 
charms of Parisian society and his mistress Julie-Jeanne de Lespinasse, 
to whom his attachment was continuing to grow; together with Baron 
Anne-Robert Jacques Turgot and others, he would in 1764 help her set 
up her own salon in Paris. A hypochondriac, d'Alembert knew the harsh 
Berlin climate had damaged Maupertuis’s health and might be harmful 
to his own. Following his refusal, the king was to keep the presidency 
vacant; Frederick became more authoritarian, while Euler for a time at- 
tended to much of the general administration. In Voltaire’s absence and 
with d’Alembert’s rejection of the presidency Euler, having oversight of 
daily operations at the academy, possibly still hoped to become the per- 
manent president. If so, he was sadly mistaken. 

Through correspondence the king would remain in close contact with 
d'Alembert, who was the shadow president of the academy until his death 
twenty years later. In January 1764 the king declared himself the deputy 
president and ruled over the academy in that position as long as dAlembert 
continued to reject the presidency; in time, Frederick hoped, he would 
change his mind. Scarcely would the king make any change without consult- 
ing d'Alembert; proposals for Potsdam would first have to go through Paris. 
Ordinary members of the academy were to correspond with d'Alembert 
through Henri Alexandre de Catt, the king’s secretary, who would forward 
personal letters. The idea of a shadow president angered Euler; over the 
previous decade it was not principally the French but he and his son Johann 
Albrecht, at times with an internal membership circle including Gleditsch, 
Marggraf, Merian, Pott, Sulzer, and Johann Peter Siissmilch, as well as La- 
grange in Turin, who had through their research made the Berlin Academy 
the first authority in Europe on their subjects. To Euler, having a shadow 
president of a prestigious institution was unacceptable. 
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Once it was understood that d’Alembert would not accept the presi- 
dency, he was more known in Berlin for his sociability; it was Euler he was 
most eager to meet, but not in Potsdam. Before that visit in 1763, d'Alembert 
urged Frederick to make Euler the president of the Berlin Academy, but 
the king declined. D’Alembert proposed a higher salary, which the king 
granted. At the meeting in late August Euler was surprised at the defer- 
ence that d’Alembert paid him and was perhaps embarrassed not to have 
recognized that d’Alembert regarded him so highly. Amid churning hostil- 
ity the two had not communicated for a decade, but with their Berlin talk 
that changed. Johann Albrecht Euler greatly appreciated the treatment of 
his father by d’Alembert. Infinitary analysis has abundant computational 
formulas used daily that Euler increased and, according to Nicolas, Mar- 
quis de Condorcet, kept “at the very forefront on his mind and could, if 
asked, recite... by heart. When d’Alembert saw Euler in Berlin, he was 
astonished that Euler’s mental capacity was absolutely effortless.”*” 

The meeting enchanted and gratified Euler. In October he wrote to 
Goldbach that “our friendship is perfect, and one cannot tell me enough 
times of the pleasant things that M. d’Alembert has said on my behalf to 
the king.” Euler would be forever grateful for d’Alembert’s words, and 
peace was restored between them. The many compliments that Euler was 
getting from one of their heroes surprised the Francophiles in Frederick’s 
court. But Euler still found himself in a difficult situation with the king 
regarding finances and membership at the academy: a major reason for his 
proposal to leave Berlin had been the possibility of d’Alembert’s becom- 
ing president; but after d’Alembert’s lavish praise for him, it was unlikely 
that Frederick would let him return to Russia. 

Having switched largely from scientific research to literary writings, 
d’Alembert could not compete with Euler in the sciences. Had d’Alembert 
remained in the field, competition with him would be serious, but since 
at least 1754 d'Alembert had been principally a philosophe and author and 
less a working mathematician. ‘The old rivalry between the two had now 
essentially ended. Euler began to recommend that d’Alembert accept the 
presidency to facilitate gaining his own release from Berlin. 


What Soon Happened, and Denouement 


Even before dAlembert arrived, Euler was earnestly considering leav- 
ing Berlin and returning to Russia. The first indication came in letters in 
March to Miller. Euler stated that if d’Alembert became president of the 
Royal Prussian Academy, he would leave Berlin immediately. To avoid 
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any financial loss, in May 1763 Euler shrewdly put up for sale the Char- 
lottenburg estate and its house. Once that was completed, he would be 
free to move. His primary purpose for owning the estate, as a place for 
his mother to live, had come to an end in 1761 upon her death. By mid- 
July 1763 he sold it for 8,500 Reichsthaler. During most of that year Euler 
and Miller corresponded about Euler’s return to Russia. In May Euler 
wrote negatively about d’'Alembert’s visit to Berlin and offered to recon- 
sider a proposal that Razumovskij had made to him in 1746 of an annual 
salary of two thousand rubles and five hundred rubles a year for his son 
Johann Albrecht. Euler remarked that he must find a position elsewhere 
and could not yet return to Russia. Johann Kaspar Taubert, Schumacher’s 
son-in-law, now ran the academy. Once he learned of Euler’s intention, as 
transmitted to Miller, he and Teplov worked to gain Euler’s return. Tau- 
bert managed the academy as if he had inherited it. He treated most aca- 
demicians as minor clerks. Since Euler wanted to return, Taubert urged 
Razumovskij to offer an annual salary of fifteen hundred rubles and five 
hundred for Johann Albrecht. He pointed out that Euler’s current salary 
of twelve hundred Reichsthaler in Prussia was only equal to four or five 
hundred rubles, but he did admit that “the cost of living in Saint Peters- 
burg is higher than in Berlin.”** Taubert also wanted Euler to replace Mil- 
ler as secretary. 

When Catherine II was informed of Euler’s offer, she quickly ordered 
Teplov to begin negotiations to invite him. Her court was already de- 
veloping plans for the reestablishment of a strong Imperial Academy of 
Sciences and Arts. On 7 July she authorized a letter offering Euler the 
title of ordinary academician along with the positions of director of the 
mathematical department and conference secretary of the academy with 
an annual salary of eighteen hundred rubles. The exchange rate varied, 
but that amount was roughly 50 percent more than two thousand Reich- 
sthaler.® The proposal also included housing, light and heat, coverage of 
incidental expenses, and five hundred rubles for traveling from Berlin to 
Saint Petersburg. Johann Albrecht was to be an ordinary professor at the 
academy with an annual salary of six hundred rubles, also with five hun- 
dred rubles for moving expenses.*! Teplov also guaranteed Euler’s future 
son-in-law, Johann Jakob van Delen, a place in the military service to the 
Russian monarch.” Impatient to receive a reply, Teplov spoke of his amity 
and estimation; Euler was assured that he had the right to change the 
terms and should not delay his arrival. Nevertheless, Euler declined the 
offer, partly because he did not want to take Miller’s position away from 
him; but he pointed out that he could hope for nothing better than to pur- 
sue his studies under the protection of Russia. He was especially occupied 
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with completing his two-volume great treatise that increased the applica- 
tion of calculus to astronomy. After meeting with d’Alembert and calm 
was restored between the two, Euler wrote to Teplov in July that he must 
wait for a more favorable time to depart from Berlin. His wife, he com- 
mented that month to Miller, still complained that people had not been 
allowed to take their money out of Russia, and she retained a fear of the 
danger of fires in Saint Petersburg; Euler also wondered about the vary- 
ing value of currency. He now wished that d'Alembert would accept the 
presidency of the Berlin Academy so that he himself could leave Berlin. In 
August he assumed new tasks vital to the Berlin Academy’s finances, and 
in October his attitude about leaving seemed to have changed. Miller 
insisted that the ties with Saint Petersburg must remain unbroken. 

Hardly had the peace been arranged between Prussia and Russia 
when Euler began with new energy to work on the Nowi commentarii. The 
seventh volume needed to be completed and the eighth prepared. Euler’s 
distance from Saint Petersburg and the uncertainty of the postal service 
during the war had made this task most difficult. Euler was now interact- 
ing with d'Alembert, having given him the incomplete volumes 7, 8, and 
9 of the Novi commentarii. 

In 1763 Frederick asked the devout Euler to head the venerable and 
powerful consistory of the French Calvinist Church in Berlin. In Prot- 
estant churches the consistory, made up of elected officials—including, 
in this case, church elders—was the governing body; the monarch’s rela- 
tions with it and thus the French Huguenot colony were strained. Though 
profoundly differing with the king in matters of religious doctrine, Euler 
agreed to take the position; he had already served on various church 
councils. As the consistory head and an elder of the Friedrichstadt con- 
gregation, he significantly influenced offers of church positions, issues of 
orphanages and charities, and measures to increase church attendance. 

The consistory appointed Euler to a commission to improve the cat- 
echism.™ Following his father’s methods, Euler proposed expanding the 
teaching of catechism during the regular service at the expense of sermons. 
For classes children were separated by gender and ability; every Sunday 
afternoon they would meet and take questions from assigned sections of 
readings from the pastor. Euler decided that Sunday classes should begin 
by verbally reciting selections from the reading. The pastor was to instruct 
the children in greater detail and add more catechism questions that stu- 
dents would be randomly asked to answer. Answers had to be from the 
catechism, word for word. In preparation for these classes the students were 
required to attend two weekly sessions with the pastor. To make the cat- 
echism more instructive and interesting for the students, the teacher was 
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to include books, especially on stories from the Old and New Testaments. 
Euler wanted students to be accustomed to speaking in public. He urged 
that the pastor not be elevated in a pulpit, but should stand among the 
worshippers or the children so as to better respond to questions. Euler pro- 
posed that Bibles be placed on desks so that students could check passages 
from their catechism and become more familiar with the Scriptures. He 
wanted chapels in local churches to provide space for instructing children 
from the orphanage and the charity school, as well as other poor children. 

Following the Seven Years’ War, governmental funds were short in 
Berlin. At the time Euler was refining his proposal for five classes of lot- 
teries. In August 1763 Euler communicated a proposal for another source 
of income, porcelain manufacture. On 14 August, Dietrich Peter Denffer 
(Janssen), a royal painter in Courland, wrote to Euler about the decline of 
the Saxon porcelain industry there; he thought it possible to improve its 
manufacture and offered to send Frederick II the manuscript of the book 
that he was writing on the subject. On 30 August Frederick responded to 
Euler that the idea was agreeable and that perfecting the fabrication of 
porcelain was more important than discovering the secret of its composi- 
tion; that, he felt, would be a great achievement. 

In the summer of 1763 the wealthy Dutch cadet officer and baron 
Johann Jakob van Delen, who would later marry Euler’s daughter Char- 
lotte, joined with Euler’s relatives in Holland to try to get him to accept 
a position of professor with a salary of five thousand gulden (an amount 
equal to about 2,140 rubles) in a Dutch university.” For Euler’s wife this 
would mean a return to her home country, and it meant that she would 
not be separated from future grandchildren. To check on this post, Euler’s 
son Karl and van Delen traveled to Holland. Euler wavered briefly, but he 
wanted to be released from all teaching, and the Dutch university would 
not agree to this. In November Euler informed Goldbach that if the posi- 
tion of the president of the Géttingen Academy remained unoccupied, 
he might apply. Unsure of the stability of the new Russian government, 
Euler had not yet settled on a return to Russia. 

In December the personal relations between Frederick and Euler 
soured further. On 2 December Euler asked permission for the marriage 
of his younger daughter Charlotte to Baron van Delen. The next day the 
king rebuffed the request, banning the marriage, saying that van Delen’s 
first responsibility was to the military and to make advances through the 
Prussian officer ranks. He blocked the marriage for three years. Euler was 
now even more open to making a major change in his location. 

From 1763 to 1765 Euler’s correspondents included Lalande, Lam- 
bert, and Segner, commenting on an array of scientific topics. Lalande 
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discussed the comet of 1759, noting that the motion of Earth had no ef- 
fect on its course, expressed his doubts about observations of the transit 
of Venus in 1761, and noted the preparation of his two-volume text As- 
tronomie. He reviewed the problem of nutation in the precession or wob- 
bling of Earth, and wrote of Lagrange’s arrival in Paris, the publication 
of Alexis Fontaine’s Le calcul intégral (Integral calculus), Johann Albrecht 
Euler’s winning of the Petersburg Imperial Academy’s prize on the paths 
of comets, and the optical research of Rudiero Josep Boscovich. Lambert 
addressed partial differential equations, thermodynamics, and the three- 
body problem. He covered an article that he was writing for the Peters- 
burg Novi commentarii and mentioned that he would possibly present that 
academy a copy of his Pyrometrie of 1760 on fire and heat. Also among 
Lambert’s many topics were infinite series, properties of curves, imagi- 
nary logarithms, differential and integral calculus, fluid mechanics, and 
the improvement of telescopes. From the years 1763-65, twenty-seven of 
Segner’s letters to Euler survive. He reflected on his Neues Organon of 1764 
and a second edition of his Einleitung in die Naturlehre (Introduction to 
Natural Philosophy) of 1746. 

During the years 1763-65 Euler spent much time writing, revising, 
or editing three books. His yearly production of writings was over eight 
hundred pages, a substantial body of work by any standard. In 1763, 
Euler had ready for the press most of the manuscript of 1,700 pages for 
his three-volume Institutionum calculi integrals, but in these unfavorable 
times it went unpublished for five years. The Diarium litterarum, a jour- 
nal from the town of Griefswald, sought a publisher—perhaps through 
another person like Karsten. Observing that the Swiss printers annually 
published a number of poor writings, the Diarium declared that it would 
go counter to the Aufkldrung of the era that a “work written for the world 
and all times by the fault of a publisher lies unprinted.” But pure math- 
ematics characteristically had a limited readership; to cover printing costs, 
a wider public was needed. 

One day in 1763 Christoph Jetzler, a furrier from Schaffhausen, ar- 
rived at Euler’s house. At twenty-eight or twenty-nine years of age, Jetzler 
wanted to pursue an academic career, but family pressures forced him 
into another profession. After the death of his father, however, he began 
to follow his interests in the sciences. He traveled to Berlin, knocked on 
Euler’s door, and asked permission to copy sheet by sheet from Euler’s 
textbook on integral calculus. Euler provided a room and agreed to help 
him overcome difficulties in comprehending the new theory.’ During 
Jetzler’s stay in Berlin his mother sent him cherries and apple wedges, and 
for Euler plums, which he dearly loved. After months of writing himself to 
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exhaustion, Jetzler returned home in the late spring of 1764. In gratitude 
he sent Euler a large round of cheese, a practice that was a Swiss custom 
at the time. This was not the end of their connection; Euler offered to help 
explain problems in science, including some in astronomy two years later. 
Jetzler continued his studies and became professor of physics and math- 
ematics at the University of Schaffhausen. 

By 1764 Euler’s Lettres a une princesse dAllemagne were revised, now in 
French for his students and to reach a larger readership. Continuing his 
research in optics, in 1765 he completed most of the manuscript for his 
Dioptricae (Dioptrics, or general theory of lenses, E367); it would be four 
more years before it saw publication. 

Frederick II had always wanted complete control of the Royal Prus- 
sian Academy. Any thoughts that he had only momentarily applied his 
authority in the 1740s to fashion an effective institution were dispelled 
when, freed of his many military duties in late 1762, he began to tighten 
his control over its administration; at home and abroad it was soon under- 
stood that everything would lie in his hands. He started with two crucial 
changes, from which Euler lost out in his efforts to make the academy 
independent and professional: the monarch reasserted and extended his 
authority over the naming of new members and in the oversight of fi- 
nances. When the majority of members of the academy wanted to elect the 
German art historian and archaeologist Johann Joachim Winckelmann, 
who was profoundly influenced by classical Greek art and ancient Rome, 
Frederick followed the advice of Euler and Marggraf, who opposed 
Winckelmann’s election. This was not simply an expression of the king’s 
high regard for Euler; he had allotted a possible salary of one thousand 
Reichsthaler for Winckelmann, who wanted twice that amount, and he 
apparently did not realize the man’s scholarly distinction. The rejection 
of Winckelmann and, over the next decades, the rejection of philosopher 
and historian Johann Gottfried von Herder, who would win the Berlin 
Academy prize several times, showed Frederick’s condescension toward 
German candidates, manifested also in his unhappiness with Lessing’s 
election and perhaps Winckelmann’s conduct. To Frederick the wishes of 
the majority of academicians meant little or nothing; his negative deci- 
sions on membership for Winckelmann and Herder isolated the academy 
from leading national German scholarship. Reacting against Euler’s in- 
dependence in the 1760 elections, in January 1764 Frederick declared that 
the academy should choose no new member until he named a president; 
and he inserted the clause that he alone had the right to name all future 
members. He did not hold to the provision about a new president, but 
while accepting some advice kept to the absolute reservation concerning 
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new members, which went a step beyond his earlier veto of names on 
lists of candidates and the free election under Euler. In the future, during 
Frederick’s reign, the regular members of the academy had no influential 
voice in selecting candidates. 

As of late 1763, Euler had not yet definitely decided to return to Saint 
Petersburg. In October he wrote to Goldbach that, he feared, “the idea of 
transforming this [Berlin] academy into a French academy still exists,” 
by which he meant an academy open to radical ideas of the French En- 
lightenment. “As much as I am upset at the prospect of leaving, I still 
must prepare myself for this eventuality.” The selection of members from 
1764 to 1766 supported the idea of a French-like academy. These included 
seven Frenchmen, suggested by d’Alembert, and two Swiss, one of them 
the nineteen-year-old Johann ITI Bernoulli. After Euler wrote in October 
1763 to his friend Wenzeslaus Johann Gustav Karsten, who was seeking a 
new post in Butzow, that few vacant positions existed in Berlin and these 
required a perfect knowledge of French, Johann Albrecht informed Euler 
that the king had ordered the improvement of the academy. In response 
Euler invited Johann III Bernoulli, who arrived at the end of the year. It 
was important to be patient and not upset other members or the king, 
since his selection was not yet approved, and no salary was yet available. 
In November and December he assisted André Pierre Le Quay de Pre- 
montval as a foreign member on psychiatry,” and the assembly of the 
academy found his work brilliant. In 1764 Euler officially recommended 
Bernoulli to the king’s agent, and Frederick agreed to appoint this young 
member of the famous Basel family. That year the king commanded the 
academy to greet as new members Bernoulli, the theologian and military 
historian Quintus Icilius, and Johann Castillon, who taught at the artil- 
lery school and had completed a translation and commentary on Newton’s 
Universal Arithmetick. Euler regretted that almost all foreign members were 
French freethinkers whose selection he could not block. These included in 
1764 Louis de Jaucourt, a prolific writer for Denis Diderot’s Encyclopédie; 
Frangois-Vincent Toussaint, the author of Les mouers (On manners) of 
1748, a book that the French courts had burned; and in 1765 the wealthy, 
controversial hedonist Claude Adrien Helvétius, the author of the popular 
De l'esprit (On the mind) that derived morality from self-interest founded 
in the love of pleasure and sought the greatest happiness for the greatest 
number. The Sorbonne condemned Helvétius’s tract and the public ex- 
ecutioner burned it; it was also placed on the Catholic Church’s index of 
banned books. Euler, of course, greatly disliked Helvétius. 

Late in 1763, the sale of the Berlin Academy’s almanac had become 
the central issue in the brewing financial dispute with the king; its sale 
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remained a state monopoly and still provided most of the funds to sup- 
port the academy. Frederick believed that it must earn more income, so 
he proposed that its administration be changed. But Euler’s fellow di- 
rectors Marggraf and Johann Philipp Heinius continued to grant Euler 
a free hand, and he gave control to the almanac’s chief commissioner 
David Kohler. It was rumored that Kohler would be dismissed from sell- 
ing the almanac, for the king correctly agreed with the rumors that he was 
skimming off perhaps one-fourth of the funds from sales.’”’ Discounting 
these charges, Euler supported Kohler, whom he appreciated for always 
promptly paying his salary; he worried that the removal of Kéhler would 
weaken his administrative position at the academy. Euler took the selec- 
tion of the commission as a vote of royal mistrust and a personal insult; 
prior to this time he had managed everything alone, but now he was one 
among many. He wanted nothing detrimental to occur to Kohler.” Sulzer 
complained about Kohler and reported to the king. He suggested that 
many academicians feared Euler, muffling complaints about the alma- 
nac’s mismanagement, but only when Henri Alexandre de Catt joined 
Sulzer did he get a response from Frederick. 

In February 1765 the king issued an order to compile a new record of 
the academy’s finances and a possible reorganization of them. During the 
war the academy had spent twenty-five thousand Reichsthaler, but Fred- 
erick believed that much could have been saved though tighter controls 
on spending. By royal command, the budget had to include rebuilding 
the chemical laboratory, constructing adjacent residences, expanding the 
enclosure of the botanical gardens, and repairing all buildings used by 
the academy. But Frederick, discontented with the past finances, held 
Euler responsible; the king replaced the committee of four noble cura- 
tors with a commission of inquiry consisting of six salaried members 
elected by the academy to manage finances and salary. It was not clear 
whether this was a permanent change in the administration. The commit- 
tee consisted of Euler, Merian, Sulzer, Beausobre, Castillon, and Lam- 
bert, and Euler was elected its chief. They were charged with examining 
why the revenues from the sale of the almanac and of maps had declined 
so sharply during the Seven Years’ War. Kohler, then the treasurer, had 
real enemies in the academy—most notably Formey. At this point Sulzer, 
Lambert, and Catt were not favorably disposed toward him. Unable to 
agree on a common proposal, the commission submitted three plans for 
gathering content for the almanac and controlling its sale. Sulzer and 
Beausobre favored publicly leasing out the almanac; Lambert wanted to 
administer it himself; and Euler fought to keep it for Kohler, but under 
new regulations. Most commission members projected that the almanac 
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sales with their changes would increase from thirteen thousand to sixteen 
thousand ecus. 

On 13 June 1765 Euler, risking his prestige and acting as a curator 
without consulting other commission members, wrote directly to the king 
in support of K6hler. The letter had the opposite effect to what Euler de- 
sired, however; it not only alienated the other commission members but 
made the king decide to turn over the sale of the almanac to the private 
sector. Three days later, Frederick responded sharply in French to Euler, 
“I understand that I cannot reckon curves, but I do know that 16,000 
ecus are more than 13,000.””3 He also warned Euler not to be fooled and 
to accept the majority report of the commission: “The rights accorded to 
my academy must be used to support our men of science, not to feed a 
corrupted treasurer who is already paid well enough.”” Not only did the 
monarch decide to lease out the calendar, but he refused to answer two 
further letters from Euler on the subject. When Euler finally agreed in a 
third letter to drop the subject, Frederick replied in March 1766 that he 
was pleased to see him desist on this issue.” Euler broke with the other 
members of the committee, arguing that they did not have the right to 
submit their report, since he had not signed it. 

The king and likely all academicians had another reason to be angry 
with K6hler: after the war, he had exchanged the academy’s financial re- 
serves in metal coinage for paper currency that soon lost two-thirds of 
its value. At that time, and upon the royal decision on the almanac sale, 
the collaboration between Euler and Kohler ended, yet the commission 
continued to work with close attention to the mathematics department 
directed by Euler. That field received the only increased salaries awarded 
in 1764, bringing them to four hundred Reichsthaler. One recipient was 
Johann Albrecht Euler. Still, the election and the implementation of fi- 
nancial changes beginning in 1763 eroded the independence of the acad- 
emy, which gave Euler added reason to depart.” By 1765 Euler’s decision 
to leave would be final and irreversible. 

By the fall of 1765 the commission members began to call themselves 
the economic commission, and they had to address another important 
matter regarding the organization of the archives of the academy. The 
members discovered that numerous documents that they thought were in 
the academy’s archive were actually still in the homes of Kohler and the 
academy secretary Formey; this gave them reason to study the formation 
of a new archive and then to implement a proposal for it. The archives 
consisted of two departments: one gathered academic records, and the 
other financial and administrative documents. In September Frederick 
sanctioned an archivist independent of the permanent secretary and the 
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academic treasurer with a salary of 250 Reichsthaler. The commission 
wanted no direction from these officials. The archivist would also be regis- 
trar and supply the commission with data. On 3 October Euler proposed 
that each department have its own archivist, with Formey remaining in 
charge of academic works and Kohler, because of his detailed knowledge 
of them, to oversee the financial and administrative archives. The commis- 
sion rejected Euler’s recommendation, and in response to the two deci- 
sions he resigned from it in November. 

In January 1764 Lambert had arrived on his own initiative in Ber- 
lin, reaching an academy that would challenge his brilliance and offer 
funding. The Swiss, including Euler and Sulzer, warmly greeted him as 
a compatriot. Wanting to meet the scholar considered a world wonder, 
Frederick granted Lambert an audience that has proven famous. Accord- 
ing to Thiébault, for the meeting with the king Lambert dressed oddly in 
traveling clothes and was described as looking “like a bear.”” The conver- 
sation went like this: 


Frederick: “What science have you especially studied?” 
Lambert : “All, Sire.” 

Frederick: “Are you also a good mathematician?” 
Lambert: “Yes, Sire.” 

Frederick: “Who has instructed you in mathematics?” 
Lambert: “I, myself.” 

Frederick: “Then you are a second Pascal.” 

Lambert: “Yes, Sire.” 


Upset with what he took as conceit the king, upon making off to his cabi- 
net room, laughed and fumed, “He is the biggest imbecile I have ever 
seen.” If the monarch did say this, he did not grasp that Lambert was 
right in his responses, including that about Pascal. Lambert, a successful 
autodidact, had by 1764 proved that 7 and é are irrational, which put him 
close to the level of Pascal in mathematics. His proof that e¢ is irrational 
gave formalism to what Euler had shown but still lacked rigor. Until Janu- 
ary 1765 the king refused to confirm Lambert as a salaried member.”’ But 
four months after Lambert’s arrival, Euler wrote enthusiastically, “He is 
in all respects a person possessing enough talent for a whole academy.” 
And Immanuel Kant considered Lambert the greatest philosopher of the 
century, called his Photometria a classic book of physics, and foresaw that 
his name was to be forever linked with several important mathematical 
discoveries. 

Ina later conversation with Thiébault, Lambert ranked himself among 
living geometers; responding to a query from Thiébault, he stated with- 
out fear or hesitation, “The two foremost living geometers are Euler and 
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d'Alembert or d'Alembert and Euler.” He did not settle on a final order- 
ing." Euler, he opined, was more naive and d’Alembert had more finesse, 
subtlety, and elegance. Speaking with no vanity, he said, but following the 
dicta of complete objectivity, he himself was the third geometer. 

In 1764 Euler continued his considerable correspondence with Mil- 
ler. In March he thanked Miller for sending publications of Aepinus and 
the works of Johann Ernst Zeiher, who was leaving Russia for Wittenberg 
as professor of mechanics. Euler suggested Lambert as a replacement. The 
next month Euler successfully urged the Petersburg Academy to name as 
foreign members d'Alembert, Lalande, and the Spanish glassmaker Ra- 
phael Pacecco, whose glasses improved light perspectives and telescopes. 
Zeiher and Marggraf independently tested the different glasses, and Euler 
found Pacecco’s research a necessary introduction to the deepest theory of 
colored light rays. In July Euler enclosed in a package a letter to Aepinus 
from Karsten, who wanted to move to Saint Petersburg. 

In late October Euler and Lambert met in Berlin to discuss with the 
Russian envoy Dolgorukij the rehabilitation of the Petersburg Imperial 
Academy, providing Dolgorukij with exhaustive information on the Ber- 
lin Academy’s framework. On 9 November the visiting Russian chancellor, 
Count Mikhail I. Voroncov, invited Euler and Lambert to dinner to dis- 
cuss the reorganization, and Dolgorukij joined them. These conversations 
were important to the Russian effort to draw Euler back to Saint Peters- 
burg. At Voroncov’s dinner they exchanged ideas on what “benefit might 
accrue to the [Russian] government [from this development] . . . and how 
members might combine their individual strengths in the general interest 
of the nation.”” The next day Euler reported that Lambert had impressed 
his Russian hosts, who suggested that he enter their service, but he de- 
clined. Euler declared that in royal academies individuals were supposed 
to make most scientific contributions; instead he and Lambert stressed 
the need for more teamwork, which Euler found lacking in nearly all 
academies; he felt that institutions fostering collaboration should achieve 
more general applications and greater profits.” It was thought that col- 
laboration would result between Euler and Lambert, but instead sharp 
differences soon emerged between them on such matters as finances and 
the Berlin Academy’s almanac. Even so, the idea that Lambert worked to 
drive Euler from Berlin is erroneous. At the end of November, Euler met 
almost daily with Voroncov, and each time they addressed the reform of 
the academy. That some of Euler’s proposals were implemented before his 
return pleased him. 

At the academy, Euler enjoyed the friendship and assistance of Merian, 
who had come to Berlin only because he had lost out four times in the 
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lottery to be a professor at the University of Basel.” Intellectually talented, 
with a well-rounded education and great energy, he earned a European rep- 
utation for his critical philosophical writings. Aided by his admirable wife, 
Merian turned his house into a center of intellectual life in Berlin. 

By contrast Sulzer, a Wolffian, opposed Euler. Sulzer was important 
in restoring to a strong position the Wolffians, who had been displaced 
at the academy in the 1750s. While he had been made a member in 1750, 
Sulzer had received no salary from Maupertuis. In the intellectual life in 
Berlin, he had become a robust leader, but by 1763 he wanted to return to 
Switzerland. In 1764 Castillon joined Sulzer in the Wolffian resurgence. 
This development must have discouraged Euler. To keep Sulzer in Berlin, 
Frederick offered him a position in the new Ritterakademie (knights’ acad- 
emy) with a sufficient salary. 

After the end of the Seven Years’ War, this knights’ academy was 
planned and royally founded in 1765 in Berlin with its goal being to teach 
the sons of nobles and attempt to develop for the king a close connection 
with the science academy, but those academicians seldom showed interest 
in it. At the age of twenty-nine and with a distinguished record of publi- 
cations, Johann Albrecht Euler applied to teach mathematics there, but 
Frederic generally did not want joint appointments between the science 
academy and the knights’ academy, and they were rare; one such joint ap- 
pointment was of Thiébault, who personally edited the king’s writings in 
French and would teach French grammar at the knights’ academy. Johann 
Albrecht’s application was rejected with the excuse that he was too young, 
but that this was an evasion was made clear when eighteen-year-old Fré- 
déric Castillon, the son of Jean, received the position. Johann Albrecht 
wrote in disgust to Karstens that Frédéric’s knowledge of mathematics 
was at best at the level of a gymnasium pupil, and the Eulers took this as 
another slight in Berlin. 

In 1765 Euler’s landmark work Theoria motus corporum solidorum seu 
rigidorum (Theory of the motion of solid or rigid bodies, E289) was pub- 
lished,” and it reflected Euler’s recognition that his earlier Mechanica sive 
motus scientia analytice exposita on the motion of point masses was lacking 
in several ways. He not only brought it up to date but went beyond. Called 
his second Mechanica, Theoria motus corporum solidorum treated the kine- 
matics and dynamics of particles without referring to his predecessors— 
mainly Galileo, Christiaan Huygens, and Newton. While not completely 
without geometry, most of it is analytical, providing and calculating differ- 
ential equations. Euler based dynamics either on d’Alembert’s principle, 
sum (F) = 0, which was a variation of Newton’s second law, sum F = ma, or 
on the principle of action and reaction. 
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Theoria motus corporum solidorum applied to a solid the system of equiv- 
alent forces. A didactic work, it addressed particular problems, which it 
solved by use of a general theory. The text began with a six-chapter intro- 
duction containing illustrations and necessary additions to the motion 
of solid bodies, followed by a nineteen-chapter “Tractatus” on the me- 
chanics of rigid bodies. The book gave inertia as its elementary force and 
employed three permanent axes to describe it. Euler examined moments 
of inertia in wires, plane figures, and major solids, and he proceeded to 
the general case in which the moments were unequal. He also noted the 
importance of rotational motion and studied varieties of rotation under 
different forces; he had earlier thought that straight line motion was suffi- 
cient. In 1758 he made the important discovery of the equations of motion 
for the rotation of rigid bodies, and he subsequently solved that problem 
in 1759. The stress on rotational motion was something new, and Euler 
also investigated gyrations when a heavy pendulum is moved. Theoria 
motus corporum solidorum seu rigidorum closed with a five-chapter supple- 
ment dealing principally with friction. 

In designing mathematical models, algorithms, and differential equa- 
tions to predict the motion of rigid bodies, Euler advanced two funda- 
mental laws for that motion that are today known by his name. ‘The first 
describes translational motion, changing the velocity of the center of 
mass, and the second describes how the moment of forces and connec- 
tions controls the change of angular momentum. 

Theoria motus corporum solidorum is the last piece in Euler’s ongoing 
study of mechanics, which took over thirty years to complete. He had ear- 
lier devised the differential equations for the motion of fluid, elastic, and 
flexible bodies. Theoria motus corporum solidorum presents his clear and de- 
tailed analytical revision of the whole theory of solid bodies. 

The first section of the book contains a lengthy discussion of the na- 
ture of space—whether it is Newton’s absolute or Leibniz’s relative case. 
In 1748 Euler had addressed the subject at the academy in his article “Re- 
flexions sur l’espace et le tems” (Reflections on space and time), which 
was published two years later; he now examined thoroughly the reasons 
for and against each view, and his account was considered the best treat- 
ment of the subject for over a century. Presenting himself less as a phi- 
losopher than a mathematician, Euler showed his mastery of the subject. 

Also in 1765, Euler received an honor from the British. The desire of 
the British Parliament not to give foreigners its prize for devising a more 
practical method for finding longitude aboard a ship when it is not in 
view of land was a reason for delay in the making of the final test for it, as 
was British participation in the Seven Years’ War; the award was not given 
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until that year. British officials had urged the clockmaker John Harrison to 
construct a marine chronometer that gave longitude better than Mayer’s 
lunar method and indicated that the prize of ten thousand pounds for 
Harrison would be doubled when it was possible to make many more of 
these devices. After his first test of what became his famous clock in 1764, 
Harrison thus won that major part of the prize. Mayer’s widow and his 
heirs received part of the smallest bounties for the prize, three thousand 
pounds, for his lunar tables. It was only after Clairaut protested in May 
1765 in The Gentleman’s Magazine that he and Euler had not been recog- 
nized for building the foundation of the theory of lunar motion and for 
Mayer’s analytical method that Euler would receive an unsolicited gift 
of three hundred pounds, the equivalent of more than thirteen hundred 
Reichsthaler,” for his contributions to the theory of lunar motion. It came 
as a pleasant surprise. 

In the next year, Euler would return to Russia. The reasons for that 
are more complex than the refusal of Frederick II to name him the presi- 
dent of the Berlin Academy as well as to the Russian increase in his salary 
by 50 percent, though both were important. The position of Frederick on 
the presidency had not changed: the candidate must be a distinguished 
scholar, and ideally a philosophe, a héro de salon, a man of the world, and 
a fit partner at the royal table. Frederick believed that only among the 
French could he find such a figure. While Euler had wanted the presidency 
since his arrival, his failure to obtain it does not seem decisive in his deci- 
sion to leave Berlin; loss of control over electing academy members and 
over finances and salaries was most critical. Sulzer and Thiébault saw as 
the chief cause for the break the royal letters to Euler on these two issues. 
After the war, Euler had tried without success to have Frederick guarantee 
the future of his younger sons, but for Christoph no further promotion 
in the officer ranks was possible in the Prussian military, and there would 
be no position for Karl; both of these facts disappointed Euler. After the 
war, Frederick appointed only aristocrats to fill officers’ and governmental 
positions. A dedicated family man, Euler took as the cruelest blow in his 
personal association with the king this refusal to promote the careers of 
his sons. 

Through 1765 Euler’s relations with the Prussian court deteriorated for 
these reasons and one more: his gaze was now fixed on Saint Petersburg, 
and negotiations were under way for his return to Russia. Catherine IT 
considered the acquisition of Euler crucial to revitalizing her science acad- 
emy. In November, after a break of more than fifteen years, Euler wrote to 
Joseph-Nicholas Delisle that since the death of Maupertuis the selection 
of new members in Berlin no longer came from the academicians. Euler 
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had thus decided to return to Saint Petersburg, where Catherine promised 
radical reforms for her academy. These included naming eight additional 
members for new positions, and Euler was supposed to select these. He 
asked Delisle for his help in listing possible candidates. 

At the end of 1765, Johann Albrecht Euler wrote to Karsten that his 
father was in a bad situation. In November Euler wrote to Beausobre 
about the Berlin Academy’s arguments over economics and attempts at 
reconciliation. Some members did not want to debate with Euler and 
sought ways to resolve differences; others related criticism of him to the 
king and said that Euler should resign his directorship. His departure, 
they thought, might follow. Insulted, in response Euler cited his twenty- 
four years of faithful and able service. He now decided that he and his 
family should leave; to remain would be disgraceful. He had not yet for- 
mally made the request to depart, but at the end of November he left his 
director’s position in Berlin. On 24 December he sent a letter asking to 
return to Russia with the terms he and his son desired and awaited the 
response from the Petersburg Academy’s chancellor Voroncov. Essentially 
Catherine had said to give Euler a blank sheet of paper on which to write 
his requirements, and grant him anything that he wanted. Partly out of 
fear of totally losing his sight, Euler insisted on terms for his family as well 
as himself. He requested the positions of vice president and director of the 
mathematical department of the academy with an annual salary of three 
thousand rubles, an increase of half over the amount earlier offered him 
by Taubert. (The official exchange rate at the time was made 125 rubles 
equal to 400 Reichsthaler.) Euler requested a yearly annuity of one thou- 
sand rubles for his wife and a physics professorship for his son Johann 
Albrecht with a salary of one thousand rubles; his son Karl would have 
the position of physician for the academy and Christoph a post of army 
officer in artillery. Euler wanted a staff of talented young mathematicians 
assembled around him. His eldest daughter was promised to meet appro- 
priate suitors, and the family was to be treated like nobility. 

On 6 January 1766 Catherine II replied enthusiastically to Euler’s de- 
sire to return. Since the position of vice president was new, it would still 
have to be defined. While the academy lacked the funds for his annual sal- 
ary, Catherine would allocate money, for she felt that Euler was deserving 
of the three thousand rubles." Although there was no vacant position in 
physics, she would add one for Johann Albrecht, and Euler’s wife Katha- 
rina was to receive an annuity. Positions would be open for Christoph in 
the artillery and Karl in medicine, either in private practice or working 
with the academy. Catherine would provide a state-subsidized residence 
exempt from military quartering, along with heat and lighting. She would 
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cover all moving expenses, as determined by Euler and Dolgorukij, and 
all of Euler’s property could be brought to Russia duty free. For a scholar 
of Euler’s European-wide reputation, Catherine considered these terms an 
inexpensive bargain. On Christmas eve, Voroncov wrote that Catherine 
had accepted Euler’s request. In January Dolgorukij officially confirmed 
this decision. In her January letter Catherine wrote to Voroncov, “I am 
sure that my academy will rise from the dust because of this acquisition, 
and I congratulate myself in advance with the returning of this great man 
to Russia.”*’ She promised Euler that she would not make any changes in 
the academy before his arrival. 

As he lost control over the administration of the Berlin Academy in 
1765, Euler had begun to separate himself from its activities and made 
no secret of his desire to relocate. In July, after Euler was excluded from 
public celebrations, the Prussian state minister J. L. Dorville asked him to 
nominate candidates for the royal librarian, and Euler gave three names: 
Christoph von Sax of Utrecht, Georg Christof Hamberger from Géottin- 
gen, and the fictional Jacob Daniel von Wegelin from Saint Gall, the last 
being a figure from Euler’s sardonic response to Dorville’s wish to have 
a Swiss candidate. On 3 February 1766 Dorville asked Euler to begin ne- 
gotiations with Wegelin, but the selection committee of Catt and Formey 
quickly realized its mistake. To avoid embarrassment, the next day Euler 
wrote that Wegelin had left Berlin and withdrawn his name, leaving the 
way open for the fittest candidate. One interpretation of the proposal of 
an imaginary candidate is that it shows Euler seeking release from Prussia. 

On 2 February, shortly after Euler received Voroncov’s and Dol- 
gorukij’s letters, he formally asked to be released from his Berlin post. He 
and an extended family of fourteen, except for Christoph in the Prussian 
Army, were ready to leave that month; Euler knew that Frederick would 
not permit Christoph to go. Tensions grew at the Prussian court; with 
Maupertuis dead and d’Alembert unwilling to accept a post in Berlin, 
the king did not now want to lose his most distinguished man of science. 
Frederick and his advisers chose not to reply to Euler’s request. Catt, the 
king’s reader, wrote Euler that he hoped the news of it was only rumor. 
He suggested that Euler might leave the economic commission but re- 
main as a director of the academy. While Euler mistakenly thought that 
Catt was against him, actually he—and from Paris, d’Alembert—urged re- 
lease to avoid a public scandal. Catt described Euler as a great and hon- 
est man,” and it is likely that this praise helped move Frederick to grant 
Euler’s wish. Johann Albrecht kept a record of his father’s appeals. On 
4 February Johann Albrecht wrote to Karsten, “My father yesterday ap- 
plied for leave for himself and his entire family, which consists of eighteen 
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souls.” On 15 February he noted that his father “had already twice asked 
for his release, but to this hour still has received no answer. We live in the 
most terrible uncertainty and probably will remain for some time in that 
state....”®! After Euler wrote to Jacob von Stahlin, the academy secre- 
tary in Saint Petersburg, that his ties with Berlin were completely bro- 
ken, Stahlin raised the issue with Frederick. On 18 February Frederick’s 
secretary informed Stahlin that the king would not let others make his 
decision, which was his to be made no matter the cost to him. Clearly aca- 
demics did not have a right to end at any particular time their contracts 
with the crown. Euler did everything he could to be cashiered; in March 
he and his eldest son stopped for the most part attending the Berlin Acad- 
emy’s meetings. Euler’s thoughts were now focused beyond Prussia. 

Gaining release from Frederick proved more difficult than the nego- 
tiations with Schumacher in 1741. Regarding Euler’s first two letters the 
king remained silent, a familiar strategem of the monarch. On 15 March 
Euler again requested permission from the king to leave Berlin. “Sire!” 
his letter began, “I have always worked hard at the service of Your Maj- 
esty, but I cannot be indifferent to the wonderful offer made me and my 
family by the Russian Court.” Two days afterward, Frederick responded, 
“T would like to let you know that you will please me if you desist from 
this demand” and commanded Euler to “never again write about this sub- 
ject.” The king’s refusal led Euler to ask d'Alembert for assistance, but 
it was not soon forthcoming. Euler’s perseverance bespoke Swiss stub- 
bornness and liberty, but there was no progress with the king. Euler’s 
son did not know whether his father would have to stay or could depart. 
“Unfortunately,” declared Johann Albrecht on 5 April 1766, “the king per- 
sists in his utter silence and will neither let my father leave nor have the 
good grace of offering him satisfaction or service. My father, however, 
upholds his Swiss freedom, and becomes more and more eager for his 
departure.” On 8 April Catt promised to show Euler’s letter to the king, 
and Catt discussed it a week later. Not until late April did d'Alembert 
write a letter promising to help improve Euler’s relations with the king 
and urging him to stay in Berlin. He dared not risk Frederick’s anger by 
backing Euler. Apparently the letter was not delivered, since Euler had 
made his decision. 

On 29 April Euler and Johann Albrecht began to say farewell to the 
members of the Berlin Academy. The next day Euler again politely asked 
for his release. He pointed out that all academicians who asked to leave 
gained permission without any problems. He observed that it would not 
be sensible to turn down the good offer that the Russian court had ex- 
tended to his entire family. He now requested leave for his eldest son, who 
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was a member of the academy, and his second son, Karl, a physician treat- 
ing impoverished French Huguenots in Berlin. He realized that it would 
be difficult to have Christoph, an artillerist, join them.” Frederick likely 
did not wish to antagonize needlessly “my dear sister” Catherine, who was 
applying pressure. On 2 May the monarch wrote in French a terse two-line 
statement without a word of thanks: “With reference to your letter of 30 
April, I permit you to quit in order to go to Russia. Fréderic.”® The king 
seemed anguished, and even so, d'Alembert believed that Frederick did 
not grasp the severity of the loss. On 8 May, Catt extended best wishes to 
Euler on his new path. 

During their final month in Berlin, three of Euler’s children were 
married—his son Karl and two daughters. Ten days before the family’s de- 
parture for Russia, Karl Euler wedded Anna Emilie Bell. Little is known 
of the elder and sixth child, Helene, who married the first major Karl von 
Bell, a quartermaster on the Prussian general staff and later a Russian offi- 
cer. He was perhaps a noble relative of Karl Euler’s wife. Frederick finally 
allowed Baron Johann Jakob van Delen to marry the younger daughter, 
Charlotte. All three couples were to return to Russia with Euler. Only the 
van Delens would eventually leave the Euler fold; in the summer of 1769 
they moved to van Delen’s country estate in Hiickelhoven in the duchy of 
Julich on the Lower Rhine River in Holland. 

On 23 May Leonhard and Johann Albrecht Euler officially bade fare- 
well to members of the Berlin Academy; they attended their final meeting 
on 29 May. On 9 June the Euler party left Berlin. It was an emotional scene 
attended by Prussians of royal blood, including the future margrave Fried- 
rich Heinrich and his daughters, joined by Euler’s colleagues, neighbors, 
and students. Of the family, only Christoph stayed; Frederick decreed that 
he must remain in the military, but in a year the king was to relent. 

The time from Euler’s departure from Berlin to his arrival in Russia 
was not uneventful. His party left the Prussian capital in a small wagon 
caravan, going first to Warsaw. In 1762 Prince Adam Kazmierz Czarto- 
ryski, from one of the wealthiest Polish noble families, had refused the 
crown; instead it went to his thirty-one-year-old cousin Stanislaw August 
Poniatowski of Poland, a favorite of Catherine II. A patron of the arts and 
sciences, Czartoryski invited Euler to Warsaw and Poniatowski agreed. 
The Polish king and his court warmly feted him for ten days, and Ponia- 
towski conveyed his regards for Catherine. The Eulers proceeded next to 
Mitau (Jelgava), the capital of the duchy of Courland, where the duke 
hosted them for four days, perhaps at the nearly completed Rastrelli Pal- 
ace. They then made their way to the Baltic and boarded boats for the 
nearby seaport of Riga. Supposedly a second boat carrying luggage and 
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supplies sank; we only know of this alleged event from a derisive letter 
written by Frederick II and a note of it in Thiebault’s Souvenirs. Since 
neither observed the event or gave any evidence of it, it seems unlikely 
that it occurred. Recognizing his guest’s distinction, the duke in Riga 
granted Euler free lodging and furniture along with luggage, service, and 
two grenadier guards, as well as reduced prices for some of the best items. 
The city meanwhile honored “the great Euler” for his many achievements. 

After corresponding with d'Alembert in early June, Lagrange indi- 
cated that he had not wanted to work under Euler. On 26 July Frederick 
wrote to dAlembert thanking him for having Lagrange agree to accept the 
Berlin post. To gain Frederick’s endorsement, d'Alembert had claimed that 
Lagrange was a philosophe and man of the world (though he was neither) 
and the foremost geometer. Lagrange’s acceptance took part of the sting 
off Euler’s leaving. A letter from Frederick to d'Alembert was tasteless; he 
remarked that “the one eyed monster... has been replaced by another 
who has both eyes.” Of the alleged boat sinking, Frederick continued, “A 
ship loaded with his x, z, [and] his kk, has wrecked; everything was lost. It 
is a pity, because there was something that could fill six foliate volumes of 
papers full of numbers from beginning to end. Apparently now, Europe 
will not have the fun of reading them.”®’ No other record has yet been 
found of the ship’s sinking. For ten years there was no correspondence 
between the king and Euler. 

Immediately after Euler’s departure for Russia, the Berlin Academy 
returned for a final time to the debates over the Leibnizian and Wolffian 
philosophies by setting a eulogy of Leibniz as its prize topic for 1768. The 
Wolffians had lost recently, as in 1763 when Moses Mendelssohn won the 
prize and Immanuel Kant the accessit (honorable mention) arguing that 
the proofs of metaphysics were not so clear and comprehensive as those 
in Euclidean geometry. But in 1768 the academy awarded the prize to the 
modest éloge by the French astronomer Jean Sylvain Bailly of the Paris 
Academy. According to the prize committee, the article brought “praise 
to neither Leibniz nor its author,”® but this competition has been called 
the final defeat of Euler by the Wolffians at the academy, where for a more 
than a decade an eclectic version of their philosophy dominated. 


Chapter 13 


Return to Saint Petersburg: 
Academy Reform and Great 
Productivity, July 1766 to 1773 


n 28 July 1766, after an eight-week journey, Leonhard Euler and his 

family arrived in Saint Petersburg. He was fifty-nine. It was a joy to 
return to the country where he had started his career, and he was pleased to 
have good relations with the new government, but none of his old friends 
and colleagues from his first period in Russia remained in Saint Petersburg. 
Christian Goldbach had died in 1764, and in April 1765 Gerhard Friedrich 
Miller moved to Moscow. Euler wished Miiller success but lamented that 
he would not see his “oldest and best friend” in Russia.' The ostentatious 
Catherine II had Euler greeted in royal fashion and exceeded the terms 
of his contract. On her initiative, she had sent him 10,800 rubles from the 
state treasury; of that sum, 8,800 rubles went for the purchase of a large, 
two-story brick and wood house of her own choosing. Located on the bank 
of the Greater Neva River, it had been built for Prince Alexander Kurakin 
around 1720. The remainder was spent on furniture. Euler and his wife, their 
daughters and spouses, and his staff moved in along with Johann Albrecht 
Euler and his family, who took rooms on the first floor. Together with Karl 
Euler, the household numbered eighteen. For a time Catherine also pro- 
vided one of her cooks. Since the area lacked sufficient permanent bridges 
across the Neva, buildings along the side of the quay that contained Euler’s 
house were still unfinished. Its location a few blocks from the Kunstkam- 
mer, his workplace, was excellent for Euler. In accordance with the order of 
Peter the Great that buildings in this area be directed toward the Neva, each 
of the two floors of the house had thirteen windows facing the river. The 
yard had a coach house that could accommodate sixteen carriages. 

Already in the evening of the settlement for the house, Euler’s near 
blindness became apparent; he could not read the documents that he had 
signed a few hours earlier or even distinguish between a blank page and 
another with writing. The vision in his previously healthy left eye was fail- 
ing from a developing cataract, and his hearing was deteriorating. 
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Soon after Euler’s arrival, Catherine granted him and his two oldest 
sons a lengthy audience. He asked to be named academic counsel, a posi- 
tion that would make him a nobleman. Whether his family had encour- 
aged him to seek the post or he did this on his own initiative is not clear. 
He saw the advantage in Russia of having -tschin added to a family name. 
But while support existed to raise Euler to the nobility, the empress deli- 
cately rebuffed his request. Not yet willing to take the step of making a 
commoner a noble on the basis of intellectual achievement, she exclaimed 
to Euler that his fame was “better than any noble title.”* Catherine also 
placed the Euler family on the same level socially as the nobility, sharing 
status and privileges that were not yet available to the middle estate in im- 
perial Russia. But she did not list him among the six categories of nobles 
there. Euler was pleased that his wife would receive a widow’s pension 
upon his death, and it was important to him that his sons had guaranteed 
positions in Russia. Johann Albrecht was named the professor of experi- 
mental physics at the Imperial Academy of Sciences and Arts with a salary 
of one thousand rubles along with proposed free housing. At this early 
audience, Euler asked Catherine to make his son Karl a crown physician 
to travel with the royal court to Moscow. Catherine declined that request, 
for she wanted Karl to remain in the capital city, belonging to an aca- 
demic commission for codifying the laws and compiling a new law book. 
But physicians were most welcome in Russia, and she named him a crown 
physician as well as physician to the academy. Christoph, who had not yet 
arrived in Russia, was designated a colonel in the military. That his sons 
had good positions and his daughters were married well relieved Euler 
of “the burden of caring for his children, which had always worried him 
during his . . . [later years] . . . in Berlin.”’ Freed of that responsibility, he 
could concentrate more on reorganizing the Petersburg Academy. 


Restoring the Academy: First Efforts 


Under Empress Elizabeth the Petersburg Imperial Academy of Sciences 
and Arts had badly deteriorated. In 1765 it suffered a great loss with the 
death of Mikhail Lomonosov. Catherine II charged Euler with the task 
of restoring its early splendor; like Peter the Great, the empress viewed 
the sciences as vital to converting imperial Russia from a backward realm 
on the fringes of Europe into a powerful modern state on the Continent. 
Citing Jacob von Stahlin and Franz Ulrich Theodor Hoch Aepinus as ex- 
emplars, Euler during his first audience with Catherine emphasized that 
the academy should be concerned not only with speculation, which would 
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make it a burden on the state if it did nothing else, but even more with 
general applications.* Here Euler agreed with the empress and her court, 
who stressed utility. Catherine pledged more fully to support research 
in abstract mathematics, mechanics, and optics as well as theoretical, 
computational, and observational astronomy and their applications. Her 
academy had the geography section continue to prepare reliable maps 
and atlases for exploration and trade, to pursue hydraulics in flood-prone 
Saint Petersburg, and to advance naval science. Its projects also encom- 
passed metallurgy, mineralogy, and natural history. The academy, like that 
in Berlin, had to address a range of technical problems; it was to evalu- 
ate technological contrivances, inventions, and proposals and to improve 
upon them. This made up a major part of Euler’s proposed work. In sup- 
port of the effort to revitalize the academy, the empress promised to add 
to its funding. She planned to raise the pensions of ordinary professors 
to a thousand rubles, provide members housing near the institution, and 
within a few years add eight new academicians.’ Crucial to Euler was her 
pledge to reorganize the academy in a way that would give more auton- 
omy to scientific pursuits and reduce internal strife. In Catherine’s later 
audiences with Euler, many of them lasting several hours, she listened 
with close attention and made comments. 

Immediately Euler and his son Johann Albrecht began rehabilitating 
the academy, the university, and the gymnasium. As the eldest and most 
distinguished member of the academy, the doyen, Euler was a vice direc- 
tor, presiding at all the twice-weekly general sessions and calling confer- 
ences in the absence of the president. He was also to select new members 
engaged in high quality research. Even with his declining vision, Euler felt 
it his duty to be at the academy each weekday morning to organize its op- 
erations and direct it. As Euler’s eyesight worsened in September, Johann 
Albrecht began to assist him more. They set out to improve the operations 
of the academy by better arranging meetings, distributing papers for dis- 
cussion ahead of sessions, publishing the Novi commentarii Academiae Im- 
perialis scientiarum Petropolitanae, ordering supplies and equipment, and 
seeing to official correspondence. Euler resumed leadership in the prepa- 
ration of maps, and Miller in Moscow promised to help. Euler welcomed 
his offer, for he planned to make eight small maps that together would be 
an atlas of the Volga region. Skilled in several languages, Euler proposed 
opening a school in Saint Petersburg to instruct translators. In August 
1766, Miller wished him good fortune and invited him to visit Moscow, 
but the decline in Euler’s eyesight prevented him from accepting. In Oc- 
tober he wrote that the academy appreciated Miiller’s research in history, 
and especially on Siberian geography, and had accepted his suggestion to 
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draw and publish a large map of Siberia. Euler reported a sudden and se- 
rious deterioration of his vision that left him unable to distinguish among 
letters of differing sizes on a white page. 

There was a brief interruption in Euler’s labors. At the end of August 
and the beginning of September 1766 he suffered from another serious 
fever. The Protokolii (Protocols) of the regular academic meetings reported 
his illness and absences on 21 August and 1 September. On 15 October he 
reported that his fever had lasted only several days, while the eye malady 
was leading to the loss of the remaining vision in his left eye from the cata- 
ract on the lens.® But Euler refused to let this hinder the performance of 
the sessions of the academy or his participation in them. The most impor- 
tant publications, papers, and letters now had to be read to him; he deter- 
mined what was to be written in correspondence and dictated it. He had 
to make computations mentally—even the most difficult ones—and like- 
wise dictate them. He still attempted to read documents, but had scant 
success. Johann Albrecht recorded his computations. Another hand wrote 
the letter of 15 October, and Euler only signed his name. Even in the onset 
of near blindness, his astonishing memory, rich imagination, steady will- 
power, insatiable curiosity, and disciplinary intuition continued to serve 
him well, and his addiction to research and delight in solving the most 
difficult problems encouraged him confidently to proclaim, “One more 
distraction removed” in reference to his sight.’ 

In October 1766, Catherine II accepted Euler’s proposal to replace 
with a new commission the chancery that had supervised the academy, 
and she divested the president, Count Kirill Gregor’evich Razumovskij, 
of his legal powers but not the office. The president had to be a noble, 
so there was no discussion of Euler’s assuming that position. Though 
a student of Euler in 1743 and 1744, Razumovskij was little interested 
in the sciences. Elizabeth had appointed this prominent courtier to the 
presidency in 1746 when he was only eighteen; he was now the hetman, or 
chief, of the Don Cossacks and the Ukraine. To improve the management 
and operation of the academy, Catherine created a directorship as an aux- 
iliary post to the president and transferred presidential powers to the ap- 
pointee. She added sufficient staff to run the academy departments. ‘The 
academic commission belonged to the new directorship, and five acade- 
micians were among its members: Euler, his son Johann Albrecht, Semjon 
Kirillovié Kotel’nikov, Johann Lehman, and Stepan Jakolevi¢ Rumovskij. 
They were to be joined by the conference secretary Stahlin and the new 
director. Primus inter pares on the commission, the director would report 
directly to the empress. That and the supervision that the nobles exercised 
over the academy’s operations ensured Catherine’s preponderance. 
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The academic commission was ordered to draw up detailed plans for 
radically reorganizing the institution, to manage it until a new director 
was appointed, and then to assist the new manager. From his initial aca- 
demic session after returning to Russia in August 1766 and through the 
following decade, Euler worked to improve the academy’s administration. 
At the end of 1766 he gave the committee a five-page memorandum in 
French titled “Plan for a Reestablishment of the Imperial Academy of Sci- 
ences,” which called for enlarging the number of members, simplifying 
the editorial board, more effectively overseeing the publications of the 
academy to enlarge profits, and increasing financial payments for foreign 
scientists invited to Russia. In February 1767, Euler proposed an increase 
in salaries and an end to the censorship of imported books. He urged 
reducing teaching assignments and providing more adequate funding for 
the academy through an expanded sale of books, calendars, and journals. 
Intrigues and trifling quarrels continued, and Euler wanted to find means 
to lessen this internal strife. While in Berlin he had supported the pio- 
neering efforts in Saint Petersburg of Lomonosov to educate native Rus- 
sian scientists, and he appreciated Lomonosov’s commitment to Russian 
poetry, rhetoric, and history along with chemistry and physics. In both 
Prussia and imperial Russia, Euler attempted to develop a measure of 
autonomy for the sciences as a profession. Like Lomonosov, whom Razu- 
movskij had named to head the educational branch of the academy from 
1760 to 1765, Euler proposed giving academicians a greater role in the 
control and operation of their institution. Euler differed with Lomono- 
sov in being less willing to accept noble domination of the academy and 
briefly gained limited independence for it. Opposition from the first two 
directors and from courtiers attached to the academy was soon to block 
all of Euler’s administrative proposals. 

For the first director of the Petersburg Imperial Academy, in 1766 
Catherine had named the general and count Vladimir Grigor’evich Orlov, 
the younger brother of her bearlike libertine lover, the general Grigorij 
Grigor’evich Orlov; he would hold the post until December 1774. In the 
summer of 1762, the two brothers had been leaders in Catherine’s coup 
against her husband, Peter III, and she rewarded them with governmental 
offices. Catherine instructed Vladimir Orlov to bring the academy into 
order. Occasionally one of the vice directors, Alexey Reshevski of the 
Junker nobility of eastern Prussia, filled in for him. Euler and his son en- 
joyed fairly good relations with both. Yet Orlov, who in character was not 
unlike Johann Schumacher, joined with courtiers attached to the academy 
in reestablishing the despotic bureaucracy that Lomonosov and Euler op- 
posed, and the policies lessened the institutional authority of Euler and 
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his son Johann Albrecht. Regarding the administration of Orlov, Count 
Sigismund Ehrenreich von Redern of the Royal Academy of Sciences in 
Berlin, whose atlas Euler had published in 1762, exclaimed to Euler dur- 
ing a visit to Saint Petersburg, “what an extraordinary kind of person you 
have for the president [actually director] of the academy who is against all 
scholars, regards the academy as useless, and believes like [Jean-Jacques] 
Rousseau that science would make the world more evil.”® 

Initially the empress hoped that Orlov, a graduate of the University of 
Leipzig, would provide leadership at the academy. But preoccupied with 
the events leading to the great Pugachev Rebellion against serfdom and 
soon the rebellion itself, he came to neglect his duties. In 1773 and 1774, 
the Cossack Yemel’yan Ivanovich Pugachev was claiming to be Peter III, 
who had died in prison. Appearing on the Siberian frontier Pugachev led 
millions of serfs who along with Cossacks, Ural miners, and Old Believers 
in the Orthodox religion sought respect and liberty. Roughly three thou- 
sand landowners were killed before the uprising was crushed. 

Upon his return to Russia, Euler maintained close ties with the Berlin 
Academy. In 1766 he sent eleven articles to be published in volumes of its 
Mémoires for different years on such topics as consonance and dissonance 
in music, improved microscopes, the knight’s tour in chess, the rotation 
of celestial bodies, and the propagation of sound, including the disturbed 
state of a slice of air—that is, a wave. Jean-Henri-Samuel Formey informed 
him about the arrival of Joseph-Louis, Comte de Lagrange in Berlin and 
difficulties in selling Euler’s house. Two years later, in November, Euler 
gave the Berlin Academy (in his son Johann Albrecht’s handwriting) a 
short account of his memoirs after he lost his sight, and urged a tighter 
collaboration between the two academies.° 


The Grand Geometer: A More Splendid Oeuvre 


During his second Saint Petersburg period, Euler’s correspondence fell 
sharply, but neither administrative duties nor near blindness stopped his 
extraordinary productivity. Alone, as lead author, or in the supervision 
of printing, he presided over a stream of articles and books numbering 
415, which amounts to 52 percent of the total publications for his career." 
Of these, more than 150 were to appear after his death. In Russia Euler’s 
articles addressed a range of topics, primarily in pure and less so in ap- 
plied mathematics, ranging over algebra, theoretical and computational 
astronomy, integral calculus, dioptrics, hydraulics, rational mechanics, 
music, and number theory. He published articles on practical questions, 
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including actuarial mathematics with tables on the problems of mortality 
and reproduction, and he occasionally explored recreational problems, 
such as magic squares.'! Many articles dating from the time after he would 
retire from the academy lack the ingenuity of his earlier papers. 

The writing was not simply an upsurge at the start of the second Saint 
Petersburg period; Euler had already composed many works initially pub- 
lished at that time in Berlin. The exceptional flourish began more precisely 
in the final half decade of Euler’s Berlin period. Sixteen of the eighteen 
articles printed in 1767 he had completed in Berlin, along with twenty of 
twenty-two issued in 1768, and fourteen of sixteen for 1769. Those numbers 
fall to two of nineteen for 1770 and three of ten for 1771. Clearly Euler 
did not singly write or dictate all parts of the articles and books from the 
second Saint Petersburg era. Vital support came afterward from the small 
research circle that had formed over the years around him. When he was 
the lead author, members from his team assisted him, mainly in making 
computations. That collaboration had begun with his son Johann Albrecht 
and the astronomers Kotel’nikov and Rumovskij. In February 1767, Chris- 
toph Euler moved from Berlin, entering a Russian artillery regiment as a 
colonel. That year Euler began to instruct Petr Borisovic Inochodzev and 
Ivan Judin in astronomy. His research circle was not yet complete. 

By 1766 the Petersburg Imperial Academy agreed to print two mul- 
tivolume writings by Euler and in the next year a third, all of them com- 
posed in Berlin. Two were his monumental Jnstitutionum calculi integralis 
(Foundations of integral calculus, E342, E366, and E385) and his Diop- 
tricae (Dioptrics, or general theory of lenses, E367). In Saint Petersburg 
Euler concentrated on having both published. It was owing to a proposal 
of Stahlin, who found a copy among Euler’s papers after his return to 
Saint Petersburg, that the Lettres a une Princesse dAllemagne, sur divers su- 
jets de physique et de philosophie (Letters to a German princess on diverse 
subjects of physics and philosophy, E343, E344, and E417; “physics” here 
means the elementary physical sciences) were to go to press.” Each of 
these texts comprised three volumes. Euler’s labors on the first two works 
and his advancing blindness may at least partly account for the brief mis- 
placement of the letters. 

On 7 August 1766, at the first conference that he attended upon his re- 
turn to the Petersburg Imperial Academy, Euler submitted the entire text 
for his Institutionum calculi integralis on ordinary and partial differential 
equations, most of which were linear. Since 1759 he had searched fruit- 
lessly in German lands for a copy editor and printer for the manuscript; 
he recognized that for any press printing this book would be difficult. By 
December 1763, the manuscript of the text had been completed." 
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In January 1767 Euler wrote to his young disciple Lagrange that he 
was pleased to have so worthy a successor in Berlin but regretted that 
Lagrange had not come to Saint Petersburg. The previous October La- 
grange had arrived in Berlin through the efforts of Jean-Baptiste le Rond 
d’Alembert, and Euler and d’Alembert continued to be his two principal 
teachers and advisers. While his rapport with both was good, he remained 
closer to d’Alembert and wanted not to work directly under Euler, who 
pressured him to increase his number and body of publications. In 1765 
Euler had noted d’Alembert’s rejection of their solution to the vibrating 
string problem, and he asked whether that action conformed to the law of 
continuity. He commented on the new edition of Gottfried Wilhelm Leib- 
niz’s manuscripts by the publisher R. E. Raspe, and on the first edition of 
Leibniz’s Nouveaux essais sur l’entendement humain (New essays on human 
understanding, 1703) with remarks on John Locke; Euler also observed 
that the Seven Years’ War had delayed the publication of the Berlin Acad- 
emy’s Mémoires. In 1766 Euler remarked that Lagrange had been the first 
person he recommended to Catherine IJ, and he praised her plans for her 
academy of science. In the relationship between Euler and Lagrange, a 
letter in January 1767 began a new phase. Euler recognized that Lagrange 
would not come to Russia. As the director for the mathematical section in 
the Mémoires of the Berlin Academy, Lagrange made it his primary respon- 
sibility to assure that volumes begun by Euler and containing several of 
his articles would be published. Lagrange would later mention an essay 
by Euler on the motion of mass points around two fixed centers of attrac- 
tion and another on tautochrones in resisting media. 

Euler’s letter in January also reported that the Petersburg Imperial 
Academy would publish his text on integral calculus. Finding a publisher 
for his books continued to be a challenge. Although originally projected 
to require two volumes, the text had contained so many emendations 
since 1759 that three volumes were now necessary. The title page lists 
Euler as vice director of the Imperial Academy as well as a member of the 
Paris Academy and the Royal Society of London. In December 1767 La- 
grange expressed delight that the Imperial Academy had agreed to have 
Euler’s Institutionum calculi integralis printed and called it a “true service” 
to scholars in the sciences. 

Between 1768 and 1770, the academic press published the three vol- 
umes in quarto of the Jnstitutionum calculi integralis (E342, E366, and 
E385).'° It completes Euler’s trilogy on calculus that includes the Intro- 
ductio in analysin infinitorum (Introduction to the analysis of the infinite) 
and the Institutiones calculi differentialis (Foundations of differential calcu- 
lus). Together they came to more than 2,500 pages, and represented the 
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Figure 13.1. The frontispiece of Euler’s Institutionum calculi integralis, 1768-1770. 


first thorough group of texts on calculus." The claim that they formed the 
basis of the curriculum of modern calculus is exaggerated, but they con- 
tained most elementary solutions of differential equations and all basic 
cases of integrability. The Institutionum calculi integrals was a novel work 
offering a comprehensive catalog of solutions to partial and ordinary dif- 
ferential equations by an evolving concept of elementary functions and 
by power series, many of which appear in a course separate from calculus. 
In his Introductio Euler had already offered the general theory of algebraic 
and elementary transcendental functions; he represented functions by a 
single analytical expression composed of variables and constants.'’ Before 
him there had been few methods of solution and few applications. He 
refined, simplified, and extended each of these and added hundreds of 
innovations in the theories of those equations that are particularly helpful 
in their application to mechanics. The text results from Euler’s objective 
over several years of presenting calculus in a didactic book. 

Volume 1 of the Institutionum calculi integralis consists of an introduc- 
tion, describing the general nature of integral calculus, followed by three 
sections that comprise what might be termed ten chapters.'* Each chapter 
is the elaboration of several problems with solutions and several corol- 
laries with proofs. The first section integrates elementary functions, es- 
pecially the transcendental logarithmic, exponential, and trigonometric, 
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and examines an evolution by infinite products. The second section covers 
the integration of second-order differential equations via multiplication, 
approximations, and infinite series. The third resolves partial differential 
equations of third and higher orders. Euler’s definition of integration as 
antidifferentiation was questionable, since he did not prove that antidif- 
ferentials existed. He integrated only continuous functions, and in his ex- 
amples the antidifferential always existed. The resolution of this problem 
would lie outside the eighteenth century. Since many simple functions 
could not be integrated by reducing them to the most elementary forms, 
Euler compared integration to inverse arithmetical operations, such as 
addition to subtraction or multiplication to division. He did not achieve a 
complete theory of definite integration. 

Chapter 6 in the second section of volume 1 dealt with elliptic inte- 
grals, and here Euler was continuing to extend the work of Count Giulio 
Carlo de’ Toschi di Fagnano. Like Fagnano, he emphasized the relations 
between integrals and algebraic results.'* Of the so-called integrals, the 
arc lengths of the ellipse, hyperbola, and lemniscates gave the typical 
cases. Euler had shown that the method of indeterminate coefficients led 
to what he called the complete integral and what we would today term 
the general integral. In this field, these were Euler’s horizons for his work. 
Perhaps he alone saw here the germ of an entirely new branch of analysis. 

The second volume was divided into two parts. The first, consisting of 
twelve chapters, treated ordinary differential equations of second order, 
and the second part differential equations of third and higher orders, their 
construction by the quadrature of curves, and elliptic integrals. After re- 
ceiving the two volumes, the first from the printer and the second from 
Formey, Lagrange lauded Euler’s research as erudite, ingenious, and—as 
always—fruitful.” 

The third volume contained two parts on resolving differential equa- 
tions. While actively pursuing elliptic integrals, Euler had for a time set 
aside what is now considered the closely allied area of intricate Diophan- 
tine equations.*! He returned to it only when composing the last section 
of his Vollstandige Anleitung zur Algebra (Complete guide to algebra, E387 
and E388). A seven-chapter appendix of the Institutionum calculi integralis 
refines what Euler called a new branch of integral calculus, the calculus of 
variations, following the analytic methods of Lagrange, whom he called 
the creator of this field. For it Euler offered a higher degree of perfection 
of its methods and computations. 

In August 1767, Euler wrote to director Vladimir Orlov about the pub- 
lication of the Lettres a une Princesse dAllemagne.” Probably that month, 
Euler informed his friend of noble rank, Friedrich Heinrich, that the first 
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two volumes would be published in several months. The Lettres, princi- 
pally Euler’s apologia rendering his defense of positions that he had taken 
in scientific disputes and a related history of science, are the most success- 
ful high scientific popularization of the Enlightenment. They also convey 
briefly Euler’s religious, moral, and spiritual positions, core elements of 
which will be noted below. In Russia the Lettres were published first in 
French, the language of the nobility and the second language of Europe. 
That language together with the popular style and clarity of the Lettres 
allowed the work to reach the largest group of readers. A comment from 
Denis Diderot in Rameau’s Nephew (written in the 1760s but not published 
until 1805) might apply: “One needs a profound knowledge of art or sci- 
ence to have a good grasp of their elements. Works of classic rank can 
only be produced by those who have grown gray in harness. The middle 
and end illuminate the obscurity of beginnings.”* The first two volumes 
of the Lettres, E343 and E344, appeared in 1768 in Saint Petersburg and 
the last (E417) in 1772. Each is hefty: the first volume has 315 pages, the 
second 340, and the third 404. 

From the final years of Euler’s life to the present, the Lettres have met 
with phenomenal success. By 1800 they had gone through thirty editions 
and were translated into eight other languages: Danish, Dutch, English, 
German, Italian, Russian, Spanish, and Swedish.™ 

That the 234 sets of lessons sent in French to the future princess 
Friederike Charlotte Leopoldine Louise from April 1760 to May 1762 re- 
mained unpublished in Prussia possibly owed at least partly to tensions 
from 1772 on between Frederick II and Friedrich Heinrich and between 
the king and Euler. Throughout his stay in Berlin, Euler likely wanted to 
have them put into print. He probably prepared in Russia the first Ger- 
man translation, while between 1768 and 1774 Rumovskij translated the 
Lettres from French into Russian, the first of five Russian editions leading 
up to 1808.” 

The Lettres are a treasure trove from the sciences, a distinctive ency- 
clopedia of knowledge, and they give Euler’s mature positions as well as 
outcomes of earlier research and speculations. He began simply, for his 
student had little knowledge of natural philosophy or mathematics. But 
he proceeded quickly to more difficult topics in steps and well-chosen ex- 
amples lightened with an occasional touch of humor. The text showed his 
insight, how he worked through problems, and the clarity of his explana- 
tions. It contained no mathematics. 

The initial three topics—extension, velocity, and sound—were among 
the seventy-nine dealing with general physical science that comprised 
the first of three natural divisions within the Lettres. For René Descartes, 
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Figure 13.2. The frontispiece of Euler’s Lettres d une Princesse dAllemagne, 1768-1770. 


extension was the essential property of matter. But Euler assigned two 
other fundamental properties from the work of Isaac Newton: impenetra- 
bility and inertia. He explained these in letters 69, 70 and 74, which make 
impenetrability the most general property. After giving Earth’s circumfer- 
ence as 25,020 miles early in the Lettres Euler—like Newton—computed 
the velocity of sound. For the first edition of his Principia Mathematica 
Newton had multiplied frequency by wavelength and found the velocity 
of sound to be 968 English feet per second. Basing his calculation upon 
new frequency measures of organ pipes, in the second edition in 1713 
he increased the figure to 1,020 feet. Euler gave a closer approximation 
of 1,142 feet per second; the actual value is 1,107. Euler treated light as 
analogous to sound, as a vibration in the ether. The figure for the speed 
of sound was minuscule measured against the greatest velocity known, 
that of light which since the time of Galileo Galilei had not been thought 
to be instantaneous. Euler calculated that it moved 12,000,000 English 
miles per minute. That this is not much higher than the actual value of 
11,176,943.8 miles per minute could mean that Euler rounded the figure 
to make its dimension clearer to his student. Letters 4 to 17 proceeded 
to music, the air, and the atmosphere. Letters 17 to 45 explained light, 
starting with the systems of Descartes and Newton on the subject, both 
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of which Euler rejected, and proceeded to his pulse theory, optics, the 
theory of colors, dioptrics, reflection, vision, and the structure of the eye. 
His opposition to Newton’s corpuscular optics meant not that Euler was 
anti- Newtonian but that he found fault with Newton’s optics on questions 
of reflection and refraction. 

The ether, seen as an extremely tenuous and elastic form of matter 
filling in nature all of otherwise empty space, remained the fundamental 
concept of Euler’s physics.** With it he continued to explain most physical 
phenomena—mechanical, optical, magnetic, and electrical. Ether first ap- 
peared in letter 19. Euler’s application of ether to explain celestial motion 
has been interpreted as Cartesian,” but it was not Descartes’s ether. Two 
considerations regarding ether guided Euler. He sought to remove the 
neo-Cartesian charge that mutual attraction was a secret or occult prop- 
erty, and he rejected Newton’s action at a distance in explaining it. 

Letters 45 to 79 addressed gravity and its effects, along with mechanics, 
cosmology, the tides, and the theory of matter—especially impenetrability. 
Euler praised Newton for the great discovery of universal gravitation and 
gave the falling apple example that Voltaire had used. Newton, he wrote, 
had looked to how the force acting upon the descending apple would be 
affected if the height of the tree were the distance of the moon. Euler’s ac- 
count helped this example make its way into folklore. A dozen letters dis- 
cussed attraction, a property with which all celestial bodies are endowed; its 
effects depended upon mass and proximity. The enormous distances of the 
stars from us prevent them from affecting the planets in our solar system. 
Euler accepted attraction over impulsion, for it would not lead to false con- 
sequences on such questions as lunar motion and the shape of Earth. Carte- 
sian impulsion required action by contact and rejected action at a distance. 
Following Bernard le Bovier de Fontenelle on the plurality of worlds, letter 
60 found it highly probable that there were inhabitants on other solar plan- 
ets and what are now called exoplanets around fixed stars. Euler projected 
an infinite number of the last. Continuing studies of the motion of comets 
and the moon, he held, had confirmed the exactness of the inverse-square 
law of mutual gravitational attraction. Letter 61 gave priority to Johann To- 
bias Mayer for achieving the high degree of precision needed for exactly de- 
termining the moon’s motion. Euler credited Descartes with identifying the 
influence of the moon on the tides, a position that he believed the ancients 
had held. But he rejected Descartes’s idea that the way the moon exercised 
that influence was to press on the ether as it moves, causing the tides; Euler 
instead attributed the effect to the moon’s attraction. 

After rejecting in letter 76 Christian Wolff’s animate monads endowed 
with force, in letters 125 to 133 Euler returned to make another extensive 
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critique of them. His historical and philosophical account reviewed the 
monad debate from the Royal Prussian Academy’s prize competition in 
1747 as well as the response of the literate community in Berlin to the 
quarrel over the principle of least action between Pierre Maupertuis and 
Johann Samuel Konig. The main defense the Wolffians made of monads 
came from their use of the principle of sufficient reason; they assumed 
that to compose matter these ultimate components must exist. Still, the 
existence of the monads remained unexplained. Believing that the Wolff- 
ians begged the question, Euler portrayed them as viciously attacking 
Maupertuis. In letters 49 and 78 he noted that Voltaire had chuckled at 
him for his idea about a stone tossed down into a hole drilled through 
the center of Earth. He declared that while he now found untenable his 
position about its return, he saw no harm in supposing it and calculating 
results. Truth suffered nothing, he insisted, from the jesting pleasantries, 
and he confessed to having made jokes about monads. 

The second section of the Lettres, 80 through 133, inquired into philos- 
ophy, religion, logic, and the Euler-Venn diagrams; it covered topics as di- 
verse as liberty, ethics, language, forms of syllogisms, divisibility, monads, 
and the certainty of scientific, moral, and historical truths. In religion 
Euler adopted ontological and epistemological arguments against three 
groups: the Wolffians, the mechanistic materialists, and the idealists. He 
considered as well the predecessors of idealism, the solipsists represented 
by Nicolas Malebranche, for whom a person’s own mind alone exists and 
knowledge from outside is unsure. He criticized skeptical freethinkers 
and the French Encyclopedists, and argued that the world without matter 
as proposed by the idealists is incomplete, and that God must create Leib- 
niz’s best of all possible worlds. But letter 85 opposes Leibniz’s notion of a 
preestablished harmony between mind and matter as a fiction leading toa 
materialistic determinism destructive to liberty. For Euler the connection 
between mind and matter remained a mystery. Letters 92 and 93 assert 
that the preestablished harmony would detract from spirits, a vital part of 
Euler’s world that Wolffian metaphysics threatened.” He concentrated in 
religion on the perplexing topics of the origin of evil, the permission of 
sin, and the existence of calamities. The Eulerian dualism underlay these, 
and was more complex than the Cartesian version: Euler held that materi- 
als and spirituality, or body and spirit, comprise the universe. The two are 
totally different. Material bodies have the three general properties, while 
the chief qualities of spirit are intelligence, will, and liberty. Spirits are not 
limited by space or time, and God operates through them; a spirit without 
liberty would be like a body without extension. The importance of liberty 
he deemed equivalent to that of impenetrability in the physical realm. 
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Even God cannot restrict that freedom for spirits and intelligent beings. 
Evil does exist and troubles the spirit. Euler maintained that virtue makes 
for happiness, a central goal for spirits and human beings. 

The most exhaustive and authoritative science popularization written 
during the eighteenth century, the Lettres critically examined in greater 
depth than did other works the complex and changing major Enlight- 
enment natural philosophies, the Cartesian, Newtonian, Leibnizian, and 
Wolffian, and presented each in terms understandable to the educated 
European reading public. As one of the few leading men of science, well 
grounded in all four schools of thought and with a sure command of them, 
Euler could comment adeptly on each. In neither method nor content was 
Euler a Cartesian, as has been sometimes thought; instead he brought 
together consistent ideas in the sciences from different natural philoso- 
phers and new thought in mathematics and physics introduced by some 
members of the Bernoulli family, and he combined these with his origi- 
nal insights. This was the Eulerian system. Alexandre Koyré included the 
Lettres among the prominent Newtonian popularizations—Henry Pember- 
ton’s View of Sir Isaac Newton’s Philosophy, Voltaire’s Philosophical Letters and 
Elements of Newton’s Philosophy, Count Francesco Algarotti’s Newtonianism 
for the Ladies, Colin Maclaurin’s Account of Sir Isaac Newton’s Philosophical 
Discoveries, and Pierre-Simon Laplace’s subsequent System of the World®*— 
but Euler’s work was far greater. 

The letters in the second section demonstrate that Euler’s methods in 
the sciences and learning in general were not purely theoretical. In letter 
115 he, like the Christian Platonists, divided all human knowledge and 
proofs of truth into three classes: sensory or physical, based on evidence 
from the senses; intellectual, based upon reason; and historical or moral, 
based on faith through the testimony of authoritative figures. Proof of a 
claim varied according to the class in which it lay. In the sciences Euler 
began his research by modifying his theoretical constructs with empiri- 
cal data. Letter 99 on the highest perfection of method followed the an- 
alytical procedures employed by the Bernoullis, combined with critical 
empiricism practiced and taught by Joseph-Nicholas Delisle. Letters 105 
and 115 added Lockean sensationalism to faith and reason. Here Euler’s 
methodology shared ground with that of the Wolffian Alexander Gott- 
lieb Baumgarten, whose Metaphysica of 1739 and Aesthetica of 1750 held 
that the senses had their own rules and perfection. Each class, Euler ex- 
plained, was liable to error and may mislead, but with sound precautions 
the same degree of conviction could be produced in each. Euler eschewed 
the unlimited use of reason the Wolffians thought necessary for obtaining 
scientific and philosophic truths, and he did not hold theology to be the 
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queen of the sciences; nor could authoritative figures remove the confu- 
sions among moral convictions. And while physics could offer an external 
test for affirming the validity of a philosophy, metaphysics could not con- 
firm physical postulates, laws, and operations. 

The third section, letters 134 to 234, was devoted entirely to physi- 
cal questions. Euler composed this after he visited the future princess in 
Magdeburg in May 1761, at which time she said she was no longer able 
to understand his letters completely and asked him to restrict himself to 
physical questions. Prominent topics here were the nature and causes of 
electricity and its visible manifestations in sparks from discharges, thun- 
der, and lightning. Euler devoted at least seventeen letters to electricity, 
138-154, and nineteen to magnetism, 169-187. The disequilibrium and 
elasticity of the ether were crucial to Euler’s explanation of both. 

The division here of the Lettres differs from that in the original three 
volumes. The second of those volumes ended with electricity, and the third 
commenced with the celebrated problem of longitude. The last section in 
each also covered concave and convex lenses, the telescope, the micro- 
scope, stellar distances, and the search for generalization in the sciences. 

Letters 155 through 169 began with two of six methods for determin- 
ing the longitude of a ship,” and the narrative here could be seen as a 
brief history of science. Euler recognized that all six methods had defects 
and would require corrections. The first depended upon carefully mea- 
suring the direction and length of a journey and placing the result on a 
map to obtain, as he commented, a rough approximation of a position at 
sea. Euler noted that the currents in the Atlantic Ocean made a voyage 
from Africa to America take less time than the reverse. His second method 
for obtaining longitude, the most classical, depended upon a proposed 
precise timepiece, a recording of the time passed between a single event— 
such as the sun at noon at a reference point—and the given location. 
From these Euler computed the angle of rotation of Earth, knowing that 
it turned fifteen degrees in an hour. The difference between the two points 
gave the angle of rotation, which provided the difference in longitude. It 
was only with the accurate timepieces invented by John Harrison in the 
1760s that his method became useful. Euler referred to the British Parlia- 
ment prize competition on the subject of longitude but did not mention 
Harrison; he wrote these letters in 1761, four years before he was awarded 
a small portion of that prize. 

Theoretically Euler’s next three methods for finding longitude re- 
sembled that making use of the clock, while the last employed a mag- 
netic needle. In place of the sun’s zenith as the reference point, all but the 
last appealed to some astronomical phenomenon. A third method used 
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eclipses of the moon and eight simultaneous equations. Each eclipse had 
to be measured at two different places and the findings compared with 
known longitudes. For the least possible error, the observations had to 
be combined.*! Still another method relied on eclipses of the satellites of 
Jupiter, and a fifth observed the daily motion of the moon and determined 
its velocity. Each procedure required making tables and comparing the 
result at the departure point with that for the final location. The lunar 
method using eclipses carried in practice the highest degree of precision, 
but it was not possible to ascertain without an error the moon’s true place 
for every moment. Guided by prize competitions of the Paris Academy 
of Sciences, Euler explained a sixth method in which sailors employed a 
magnetic needle and its declination to chart their way at sea.” 

Letters 101 to 108, written in February and March 1761, introduce what 
are today known as Venn diagrams, though that is a misnomer.* Diagram- 
matic representations in logic were not original with Euler; they appeared 
in some eighteenth-century treatises on the subject and it is possible that 
Johann Heinrich Lambert employed them shortly before Euler’s Lettres. In 
letters 101 and 102 Euler stressed the need for a disciplined language in 
representing general ideas and expanding upon them; he employed circles 
in diagrams to explain different forms of syllogisms and hypothetical prop- 
ositions. The rules of reasoning held that if two propositions in a syllogism 
were accepted, the third that followed necessarily from them must also be 
true. Euler explained joint and independent areas of affirmative positive 
universal, negative universal, affirmative particular, negative particular, 
and more with two or three intersecting circles. An example is “for every A 
is B; but no C is B, and no B is C; therefore no C is A.” 

In the article “On the Diagrammatic and Mechanical Representation 
of Propositions and Reasoning” more than a century later, in 1880, the 
Cambridge mathematician John Venn accepted only the diagrams in logic 
that he called “Eulerian circles.” He added ovals for representations and 
found that the same diagrams could be utilized to analyze different lists 
of propositions by closely following which compartments were empty. 
Today the representations may be called Euler-Venn diagrams. Euler fur- 
ther proposed a design for a logic machine, but no record exists that the 
machine was ever constructed. 

Another multivolume masterwork by Euler, the Lettres are a principal 
document of the Enlightenment. Their passion for learning reflects that 
period’s faith in education, including support of female learning. In the 
mid-nineteenth century, some scholars mistakenly believed that the title 
referred not to an actual person but to a technique in writing. The Lettres, 
with their insightful explanation of the sciences and his core religious 
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and spiritual positions, offer probably the best rounded view of Euler’s 
character. 

During the time of Catherine the Great, Russia was growing receptive 
to new thought in philosophy and the sciences. In Saint Petersburg the 
Ukrainian philosophe and Voltairean Jakov Pavlovi¢ Kozel’sky was promi- 
nent in adjusting to Russia the new critical rationalism from the West. To 
the Russian reading public he helped introduce d'Alembert and Diderot. 
After serving in the Russian Army, he published in 1764 two pedagogi- 
cal texts, one on arithmetic and another on mechanics, that circulated 
widely. In 1768 his Filosofskiya predlozheniya (Philosophical propositions) 
appeared in Russian. While he knew the writings of Descartes, Christiaan 
Huygens, and Newton in the sciences, Kozel’sky looked especially to 
Euler. He followed Claude Adrien Helvetius and Euler in viewing space as 
an abstraction and went further; devoid of matter it was “nothing, but... 
considered in connection with bodies is extension.”™ But for Euler abso- 
lute space was a physical reality determining inertial motion. 

One notable negative comment associated with the Lettres generally 
endures to the present. Aimed at the author, it came from d'Alembert. In 
writing to Lagrange, d'Alembert expressed his eagerness to read through 
Euler’s forthcoming Institutionum calculi integralis (1768-72); Lagrange, he 
posited, might examine the de Physique et de Philosophie part of the origi- 
nal title of the Lettres, which revealed that “our friend is a great analyst 
but quite a poor philosopher.”® This statement of displeasure with Euler 
reveals that d’Alembert had not read closely the Lettres. It was perhaps 
thought that these were similar to Newton’s study of the apocalypse or 
revelation and the prophecies of Daniel that continued to his later years,” 
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but neither appears in the Letters. Spirituality, religious faith, and dreams 
do, but they are not analyzed. ‘The original title of the Lettres may have 
contributed to d’‘Alembert’s final remark, which long resonated among 
Euler’s critics. 

The influence of the Lettres in German culture went beyond the sci- 
ences. Among others, Immanuel Kant, Johann Wolfgang von Goethe, and 
Arthur Schopenhauer praised them. Although Euler was comparatively 
weak in philosophy, Kant read the Lettres before criticizing Wolffian dog- 
matic rationalism. Most philosophers agree that Kant’s transcendental 
idealism, based upon the view that space and time were not abstractions 
from the physical world, was directly indebted to Euler, as apparently 
was Kant’s treatment of the impenetrability of atoms.®’ In Materialen zur 
Geschichte der Farbenlehre (Data on the history of the theory of colors, 
1790-1808) and Zur Farbenlehre (On the theory of colors, 1810) Johann 
Wolfgang von Goethe, an early leader of the romantic Sturm und Drang 
movement in the German states, proposed a sensory approach to color as 
a counterbalance to Newton’s mathematical optics. He criticized Newton 
for his trust of mathematics over the sensation of the eye but did not, how- 
ever, offer a complete theory. Goethe regarded Euler highly as an original 
thinker, who with his concept of the achromatic eye had disproved part 
of Newton’s corpuscular optics. In his magnum opus, Die Welt als Wille 
und Vorstellung (The world as will and representation), which was pub- 
lished as one volume in the first edition (1818) and as two volumes in the 
second (1844), Schopenhauer—via the application from Kant of the prin- 
ciple of sufficient reason—envisioned an endlessly violent and ultimately 
irrational world. Still, in chapter 15 of volume 2 of the second edition, he 
lauded Euler’s Lettres for their insight, precision, and clarity of concepts, 
presented with a new charm. Schopenhauer likened Euler’s achievement 
“als hatte man ein schlechtes Fernrohr gegen ein gutes vertauscht” (as 
that of a man who had exchanged a poor telescope for a good one). The 
Lettres, he wrote, revealed cogently the fundamental truths of mechanics 
and optics. 

From 1766 to 1777 Euler concluded roughly forty years of intermit- 
tent studies on geometrical optics, and was the first natural philosopher to 
construct a mathematical pulse theory of light. Elevated by their experi- 
mental component, his optical studies included probes of reflection, the 
dispersion of light, the phenomena of colors, the course of light rays in 
the atmosphere, and refraction in different fluids. Upon returning to Saint 
Petersburg, Euler kept dioptrics a major topic in his studies. Dioptrics, 
the branch of optics that examines the refraction of light through differ- 
ent surfaces and their systems, is often connected with studies of the eye; 
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Figure 13.4. The frontispiece of Euler’s Dioptricae, 1769-1771. 


it investigates the properties of the eye as an optical instrument. Among 
Euler’s predecessors in this subject were Johannes Kepler and Descartes. 
In 1757 Euler had submitted two articles to the Berlin Academy on di- 
optrics, particularly the construction of composite lenses. In April 1765 
he sent the Paris Academy the treatise “Précis d’une théorie générale de 
la dioptrique” (E363). Following this in October 1768, Euler presented 
to the Petersburg Academy his grand work on the subject, Dioptricae, and 
the academy published its first volume (E367) in 1769, its second (E386) 
the next year, and its third (E404) in 1771.*° Seven of the Dioptricae’s chap- 
ters reissued Euler’s previous papers from his systematic study of optics 
with results, many of which the French, notably Alexis Claude Clairaut 
and d’Alembert, had since surpassed. Euler wrote to Daniel Bernoulli that 
Wolfgang Ludwig Krafft had helped him redact the entire work for publi- 
cation. The Dioptricae was another didactic work that for a long time was 
a successful textbook in central Europe and Russia. 

The Dioptricae presented a universal optics with practical applica- 
tions. Volume 1 explained the general theory of optics and covered the 
construction of dioptric instruments in general, including visual confu- 
sions in working with them. In the mathematical description of optics, 
Euler noted, the geometrical side dominated. In elementary geometric 
optics, Euler’s formulas described properties of lenses and the passage of 
light through a system of them; his was the first such complete theory. Vol- 
umes 2 and 3 presented his research on perfecting optical instruments and 
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explained rules that applied to them. The second volume concentrated on 
building the telescope, including scopes with convex ocular lenses; the 
third dealt with the construction of simple and composite microscopes. 
Euler’s research had made possible a considerable improvement of these 
instruments. Under Euler’s direction, Anders Johan Lexell had helped to 
edit the Dioptricae. Throughout his research on dioptrics, Euler never de- 
parted from his belief in the absence within the eye of chromatic aberra- 
tion; he even took it as an indication of the existence of God. 


A Further Research Corpus: Relentless Ingenuity 


As 1766 closed, Euler wanted to have the cataract on his left eye removed, 
and in Paris the royal physician Antonio Nufes Ribeiro Sanchez had 
developed a procedure that greatly encouraged him; in October he sent 
Sanches a letter inquiring about the surgery. He knew Sanchez, who in a 
letter in 1740 had inquired about mathematical methods applied to mo- 
rality, to which Euler responded with comments on the application of 
mathematical analysis to moral philosophy. In 1749 Sanchez reported ru- 
mors in Paris about new maps based on discoveries made by the Second 
Kamchatka Expedition, expressed his honor at being associated with the 
Petersburg Imperial Academy, and cited his connections with the acad- 
emy’s work on electricity. But in 1767 apparently no surgeon in Saint 
Petersburg could perform Sanchez’s operation, so it would have to wait. 

In February Euler was pleased by his son Christoph’s arrival from 
Berlin. Catherine IT had again intervened with Frederick II, this time to 
allow Christoph to leave his Prussian military service early. 

Euler’s continuing productivity in research after 1765 has a good 
example in “Solutio facilis problematum quorumdam geometricorum 
difficillimorum” (Facile solutions to some difficult geometric problems, 
E325), which is contained in volume 11 of the Novi commentarii.*° In De- 
cember 1763 Euler had sent a draft for reading at the Petersburg Imperial 
Academy and it appeared in print in 1767. The “Solutio” concentrates on 
centers in triangles and provides formulas for the center of gravity, the 
center of the inscribed circle, and the center of the circumscribed circle as 
defined by the side lengths of the triangle. Knowledge of these intersec- 
tions made it possible to find the triangle from which they came. Placing 
the triangle ABC with point A at the origin and with the aid of elemen- 
tary geometric considerations, Euler obtained formulas for reaching and 
finding the three important points of intersection of any triangle that is 
not equilateral, that is, the orthocenter, the intersection of the triangles 
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Figure 13.5. The Euler triangle and the triangle ABC. 
The Euler triangle is the triangle E, — E, — Eg. 


three altitudes; the centroid, of the three medians from the triangle’s vertex 
to the opposite side; and the circumcenter, of the triangles three perpen- 
dicular bisectors, must lie on a straight line. This is called the Euler line, 
which is not shown above. It is considered the most famous line in tri- 
angle geometry. For allowing him to discover a beautiful geometric result 
after making difficult calculations, the case in which the three intersec- 
tion points are collinear—that is, that always lie on the same line—Euler 
credited powerful techniques from elementary geometry and the methods 
of analytic geometry, and he worked out an example.” In its simplicity, 
this property of triangles seems an extension from Euclid himself. Euler’s 
techniques suggested a probable, nonanalytic proof of it. 

In volume 12 of the Novi commentarii, issued in 1767, Euler published 
separately from the Dioptricae the article “De novo microscopiorum genere 
ex sex lentibus compositio” (On a new type of microscope composed of six 
lenses, E350),” a draft of which had been read at the Petersburg Imperial 
Academy of Sciences in May 1763. The new microscope improved upon 
Euler’s earlier models, which had only four lenses, but neither in France 
nor in England could artisans yet fabricate an instrument of this level of so- 
phistication; in Saint Petersburg Euler and his assistants were to continue 
their efforts to develop such lenses. Vincent Chevalier, who built a six-lens 
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Figure 13.6. The Euler microscope. 


version of the microscope for the Paris Academy in 1824, would call Euler 
“the illustrious and true inventor of the achromatic microscope.” 

Volume 16 of the Mémoires of the Berlin Academy for 1767 contained 
two articles by Euler that related to his part in the origins of demography, 
especially the vital statistics of births and deaths, and thus the fundamen- 
tals of life insurance. 

The first article, “Recherches générales sur la mortalité et la multi- 
plication du genre humain” (General researches on the mortality and 
multiplication of the human race, E334), written probably seven years 
earlier, addressed the two independent principles of mortality and repro- 
duction.“ Since available tables of life and death varied considerably and 
Euler wished to examine both in a general form, he proceeded without 
referring immediately to actual registers of them, giving several ratios for 
computing survival yearly from infancy to old age and introducing the 
concept of the probable duration of life. The number of infants born in a 
given year was NV, and he sought to know how many would survive after a 
given number of years, n, or (n)W. Given M men of the same age, he asked 
how many would be alive after n years; the number sought was (m + 7) 
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M/(m). To find the probability of the survival of men after n years, Euler 
employed (m +n) = m/2. The indication “greater than” gives the prob- 
ability that those individuals would survive after the psychological dread 
of dying. In this paper and “Sur les rentes viageres” (On life annuities, 
E335), Euler computed life annuities. The second part of “Recherches gé- 
nérales sur la mortalité” considers population growth; Euler did not take 
account of wars, plagues, and emigration. He conjectured that population 
was a closed entity and that the laws of the birth rate and mortality were 
invariant. Population growth, then, would be a geometric progression. 
Given a census and list of deaths the next year, Euler showed how to con- 
struct a mortality table. Knowing the number of people in a given year, 
the number of newborns that year, and the duration of life over a hundred 
years, he could compute the number of people after a century. 

The Berlin pastor and academician Johann Peter Stissmilch pioneered 
demography by collecting related vital data and in his major work Die 
gottliche Ordnung in den Verdinderung des menschlichen Geschlects aus der Ge- 
burt, dem Tode und der Fortpflanzung (The divine order in the changes in 
the human sex from birth, death, and reproduction of the same, 1741, 
1761-65) proposed a beautiful and harmonious divine order in the uni- 
verse rather than the chaos apparent in nature, and Euler cited this study 
in his own “Recherches générales sur la mortalité.” Siissmilch avoided al- 
gebraic calculations, leaving innovations in them to others. His chapter 8 
(On the rate of increase of population and the time in which it doubles) 
views fluctuations in the number of people as part of a divine plan and 
systematically treats the expansion of population. Either Euler or another 
extensively reworked and revised it. 

In a letter in an unknown hand to Vladimir Orlov in August 1767 
about his serious illness, failing eyesight, and the project to reform the 
Petersburg Imperial Academy, Euler expressed his commitment to fulfill- 
ing his duties at the academy and teaching new adjuncts, for leaving those 
positions vacant would damage the academy. As adjuncts Euler recom- 
mended the younger members of his research circle. In 1767 Wolfgang 
Ludwig Krafft arrived; he was the son of Georg Wolfgang Krafft, who 
had collaborated with Euler in astronomy during his first Saint Peters- 
burg period. Either later that year or early the next, Euler sent Orlov a 
letter thanking him for the concern about his eyesight and reported that 
a difficult illness had left him inactive for several weeks. It was a high 
fever caused, he said, by overwork. He now dictated much of his cor- 
respondence to his son Johann Albrecht. In 1768 the younger Krafft and 
the twenty-six-year-old astronomer Petr Borisovi¢ Inochodzev were made 
adjuncts. Euler’s research circle was still incomplete. 
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In 1768 Euler won another Prix de Paris prize for his paper “Medita- 
tiones in quaestionem utrum motus medius planetarum semper maneat 
aeque velox, an successu temporis quampiam mutationem patiatur? & 
quaesit ejus causa? ” (Reflections on the question, Does the mean motion 
of planets always remain at a constant speed, or does it over time undergo 
some change? And what might be the cause? E416). The essay, first read in 
Berlin in 1760, was published in volume 8 of the Paris Academy’s Recueil 
des Piéces qui a Remporté les Prix de Académie Royale des Sciences in 1771. The 
optimistic Euler sent a circular to the entire academy mentioning that he 
thought that he had finally obtained a general solution to the three-body 
problem. But he was mistaken, and Lagrange and d’Alembert criticized 
his assertion. 

From 1768 on, Euler continued to follow closely the research of La- 
grange. Their correspondence reveals a friendly competition on different 
subjects, but chiefly on number theory. In February Euler praised La- 
grange’s research on tautochrone curves in resistant media, which was 
important in mechanics, calling his new method for solving them more 
ingenious than those of his predecessors, except for Alexis Fontaine, and 
declared his pleasure at Lagrange’s paper on this subject in volume 10 of 
the Commentaires. Euler and Joseph Jeréme le Francais de Lalande highly 
esteemed the mathematical talent of Fontaine and thought Lagrange’s 
method a rediscovery, but they did not cite its origins.* From mid-1768 
to May 1769 Lagrange wrote three articles on number theory, the domain 
so dear to Euler that his contemporaries had practically left it for him 
alone. The third concerns the solution of a quadratic Diophantine equa- 
tion, x’ — dy’ = +1, where x and y are positive integers and d is a fixed inte- 
ger that is not a square, which Lagrange identified with the work of Pierre 
de Fermat. In 1732 Euler had given it the name Pell-Fermat equation; it is 
thought that Euler was mistaken in believing that John Pell had worked 
on the equation, but it does appear in a book that Pell at least helped to 
write. Having shown how to reduce certain Diophantine equations to the 
Pell equation and demonstrated its connection with continued fractions,” 
in 1765 Euler had an algorithm to solve certain of these equations, includ- 
ing the case when d = 61. This is imposing, since the smallest x is a ten-digit 
number and y is one of nine digits. In 1769 Lagrange could solve a special 
case, but he did not yet have a general solution, a topic that Euler revisited 
the next year. 

Upon Euler’s return to Saint Petersburg, the correspondence be- 
tween him and d'Alembert had ceased, while that between d’Alembert 
and Lagrange had continued. In June 1769, d’Alembert wrote to La- 
grange about the excellence of Euler’s nstitutionum calculi integralis, but 
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when anticipated by the assiduous Euler in a new mathematical result 
that he too had made but not yet published, described him to Lagrange 
perhaps in comic disgust as “Ce diable d’homme.”"’ Euler responded that 
“d’Alembert usually rushes to express his doubts about the results ob- 
tained by other scientists while he himself never allows anyone to declare 
any doubts about his research.”** The letters of the two men to Lagrange 
show occasional traces of mutual displeasure. In the eight volumes of 
Opuscules mathématiques, published in Paris, d'Alembert transmitted his 
latest findings in mathematics, mechanics, lunar theory, the precession of 
equinoxes, the shape of Earth, and other topics germane to celestial me- 
chanics. In December Lagrange thanked Euler for sending him through 
Formey and the Haude and Spener Library the first two volumes of the 
Institutionum calcul integralis, praising its ingenuity and fruitfulness. 

During the early part of his second period in Saint Petersburg, Euler 
steadily continued his important research in rational mechanics, hydrody- 
namics, and acoustics. From 1760 on, and possibly as early as 1752 accord- 
ing to Carl Gustav Jacob Jacobi, he had worked to complete a four-section 
essay on these. In 1761 he had published, while still in Berlin, Principia 
motus fluidorum (Principles of the motion of fluids, E258),*° which general- 
ized his earlier results in the theory of fluid motion and included setting 
forth the differential equations for hydrostatics. The next three sections of 
this essay on fluid motion appeared in print from 1769 to 1771. “Sectio 
prima de statu aequilibrii fluidorum” (First section on the state of equilib- 
rium of fluids, E375), presented at the Petersburg Academy in 1766, was 
printed three years later.*' The second section, “Sectio secunda de princi- 
piis motus fluidorum” (E396), deals with the principles of fluid motion, 
and the third, “Sectio tertia de motu fluidorum lineari potissimum aquae” 
(E409), with the linear motion of fluids—particularly water.*? The fourth 
section, “Sectio quarta de motu aeris in tubis” (E424), on the motion in 
air jets from a minimum of agitation and the acoustics of them, appeared 
in print in 1771.° 

Masterful in the didactic skills for teaching algebra and resolving 
equations, Euler now completed what was to be his most popular and 
best-selling mathematical text, his influential two-volume Vollstdndige An- 
leitung zur Algebra (Complete guide to algebra, E387 and E388). Favoring 
here the vernacular over his usual preference for Latin, the language of 
learning, Euler had the Petersburg Imperial Academy publish it in Rus- 
sian in 1768-69 and the next year in German. A few passages from the 
first volume suggest a starting date of composition of 1765—66, but Euler 
stated in a preliminary editorial report that in 1767, soon after the loss of 
most of his sight, he had dictated it in Saint Petersburg to his assistant, 
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Figure 13.7. Title page of part 1 of Euler’s Vollstdndige Anleitung zur Algebra, 1770. 


an unemployed tailor with no knowledge of algebra. In a letter from Sep- 
tember 1769 to the Géttingen mathematician Abraham Gotthelf Kastner, 
Johann Albrecht Euler wrote, “I am presently caught up in a work on alge- 
bra that my father is dictating to his tailor since he went blind.” Johann 
Albrecht noted that the tailor, who lacked mathematical training and was 
of modest academic ability, could by the end of the process apprehend the 
difficulties in algebra and became capable of solving complicated prob- 
lems in it; this letter seems testimony to Euler’s superb teaching skills. 

Another rumor has it that, to establish self-discipline, Euler dictated 
the Algebra after his cataract operation. But that operation did not come 
until 1771, after several editions of the Algebra had appeared, and the 
highly disciplined Euler did not need such self-control. 

Translated into French by Johann III Bernoulli in 1773 and later into 
English, Dutch, and Italian, the Algebra introduces a beginner to the sub- 
ject, from natural numbers employing algebraic and arithmetic principles 
and practices moving in steps through the basic theory of equations and 
selected series expansions and elementary functions—for example, the 
logarithmic and number theoretic, including quadratic forms. Bernoulli 
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had agreed to translate this work only to show a wider readership how far 
Euler and Lagrange had perfected studies on the subject. Since Euler had 
no revisions in his dictation, Bernoulli in a few places found it necessary 
to suppress and revise parts of calculations and to insert illustrations.» 
The entire second section of volume 2 of Euler’s Algebra was devoted to 
Diophantine analysis; it gave his proof of Fermat’s Last Theorem for the 
case n = 3. 

Most of the Algebra is dependable, though Euler did err in handling 
complex numbers by misusing the product rule for square roots. The 
text became an important model for teaching its subject, competing with 
books by Newton, Clairaut, and Maclaurin. In July 1773 Lagrange, who 
had carefully studied the German edition, sent Euler the French transla- 
tion by Johann III Bernoulli, to which he added a three-hundred-page 
set of valuable notes, primarily on continued fractions and Diophantine 
analysis. The French edition appeared the next year. In mathematics, only 
Euclid’s Elements has been more widely printed in German lands than 
Euler’s Algebra, and the latter had comparable sales, principally through 
its appearance in Reclam’s Universal Library series from 1883 until 1942. 

Since his arrival Euler, as the head of the academic conferences and 
vice director of the Petersburg Academy, participated in planning and 
equipping the expedition to Siberia to observe and measure the 1769 
transit of Venus, when that planet passed between Earth and the sun. 
Since Copernicus the mean distance between Earth and the sun had been 
the basic astronomical unit in our solar system. From Kepler’s third law 
of planetary motion, stated in his Harmonice mundi in 1619,” it was pos- 
sible to give precisely the distances of the planets from the sun in astro- 
nomical units; for any two planets that law had the squares of times of 
revolution around the sun proportional to the cubes of their mean dis- 
tance from it. But it was almost impossible to express these distances in 
terrestrial units. By 1700 telescopic observations had led to a consensus 
figure of the Earth lying at eighty million miles distance from the sun. 
The transits of Venus provided a way to measure accurately the mean 
horizontal solar parallax and by use of similar triangles and observations 
from different latitudes to find precisely the average and the perihelion 
and aphelion distances of Earth from the sun measured in Earth radii. 
Solar parallax when obtained by triangulation refers to the difference in 
the sun’s position viewed from the center of Earth and a point one Earth 
radius distant viewed from the center of the sun. Observations of the 
sun’s position relative to the stars from widely separated observatories 
were employed to determine it. The difference between the two positions 
gave the sun’s angle of parallax. With the solar parallax known and the 
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Figure 13.8. Lines crossing between Venus and parallactic displacement. 

With Kepler’s third law and basic trigonometry it is possible to calculate 

the distance from the earth to the sun as 93 million miles. The equation 
is tan (V/2) = (4 dy_g) /dganh-venus: Lhe illustrations are not to scale. 


mean Earth radius, it was possible to calculate an astronomical unit giv- 
ing the mean distance from Earth to the sun. 

After about 1725 international cooperation on scientific expeditions 
had been significant. Even in 1761 during the Seven Years’ War, the Paris 
and the Petersburg Imperial Academies—and, on the other side of the 
war, the Royal Society of London—worked together to measure the transit 
of Venus.* The transits occur in pairs eight years apart, with these doubles 
separated from each other by more than a century.” During the eighteenth 
century the two years for transits were 1761 and 1769. Long before 1761 
Euler had studied this phenomenon and designed improved telescopes 
for more precise measurements. 

In 1753 observations of the transit of Mercury failed to determine solar 
parallax accurately, but the growing press of newspapers and journals in 
France called for more astronomical expeditions. In Paris Delisle, heading 
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the research on the transits of Venus, corrected past data; in 1760 he deter- 
mined that India and the East Indies were the best locations for observ- 
ing the approaching transit and determining solar parallax. The shortest 
duration for observing the transit would be in Tobolsk, Siberia. Delisle’s 
colleague Lalande issued a call to action: “The occasion presented to us by 
this celebrated phenomenon is one of those precious moments of which 
the benefit, if we let it escape, will not be compensated later—neither by 
the efforts of genius nor by dint of hard work, nor by the munificence of 
the greatest kings. It is a moment that the past century envies us. .. .”* 
In 1761 Rumovskij led a team to Selenginsk and Tobolsk to make astro- 
nomical observations and record meteorological data; his was one of six 
European astronomical expeditions. At the invitation of the Petersburg 
Imperial Academy (in the Seven Years’ War, France was an ally of impe- 
rial Russia), the French astronomer Jean-Baptiste Chappe d’Auteroche 
of the Paris Academy participated, but bad weather prevented gathering 
satisfactory data. In 1761 Euler corresponded with Jan Andrej (Johann 
Andreas) von Segner about the transit of Venus, and from then until 1768 
Lalande sent Euler letters about observations of it as well as of lunar and 
solar parallaxes, along with Clairaut’s descriptions of telescopic lenses in 
Paris and London." After Delisle died in 1768, Lalande in Paris directed 
the study of the Venus transits. 

In 1767 Euler wrote to Vladimir Orlov of astronomers who were pre- 
paring to observe the approaching Venus transit. That year and the next, 
most of Euler’s articles dealt with perfecting telescopes and microscopes. 
In 1768 the Petersburg Imperial Academy of Sciences ordered from Peter 
Dollond in London a number of telescopes and other precision optical in- 
struments, many with achromatic lenses. In October Euler corresponded 
with Daniel Bernoulli on his own research in dioptrics and his develop- 
ing work on a new lunar theory. The next month Bernoulli sent Euler a 
letter on Dollond’s telescopes and errors in lunar tables. In 1769 Euler 
described Dollond’s application of his mathematics to making achromatic 
lenses. Better equipped and prepared than previously and now the acad- 
emy’s chief astronomer, Rumovskij undertook in 1769 a second trek that 
led him to Kola, Siberia, to measure the transit. His second expedition 
had thirteen members, including Johann Albrecht Euler. Although its re- 
sults were more accurate than those compiled in 1761, poor environmen- 
tal conditions again hampered it and the data included some guesses. 

Among the topics in celestial mechanics that Leonhard Euler investi- 
gated was that of planetary perturbations. Of his articles on inequalities 
in which planetary motions are perturbed, “Annotatio quarundam caute- 
larum in investigatione inaequalitatum quibus corpora coelestia in motu 
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perturbantur observandarum” (Note of certain precautions to be taken 
in the investigation of the inequalities by which the heavenly bodies are 
perturbed in their motion, E372) appeared in 1769.” Irregularities in the 
mean motion of Saturn caused by Jupiter raised a problem, for they did 
not seem to conform to a repeating cycle, as Newton’s theories of gravita- 
tion suggested they would; this gravitation was viewed as a necessary but 
possibly not a sufficient condition. Euler thought that a celestial ether 
might cause the observed deceleration; this had theological overtones, 
for it suggested that the solar system might collapse into the sun. La- 
grange briefly considered the influence of comets, and throughout the 
1770s the Paris Academy kept it among its prize topics. In 1770, after 
determining solar parallax from the transit of Venus and longitude from 
solar eclipses in “Exposito methodorum, cum pro determinanda parallaxi 
solis ex observato transitu Veneris per solem” (Exposition of methods, 
from an observed transit of Venus across the sun, E397), Euler investi- 
gated the perturbation of the motion of Earth arising from the action of 
Venus in “De perturbatione motus terrae ab actione Veneris oriunda” (On 
the perturbation of the motion of Earth due to an action arising from 
Venus, E425). He used rotating coordinates and worked on the restricted 
three-body problem for the sun, Earth, and Venus. Lexell would compute 
the tables of perturbations that disagreed substantially with the calcula- 
tions by Mayer and Nicolas Louis de Lacaille. Urged by Lalande, Laplace 
wrote to Euler. Discovering that he had made a major error, Lexell in a 
1779 essay reported and corrected his mistake. 

In 1769 Lexell had come from Uppsala to Saint Petersburg as an ad- 
junct; he knew of the return of Euler and the academy’s preparations for 
its observations of the transit of Venus, and seeking to gain acceptance 
in the academy and to be able to participate in that project, he sent the 
academy a paper on a new integration method in calculus. When Euler 
judged the paper very favorably, Orlov suggested that Lexell probably 
had the help of an experienced mathematician; Euler responded that only 
he himself or d’Alembert could have written the paper. Lexell was to be 
an important addition to Euler’s research circle; under Euler’s direction, 
he studied the solar parallax and the comet of 1769, and two years later he 
investigated irregularities in lunar motion. Lexell reported his findings to 
the academy in March 1771 and was made a professor of astronomy. 

The turning point in astronomy in the study of the great inequality of 
Jupiter and Saturn did not come in Euler’s lifetime, but was solved in 1785 
by Laplace, who was able to explain the 929-year period of acceleration 
and deceleration of the mean motion of Saturn and Jupiter with gravita- 
tion alone by making perturbations powers and products of second and 
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Figure 13.9. Anders Johan Lexell. 


higher dimensions. This advance produced far more accurate planetary 
tables and was seen as “extricat[ing] Newtonian theory from one of its 
greatest perils.”™ 

Throughout his career Euler followed various studies in the sciences 
and medicine. In 1769 the Swiss naturalist Charles Bonnet sent him his 
La palinogénésis philosophique, which advanced preformation, the theory 
that in reproduction the complete animal exists in miniature in the male 
germ cell or, according to the ovists, the female germ cell. Corresponding 
with nearly all of the leading men of science of his time, Bonnet expressed 
enthusiasm for Euler’s works. His earlier discovery of parthenogenesis— 
virginal reproduction—seemed to support the ovist position on prefor- 
mation; Bonnet’s book also addressed final causes, holding that human 
beings would become angels. Perhaps in February 1770, Euler responded 
with a note of thanks to Bonnet for the book and declared that in light 
of the experiments, observations, and studies by Caspar Friedrich Wolff, 
a Saint Petersburg academician since 1767, he accepted the theory of epi- 
genesis. In a letter in March, Euler commented on epigenesis, the freedom 
of the will, and the immortality of the soul, along with Wolff’s research on 
the anatomy of the eye.® 

Around 1770 Euler began to study the construction of lunes (two in- 
tersecting circular arcs on the same side of common chords), a problem 
that in the 1720s Nikolaus II and Daniel Bernoulli, along with Christian 
Goldbach, had investigated. Work on the origins of lunes lay in classical 
Greek antiquity; according to Aristotle’s Analytica posteriora (Posterior 
analytics) and the work of Proclus, Hippocrates of Chios failed in the fifth 
century B.C. to square the circle but succeeded in solving the related prob- 
lem of squaring a lune. Hippocrates discovered three cases, beginning 
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Figure 13.10. Lunes. 


with two right isosceles triangles circumscribed by a circle and a semi- 
circle constructed on a hypotenuse. The ratio of the inner sides (p,:p,) 
had to be commensurable. Hippocrates’s three cases had angle ratios of 
1:2, 1:3, and 2:3. In the late sixteenth century, the French mathematician 
Francois Viete had rediscovered the 1:3 case and added another lune for 
1:4. In “Considerationes cyclometricae” (E423), presented to the Peters- 
burg Academy in July 1771, Euler gave two additional lunes with angle 
ratios of 1:5 and 3:5.°’ He was unaware that the Finnish mathematician 
Daniel Wijnquist had found these five years earlier.®’ Euler argued that his 
essay was comprehensive, and it was not possible to find other lunes; this 
work was not, he knew, a prelude to the quadrature of the circle. 

In differential geometry Euler had begun with curve theory but in 
the 1740s turned to the theory of surfaces, becoming the first mathemati- 
cian to do so. While he did not achieve a complete theory of surfaces, he 
would arrive at significant results. At the Petersburg Imperial Academy 
of Sciences in 1770 his essay “De solidis quorum superficiem in planum 
explicarre lice” (About solids, whose surfaces can be developed on the 
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plane, E419), was read; stretching his theory of surfaces, it introduced de- 
velopable surfaces, an entirely new concept. Euler pointed out that while 
elementary geometry held that cones and cylinders could be flattened out 
or developed into a plane, the sphere lacked this property. He inquired 
what other types of surfaces have it, calling this question characteristic 
and important.* 

In 1770 and 1772 Euler received two more Prix de Paris awards for two 
articles, “Réponse a la question proposée par l’Académie Royale des Sci- 
ences de Paris pour l’année 1770” (E485, cowritten with Johann Albrecht 
Euler”) and “Réponse a la question proposée par l’académie royale des 
sciences de Paris pour l’anné 1772” (E486). The papers for both answered 
a question posed by that academy on bettering methods for lunar theory: 
participants were to provide equations for irregular motions of a satellite 
and explain why the new theory gave the secular equation for lunar mo- 
tion.” After allowing for inequalities or irregularities covering a short pe- 
riod of time, the secular equation expressed algebraically the magnitude 
of the remaining inequalities in a planet’s motion. Both articles appeared 
in 1777 in volume 9 of the Recueil of the Paris prizes. The introductory 
words for the second essay state that completing it took “extreme labor”; 
Euler shared the 1772 prize with Lagrange, who refined Euler’s approxi- 
mations for the three-body problem. This research showed that Euler’s 
effort in celestial mechanics continued. 

As the Protokolii of the academy indicate, until his surgery in Septem- 
ber Euler attended almost all academy conferences in 1771, directing the 
two that were held weekly. Usually seven to eleven members attended, in- 
cluding Euler, his son Johann Albrecht, Johann Karl Fischer, Kotel’nikov, 
Krafft, Erik G. Laxmann, Lexell, Aleksey Protassov, Rumovskij, Stahlin, 
and Caspar Friedrich Wolff; they covered all the major sciences, together 
with medicine. Astronomy and geography continued to be prominent. In 
January Euler’s son Christoph made astronomical observations in Perevo- 
loschena and Gluchov that were applied to the improvement of Russian 
maps; academicians also kept daily meteorological data. On 14 January, 
Euler submitted six articles for the Novi commentarii on topics including 
trajectories, the brachistochrone problem, and the motion of elastic bod- 
ies. That month Johann Georg Gmelin commented on the Linnean genera 
and system, and he reported finding unknown plants and curiosities in 
Siberia. In February the academy acquired Kastner’s Dissertationes math- 
ematicae et physicae (1756-66) from the University of Gottingen as well 
as articles from its library. On 13 April Euler submitted three articles on 
the motion of fluids and flexible bodies. He regularly had reports read 
on the travels of Peter Simon Pallas, a professor of natural history, and 
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particularly his Siberian journeys, including a brief excursion to Tobolsk 
and a visit to Beijing. Miller, who met with Pallas, called for trips to the 
Kirghiz steppes, and in April they compared Russian and German cal- 
endars. The next month Johann III Bernoulli sent a book on astronomy 
for the library. In June Lagrange’s new analytic theory was reviewed and 
the secretary thanked the Royal Swedish Academy for books and for a 
globe and instruments sent from Stockholm. On 4 July Euler submitted 
seven articles for the Novi commentarii on topics including cyclometry, Di- 
ophantine equations, infinite series, and determining longitude, the last 
of which was discussed at the next meeting. In August the conference con- 
sidered the purchase of the supplement to Diderot’s Encyclopédie. After 
missing sessions on 17 and 19 August, Euler was absent from conferences 
from September 1771 to May 1772.” 


The Kulibin Bridge, the Great Fire, 
and One Fewer Distraction 


Even though nearly blind, Euler was consulted on technological projects, 
especially for creating underlying theories and providing fundamental 
designs, just as he had been for Segner’s waterwheel, and aided by his as- 
sistants he oversaw the evaluation of technological plans and inventions. 
He often enjoyed an advantageous position, for he not only understood 
the latest developments in mathematics and physics but had begun to 
apply them. 

During the late eighteenth century in fast-growing Saint Petersburg 
and across Europe, the construction of permanent bridges over wide and 
swiftly flowing rivers posed a significant problem, including those for the 
Greater Neva River; it was critical for Saint Petersburg, situated on the 
islands in its delta, to replace its old pontoon bridges. 

In 1771 the talented, self-educated mechanic and inventor Ivan 
Petrovic Kulibin submitted a first draft of a proposal to build a wooden, 
single-arch bridge over the Greater Neva with a span of 298 meters (the 
typical bridge at this time spanned only 50 to 60 meters); this was the 
first contact between Euler and Kulibin. Kulibin addressed the strength 
and load-bearing capacity of the bridge, and after several failed attempts 
provided a one-fortieth-scale model. Placing on it a weight fifteen times 
that of the model, the academicians tested it, and it passed. While Euler 
found the computations correct, the “gentlemen academicians” reviewing 
it called it doubtful, since Kulibin could not go on from this small model 
to ascertain the weight of the actual bridge. Ice was also an obstacle to 
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Figure 13.11. Ivan Petrovic Kulibin. 


its construction and success. The proposed bridge went unconstructed. 
In December 1772 Kulibin wrote to vice director Reshevski that he had 
deduced from a series of experiments a rule allowing him to reach from 
his small model the load-bearing capacity of the actual bridge, but it took 
until 1775 to present his conclusions. The bridge was never built. 

Kulibin, whose father was a trader in Nizhny Novgorod, had been 
drawn early to building mechanical tools and clock mechanisms, and had 
constructed an egg-shaped ornamental clock with a complex automatic 
mechanism that he had sent to Catherine II in 1769. As a result, she had 
invited him to Saint Petersburg to join the mechanical workshop of the 
academy, and there the imaginative Kulibin studied mechanics, physics, 
and chemistry and found new ways to cut glass for better microscopes, 
telescopes, and other optical instruments. He became the workshop’s 
foreman and chief technician. From 1771 on, Euler kept in regular con- 
tact with Kulibin, often visiting along with assistants Kulibin’s three-story 
workshop on Vasilievsky Island, which was not far from Euler’s house. 
Their interactions included discussions and efforts concerning improving 
telescopes and microscopes. 

About noon on 22 May 1771, a great fire broke out in the lane behind 
the academy of sciences on Vasilievsky Island. Euler’s wife Katharina had 
long feared such an event. For three hours the fire spread in the land be- 
tween the seventh and twenty-seventh blocks from the center of the city, 
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destroying about 550 wooden and even some brick houses near the Neva, 
among them Euler’s. Helpless, almost blind, and in his bedclothes on the 
second floor of his house, Euler might have died in the general confu- 
sion had not his Basler handyman Peter Grimm quickly recognized the 
danger, found a ladder, and climbed into the house to rescue him. Euler 
reportedly resisted the efforts to remove him, wanting to stay to try to 
save his writings; Grimm had to put him over his shoulder and carry him 
down the ladder. After securing his safety, Grimm probably saved some 
documents. The fire destroyed Euler’s library and furniture, but the quick 
action of Vladimir Orlov, who was likely at the nearby government build- 
ings, retrieved most of the manuscripts. One loss was the worksheet for 
the prize paper on lunar theory to be submitted for the Royal Academy of 
Sciences in Paris in 1772; Johann Albrecht Euler had to rewrite its lunar 
theory and remake all of its calculations. 

In reporting news of the fire in a letter in September to his friend 
the astronomer Jacques Mallet-Favre in Geneva, Nicolas, Marquis de 
Condorcet noted that Catherine had promptly resolved to make up the 
loss, giving Euler six thousand rubles to reconstruct the house, which was 
rapidly done, and to purchase furniture in the meantime. An appropriate 
house was found to rent for the essentially blind geometer. The refurbished 
house to which Euler soon returned was impressive: it had four large col- 
umns supporting its front porch and double wooden doors for the main 
entrance. A large marble foyer separated the house into four large apart- 
ments and at the back of the foyer two facing marble stairways led from 
the first floor to the second. Each apartment was essentially independent. 
A drinking house next to Euler’s had also burned; responding to Euler’s 
request, in June 1771 Catherine agreed “not to build a new drinking house 
in place of the old one but instead to give the plot to Professor Euler.”” 

In September 1771 the nearly blind Euler hoped to have his vision re- 
stored through an operation to remove the cataract in his left eye. He had 
followed such operations in Paris and perhaps knew that the composer 
Johann Sebastian Bach had undergone two of them. As Euler aged, the 
lens of his eye slowly clouded, which made his vision fuzzy, making it pro- 
gressively more difficult to see. Since late 1766 he had been almost blind. 
Baron Michael Johann Baptist von Wenzel, a famous eye surgeon who 
had recently developed one of the earliest cataract operations in Europe, 
traveled to Saint Petersburg. To the mid-eighteenth century, physicians 
and surgeons had mainly neglected treating eye diseases; the field was 
filled with quacks, and there was controversy over whether to use the old 
couching treatment or extraction. Wenzel had a rising reputation, and in 
1772 would become oculist to King George III of Great Britain. Euler’s 
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son Johann Albrecht and nine physicians gathered around him on the 
surgery table to observe the operation. Wenzel made a large incision in 
the cornea and removed the cataract with little pain, cleaning the cloudy 
lens. The cataract was described as appearing like a small flattened pea the 
color of beeswax. The operation took only three minutes, there was little 
or no bleeding, and Euler had been deemed a good patient. For a time he 
had bandages over his eye. 

The result of the operation was the restoration of sight to Euler’s left 
eye, though he was instructed to avoid bright light and not to overstrain 
his eyes with reading and writing. But the incision was large and the eye 
weak after the operation. Moreover, Euler was not told to remain as still as 
possible with bandages over his eyes for a few months or to confine him- 
self to his bed with sandbags placed around his head to immobilize it. Nor 
were steroid drugs available to strengthen the eye. As a result, in October 
Euler suffered a complication, possibly an infection, that left him almost 
blind once again and occasionally in pain. But even without the “distrac- 
tion” (as he called it) that his sight had provided, he could still perform 
the most difficult computations in his head. Nicholas Fuss is reported to 
have related that once, when two of Euler’s students were summing a con- 
verging infinite series to the seventeenth term and differed by one unit 
in the fiftieth place, he made the correct calculation in his head.” That 
extent of his computational skills is difficult to believe, but Euler could 
still neatly write his name. 


Persistent Objectives: To Perfect, to Create, and to Order 


From 1764 on, Euler had prepared his 775-page landmark work Theoria 
motuum lunae, nova methodo petractata (The theory of lunar motion, treated 
by means of a new method, E418),” which is generally taken to constitute 
his second lunar theory but is here designated his third; his research and 
computations on lunar theory in the late 1740s, resulting in his “Tabulae 
astronomicae solis & lunae” (E87), was published originally in his Opus- 
cula varii argumenti in 1746. This was his first, and his Theoria motus lunae 
exhibens omnes eius inaequalitates (Theory of the moon that exhibits all its 
irregularities, E187) his second. There were also the influences of several 
papers on astronomy, including the Prix de Paris winners for 1748 and 
1750 on the great inequality of or irregularities in the orbits of Jupiter and 
Saturn and the papers from 1770 and 1772 on lunar theory.” Toward the 
end of his time in Berlin and since his return to Russia Euler had consid- 
ered what would contribute the most distinction to his legacy,’’ and had 
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decided that it would be a new lunar theory, one of the most complex 
problems in celestial mechanics. Displaying characteristic stubbornness, 
he was dissatisfied with his two previous theories. Not even eyesight prob- 
lems slowed him; in 1767 he worked steadily on methods, algorithms, and 
computations, and the next year he had a preliminary draft that he pre- 
sented to the academy, but much remained to be done. In May 1771 he 
wrote to Lagrange that he had spent almost an entire year intensely pre- 
paring the new lunar theory.” Euler sought to produce lunar tables that 
were both better than the semiemperical ones of Mayer and Clairaut and a 
great deal clearer and easier to use. While his tables were not to be as exact 
as Mayer’s, none of the roughly twenty other lunar theories of the time 
compared to his in their fit with practical considerations from observa- 
tions or in accuracy. Three of Euler’s assistants—his son Johann Albrecht, 
along with Krafft and Lexell—assisted him, mainly with able calculations, 
and they are named on the title page of the Theoria motuum lunae. Euler 
particularly praised Lexell. Guiding the complex and abstruse computa- 
tions of the members of his circle must have been a difficult challenge for 
the nearly sightless Euler. 

In Saint Petersburg, astronomy continued to be a central topic for 
Euler. During his career he wrote more than a hundred papers and books 
on mostly theoretical, astronomical investigations; these fill ten volumes 
of his Opera Omnia. This work was part of the mid- and late-eighteenth- 
century flourishing of astronomy in Europe, responding principally to the 
needs of navigation, commerce, exploration, and academy prize competi- 
tions. Among Euler’s spectrum of many contributions to astronomy, his 
third lunar theory is the most important. 

The monumental work comprised three lengthy volumes. It replaced 
the single-step method of his earlier Theoria motus lunae (E187) for com- 
putations on lunar motion with a multistep procedure. ‘The first volume 
investigates differential and numerical equations of condition required for 
his brilliant choice of coordinates; he employed a two-coordinate system: 
one fixed and the other moving. Euler integrated differential equations, 
since what began as small errors of differentials would grow over time. 
Examination of their integrability greatly increased the accuracy and less- 
ened computational labors. He tested perturbations of the lunar orbital 
elements, including eccentricity and mean longitude, for more exactness 
and to refine his secular equations. Euler had acute astronomical as well 
as mathematical insights: since gravitation stemming from the sun on the 
moon was double that from Earth, the main irregularities or perturba- 
tions of the moon derived from the influence of the sun. For the theory 
of perturbed motion in celestial mechanics, Euler was the first and chief 
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Figure 13.12. The frontispiece of Euler’s Theoria motuum lunae, 1772. 


provider in depth of its mathematical methods. His assistants had a large 
store of better observations that he had been collecting from at least his 
time in Berlin and from systematic ones made at the Petersburg Observa- 
tory in the Kunstkammer tower. 

The second volume made comparisons of Euler’s equations with 
Clairaut’s and constructed improved astronomical tables using the new 
equations, formulas, and observations. Among the problems in Euler’s 
lunar theory was describing two simultaneously acting centripetal forces. 
From his article on the elliptical orbit of the comet of 1769 and his col- 
laboration with Lexell, Euler dictated article 86 of the Theoria motuum 
lunae, which was essentially the first place to give the formula—to be 
rediscovered by Carl Friedrich Gauss in 1801—for computing the path 
of Ceres. Rather than pursue a solution for the general case of the dif- 
ficult Newtonian three-body problem, which he now held out no hope 
for achieving, Euler in Theoria motuum lunae examined special, restricted 
cases and found a more effective method for approximating them to have 
more exactness with actual positions. More than 450 of the book’s pages 
integrate as many as thirty-one differential equations, most of which he 
had invented.” As in 1753, he employed multiple observations to refine 
differential coefficients. While Newton had created the geometrical form 
of celestial mechanics, Euler founded through his research in astronomy 
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its analytical form.” Euler’s lunar theory was the most advanced of the 
time, and even today part of the manuscript record dealing with this work 
remains to be examined." It was not to be surpassed, or perhaps better 
perfected, for a century. 

The shape of Saturn’s rings was another topic that Euler now exam- 
ined, and it speaks to his approach and belief in the simplicity of the 
most basic laws of nature and the ultimate methods to reaching them. 
In 1777 he wrote in Latin, “The solution of this problem is highly sig- 
nificant, in that via a path involving complicated calculations we finally 
arrived at very simple formulae. There can be no doubt, therefore, that 
another, much simpler, path to the solution exists that in fact might have 
been anticipated; however there is no shame in expounding the present 
solution, since it involves noteworthy devices that may be of use in other 
researches.” 

During the eighteenth century, Euler was the principal creator of the 
theory of elasticity; he had investigated it at least as early as 1732 in his 
article “Solutio problematis de invenienda curva, quam format lamina ut- 
cunque elastica in singulis punctis a potantiis quibuscunque sollicitata” 
(Solution to the problem of finding curves which are formed by an elastic 
strip when a force is applied to a single point, E08). Along with others, he 
sought to organize and unify theories on elasticity and to provide a gen- 
eral mathematical theory for it, but that lay fifty years in the future with 
the work of Augustin-Louis Cauchy. Euler’s outstanding essay “Genuina 
principia doctrinae de statu aequilibrii et motu corporum tam perfecte 
flexibilium quam elasticorum” (The natural principles of the equilibrium 
and the motion of perfectly flexible and elastic bodies, E410) represented 
a pinnacle in that search;®* read at the Petersburg Academy in 1771, it 
was published that year in volume 15 of the Novi commentarit. Here Euler 
introduced the concept of shear force, but also accomplished far more. 
Applying the first principles of mechanics to provide a simple, direct way, 
he recast the entire corpus of known results on elastic and flexible bodies. 
Part of his originality in this matter was knowing that the eighteenth- 
century models of elastic lines and other physical structures were too 
restrictive, idealized, and lacking internal stress; existing solutions were 
developed from principles either unclear or too specialized. At the start of 
the 1771 essay, Euler noted that “we are still far distant from a complete 
theory sufficient to determine the figure of elastic surfaces and bodies.” 
His challenge was to offer a “more precise” and lucid study of “simple 
threads, whether perfectly flexible and elastic, as they have been treated 
up to now by the geometers.”® He took pains to achieve this. In “De 
gemina methodo tam aequilibrium quam motum corporum flexibilium 
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determinandi, et utriusque egregio consensu” (The equilibrium of the 
twin method and determining the motion of flexible bodies, and each in 
excellent agreement, E481, published in 1776) he unified the elastica and 
the catenary in a single conceptual framework. 

The 1771 essay also reinstated and extended the distinction made by 
Jakob (Jacques) Bernoulli between laws of mechanics and constitutive 
laws that defined certain kinds of continuous bodies. Without any special 
hypothesis about composing materials, Euler was able to derive methodi- 
cally the general differential equations of equilibrium and motion for a 
deformable line in a plane. 

From his early studies under Johann I (Jean I) Bernoulli on number 
theory Euler had worked mostly in fits and starts. From the release of the 
Algebra to his death, it was his favorite pastime; Diophantine equations 
and the search for prime numbers particularly interested him. In the years 
after 1769, nine of his papers on the subject appeared in print. While his 
earlier papers had broken ground, created powerful tools, transformed 
the subject for mathematical development, and been influential in con- 
verting Lagrange to the subject, most of the papers during this period, 
filled with intricate calculations, seem a random collection of difficult 
exercises; for the nearly blind Euler they were essentially transcripts of 
conversations with his assistants. With the exception of Lagrange, he rec- 
ognized that among his contemporaries higher arithmetic was not a popu- 
lar subject. Notably, to a lesser degree, d’Alembert influenced the younger 
Lagrange to move into this field of research, and in number theory La- 
grange was to base most of his work on Euler. With Euler at this point 
the only eighteenth-century mathematician seriously working in number 
theory, Lagrange had no other mentor. 

In 1768 and early 1769 Lagrange had written three articles on number 
theory. As he informed d'Alembert, he was seeking a direct and general so- 
lution for indeterminate equations of second degree and cited an essay by 
Euler in volume 11 of the Novi commentarii as prompting his interest." La- 
grange stressed the importance of the problem; he greatly desired to draw 
Euler’s attention to it again and to solicit his most recent publications on 
it. Probably in late 1769, Formey had sent to Euler Lagrange’s great essay 
on indeterminate problems, published in the latest volume of the Nouveaux 
Mémoires of the Berlin Academy. During this time, mathematicians were 
attempting to solve particular cases of the equation, which in its origins 
went back to Archimedes of Syracuse’s cattle problem,” and earlier Euler 
had discussed it with Goldbach. Lagrange found the problem charming 
and was pleased that his research had merited Euler’s attention. In 1770 
Euler wrote a continuation of Lagrange’s articles in which he used finite 
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differences to provide a general but not a strict proof of a particular case, 
the Pell-Fermat equation, x? — ay’= b. Filled with admiration for Euler and 
indebted to him, Lagrange wrote in February, “I am most happy that my 
work on indeterminate problems should have been found worthy of your 
attention; the favorable opinion of a scientific savant of your rank is most 
flattering for me, particularly in a field where, to my knowledge, you are 
the one and only competent judge. . . . [I]t seems to me that only Fermat 
and you have been successful so far in dealing with such matters, and if 
I have been so lucky as to add to your discoveries, I owe it to nothing 
else than the study I have made of your excellent works.”® Employing a 
modification of Euler’s argument concerning finite differences, Lagrange 
now presented the first rigorous general solution for all equations of the 
second degree with two unknowns.” Today Euler’s results are expressed 
in the language of congruences, which were introduced later by Gauss.” 
The set of integers with addition and multiplication modulus or divisible 
by a prime number formed a field, which in substance Euler knew but 
had missed as it bore on this problem. Perhaps since Lagrange did not use 
the proof in his paper, Euler did not later quote it. Euler’s tract on these 
proofs went unpublished in his lifetime. 

In 1772, hardly a year after receiving Lagrange’s papers, Euler sub- 
mitted three papers on what have been known since then as power resi- 
dues; these deal with divisibility.” If for an integer a in the congruence 
x” = a(mod m) is solvable for an integer n greater than 1, the number ais a 
residue of degree n modulo m. For n = 2, the power residues are quadratic. 
Euler also investigated the cubic and biquadratic (fourth power) cases. 
His essay on quadratic residues, “Observationes circa divisionem quadra- 
torum per numeros primos” (Observations about the division of squares 
by prime numbers, E552), separated his earlier conjectures from what was 
now basically the law of quadratic reciprocity.” He pursued prime divi- 
sors of different forms of numbers, such as X° + Y°, surpassing Fermat. 
“T derive as much pleasure from investigations of this kind,” Euler con- 
fessed, “as from the deepest speculations of higher mathematics. I have 
indeed devoted most of my efforts to questions of greater moment, but 
such a change of subject always brings me welcome relaxation. Higher 
analysis, moreover, owes so much to the Diophantine method that no one 
has the right to dismiss it altogether.”” 

After Euler’s production of articles briefly ebbed in 1770 and 1771 
during his emphasis on the Theoria motuum lunae and following his cata- 
ract operation, it resurged in 1772, and in May he resumed directing the 
sessions of the academy. On 18 May 1772 he submitted thirteen articles 
saved from the fire on such topics as elliptic integrals, prime numbers, 
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and map projections. The subjects that the academy addressed later that 
year included volume 2 of Gmelin’s Flora sibirica, Lexell on the comet of 
1769, an essay on the transit of Venus, Lalande’s contributions in Paris 
to integral calculus, Daniel Bernoulli’s solutions in fluid mechanics, and 
vibrating chords. On 3 December Euler submitted eight more articles on 
Diophantine problems and differential equations. 

In 1772 Euler’s correspondence fell sharply, consisting of seven let- 
ters with only two by him. His health, the fire, and the absence of a per- 
sonal secretary, together with the uncertainty that mail to and from Russia 
would be delivered, seem to account for this. In February Lagrange ex- 
pressed his wish that Euler’s eye operation had been successful, reported 
that the French edition of the Algebra was in press, and said that he had 
received volume 14 of the Novi commentarii with great satisfaction regard- 
ing Euler’s research on orthogonal trajectories and mean proportions. In 
August Euler sent Stanislaw August Poniatowksi of Poland geographical 
coordinates for Barnaul and some points in Moldavia. The next month 
Stanislaw thanked him for these and earlier results for the mouths of the 
Danube and Dniester Rivers. After a six-year break, in October Lambert 
sent Euler his additions to logarithmic tables and discussed selected infi- 
nite series and Lambert’s achromatic glasses for the nearsighted. Mathe- 
maticians were now integrating rational functions via logarithms. A letter 
from Euler with only a date of 1772 on it comments on a number theory 
article by Johann III Bernoulli submitted the previous year for the Nou- 
veaux Mémoires of the Berlin Academy; this was only his second—and the 
last—letter that he sent that year. 


Chapter 14 


Vigorous Autumnal Years: 
1773 to 1782 


t the start of 1773 Leonhard Euler was sixty-five years old. For the 

library of the Imperial Academy of Sciences and Arts in Saint Peters- 
burg he now faced two matters. In January the Nuremberg historian and 
bibliographer Christoph Gottlieb Murr attempted to have him purchase 
for Russia some handwritten tables of Johannes Kepler that were in 
Frankfurt, noting that their publication could bring further fame to Rus- 
sia. In February Jean-Baptiste le Rond d'Alembert sent the sixth volume 
of his Opuscules mathématiques. Euler did not respond directly to either 
d'Alembert or Murr; his correspondence with d’Alembert had ended by 
late 1766. But until at least 1774, d’Alembert kept in contact by continuing 
to write to Euler’s son Johann Albrecht.' Murr sent five more entreaties, 
which Euler gave to the royal court and the academy. Empress Catherine 
II was interested in “the celebrated Kepler’s” manuscripts. The academy’s 
Protokolii (Protocols) in November reported academy director Vladimir 
Grigor’evich Orlov’s learning that the empress had acquired all of these 
for the academy, and that a catalog had been placed in the archive. Murr 
would participate as well in later library acquisitions for the academy. 
In 1773 Euler dictated only two letters. The first, transcribed by Johann 
Albrecht in May, was to Euler’s good friend, the margrave Friedrich Hein- 
rich. Although his vision was so poor that he could neither read nor write, 
Euler said that his general health had recovered and that he was happy. 
He mentioned that the reconstruction of his house had so enlarged it that 
he could live there with his sons and their families, and also noted hav- 
ing sent to the margrave through Jean-Henri-Samuel Formey six copies 
of volume 3 of his Lettres a une Princesse dAllemagne (Letters to a German 
princess). Throughout the year, life remained calm in Saint Petersburg. 
Begun in the autumn, the rebellion of the Ural Cossacks led by Yemel’yan 
Ivanovich Pugachev, a pretender to the throne who claimed to be the de- 
ceased emperor Peter III, was distant from Saint Petersburg but caused 
turmoil and was a serious danger to Catherine. The Pugachevschina threat- 
ened the noble social order in Russia. 
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After completing his Theoria motuum Lunae (Theory of lunar motion, 
E418) in 1772, Euler had turned to his articles; the number of articles rose 
from eight in 1772 to nineteen the next year. The subjects for 1773 were a 
Diophantine problem, a differential equation, the vibrating chord (a topic 
that took five essays), the tautochrone in fluid and rare media, the collision 
of bodies, and a new proof that every integer is the sum of four squares. 
The persistent vibrating chord dispute with d’Alembert, Daniel Bernoulli, 
and Joseph-Louis Lagrange was the leading documented mathematical 
controversy of the century. None of the competitors moved far from his 
original position, but Lagrange moved closer to d’Alembert; many if not 
most geometers of the time accepted Euler’s resolution. 

Euler’s near total blindness required him to seek additional assis- 
tance. Since the young people he considered in Saint Petersburg could 
not dedicate the time that he desired, early in 1773 he turned to Daniel 
Bernoulli to recommend from Basel a capable assistant to help with his re- 
search and to be his personal secretary. Proud never to have lost his Swiss 
accent, Euler liked to employ the Basler dialect and challenge others to 
remember expressions. 


The Euler Circle 


In July Bernoulli complied by sending his most talented student, Nicholas 
Fuss, who was from a humble Basel family, to live with Euler and be his 
research assistant and secretary. It was a superb match; the sympathetic 
young man who came to the Russian capital possessed an excellent combi- 
nation of talent and adaptability. Applying these, along with a great drive, 
he helped the aging geometer to continue to produce an impressive flow 
of articles. For these last years of Euler’s life Fuss was his closest associate, 
reading to him every morning the collected correspondence and the daily 
paper, and placing on the table in the study whatever mathematical lit- 
erature related to the problem for the day. Euler would develop a general 
plan of attack for the problem being addressed, and on a later morning, 
after help from members of the circle in refining ideas and making com- 
putations, he led the preparation of the paper set out in Latin for printing. 
In 1784 Fuss was to marry his mentor’s granddaughter Albertina,’ Johann 
Albrecht’s second daughter. The arrival of Fuss in 1773 and the inclusion 
a year later of Mikhail Evseevi¢ Golovin, a relative of Mikhail Lomono- 
sov, increased Euler’s research circle. In November Euler dictated a let- 
ter written in an unknown hand to Orlov observing that he wanted to 
have these two students of his, Fuss and Golovin, apply their talent and 
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zeal to scientific activities—meaning that he wanted them admitted to the 
academy. Among the other members of the circle were Johann Albrecht 
and Christoph Euler, Semjon Kirillovi¢ Kotel’nikov, Wolfgang Ludwig 
Krafft, Anders Johan Lexell, and Stepan Jakolevi¢ Rumovskij; all had 
been Euler’s pupils and were now his disciples. 

Euler set the topics and initial problems for each of his theoretical 
and computational papers, most of them brief, and interacted directly 
with every member. At the study in his residence his research team worked 
around a large table with a chalkboard in the middle. Although Euler 
could write distinctly on it in large symbols even after 1771, apparently his 
assistants used it most. When alone, the nearly blind Euler would often 
walk around the table for exercise and left a sheen from running his hand 
along its edges. During working sessions participants made calculations 
that Euler mentally reviewed and reworked to help eliminate errors. After 
the sessions all papers on the table were put into a large portfolio. Work- 
ing with individual members of the circle that by 1783 would comprise 
eight, half the regular members of the academy, Euler completed on aver- 
age another article every twelve days. For Euler’s papers published after 
1773, Fuss made the computations for more than 160 and Golovin 70. In 
the last decade of Euler’s life, Fuss and Golovin did most of the recording 
from Euler’s dictation, though some papers were written down and com- 
putations were made by his sons. More than three hundred of the papers 
completed or written in collaboration with members of his research circle 
during his second Saint Petersburg period appeared posthumously. These 
comprised more than one-third of his total writings and were published 
for more than thirty years after his death. 


Elements of Number Theory and Second Ship Theory 


Euler’s profound contributions to both theory and application in the sci- 
ences in Berlin and Saint Petersburg had made him famous. Apparently 
his blindness served to increase his recognition, which was now perhaps 
second only to that of Voltaire. Stories of the power of Euler’s computa- 
tional genius expanded; one had him, on a sleepless night, calculate the 
first six powers of the twenty smallest integers. Nicolas, Marquis de Con- 
dorcet, considered it to be as many as the first hundred integers. 

“Tt appears,” wrote the French mathematician Adrien-Marie Legendre 
in the preface to his Essai sur la théorie des nombres of 1798, “that Euler had 
a special inclination towards . . . investigations [of properties of numbers] 
and that he took them up with a kind of passionate addiction, as happens 


498 Chapter 14 


to nearly all those who concern themselves with them.”* This was indeed 
the case when, by 1773, Euler had turned more to examining number 
theory, starting with Diophantine equations and primes, and now con- 
centrated on it. By trial and error throughout the previous decade he had 
explored the question of whether large numbers satisfied a primary crite- 
rion; this work resulted in two papers, “De numeris primis valde magnis” 
(On very large prime numbers, E283) and “Quomodo numeri praemagni 
sint explorandi, utrum sint primi, nec ne” (How very large numbers are to 
be tested for whether or not they are prime, E369). In 1773 he directed La- 
grange’s attention to this new research; “I am sure,” he dictated, “that this 
will lead to very important discoveries.”* Euler was preparing a textbook 
on the elements of number theory, Tractatus de numerorum doctrina capita 
sedecim, quae supersunt (Treatise on the theory of numbers, consisting of 
sixteen chapters, E792). Although he had actually begun work on it in the 
years 1748-50, worked on it again around 1756, and readdressed it shortly 
before his death, this unfinished treatise was not published until 1849 in 
volume 2 of his Commentationes arithmeticae. The textbook defines and 
classifies prime numbers and multiples; it examines factorizations, includ- 
ing the frequency of prime numbers in them, along with quadratic and 
cubic residues, divisors in general, and divisors of numbers of the form 
x? +? and x* + 2y*. Euler may have realized that all quadratic residues were 
biquadratic, and he did search for conditions in which given numbers 
had the biquadratic character. His book, which contains some incomplete 
proofs, is nonetheless filled with clear definitions and brilliant isolated 
remarks, and hidden within these is the crown jewel of number theory, the 
law of biquadratic reciprocity. The book appeared in print only after Carl 
Friedrich Gauss, Peter Gustav Lejeune Dirichlet, Carl Gustav Jacobi, and 
Ferdinand Gotthold Eisenstein proved all of Euler’s guesses and far more. 
It was reprinted in his Opera postuma in 1862. 

In April 1773 Euler’s last book, Théorie complete de la construction et de 
la manoeuvre des vaisseaux, mise a la portée des (!) ceux, qui s‘appliquant a la 
navigation (Complete theory of the construction and maneuver of ships 
brought into the reach of everyone involved in navigation, E426), his sec- 
ond ship theory, was presented at the Petersburg Academy, and it was 
published in French later that year in Russia. It presents the laws that 
Euler had discovered on the force that wind exerts upon flexible and rigid 
bodies and applies these to calculating the disposition, form, and size of 
sails, equipment especially important to ships prior to the invention of the 
steam engine. Attentive to the needs of the Russian Navy, Euler was well 
aware that his previous Scientia navalis was too abstract and profound to 
be understood and applied by ordinary seamen. He took several chapters 
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from the earlier work and removed all of the theory of fundamental me- 
chanics and most of his proper ship theory. As the title of his Théorie com- 
plete de la construction et de la manoeuvre des vaisseaux suggests, it offers an 
entire ship theory comprehensible to most regular navy personnel, navi- 
gators, mast makers, and shipbuilders.° Most of it comes from Euler’s Prix 
de Paris—winning papers of 1759 and 1761, the first on pitch and roll and 
the second on the lading of ships.° The book comprises three parts: on 
the equilibrium of ships, on the resistance to the motion of ships in their 
courses, and on and their masts and steering. It concludes with a supple- 
ment of two brief notes; the first computes the resistance encountered by 
the prow of a ship, and the second proposes and analyzes a device consist- 
ing of a sail attached to a roller to pull a ship upstream. 


The Diderot Story and Katharina’s Death 


In September 1773 the French philosophe Denis Diderot, the editor of the 
famous and controversial multivolume Encyclopédie, accepted the invita- 
tion of Catherine IIT to come to Saint Petersburg. He was very ill upon 
arrival, seemingly almost near death. From 1759 on Catherine had read 
the first volumes of his great work, and from the beginning of her reign, 
she had been his patron. Princess Ekaterina Romanova Dashkova visited 
Paris in November 1770, dining and speaking extensively with Diderot 
on four evenings from roughly five o’clock until midnight about culture, 
art, politics, science, and literature; she had participated in Catherine’s 
rise to power and had asserted the empress’s innocence in the death of 
her husband. 

Diderot stayed in Saint Petersburg for five months, and was given 
the privilege of being able to contact the monarch at any time. She was 
delighted to speak with him rather than with her many courtiers, whom 
she found coarse and boring. Catherine found Diderot’s mind to be ex- 
traordinary and requested a memorandum on founding a university that 
he recommended be open to students without distinction by social order,’ 
but she thought impractical his recommendations on judicial reform and 
agricultural servitude. It was reported that to block his annoying habit of 
gesticulating and hitting her knee during conversations, she had a table 
placed in front of her. To help relieve Diderot’s strapped financial situa- 
tion, Catherine purchased his library, while permitting him as long as he 
lived to keep it and providing him an annual salary as its librarian. 

Although Diderot was closely associated with materialism and criti- 
cisms of religion, both of which Euler strongly opposed, on 25 October 
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Figure 14.1. Denis Diderot. 


1773 Euler set aside his misgivings and proposed that Diderot and his 
closest friend Frederick Melchior Grimm, a minor philosophe, be named 
corresponding members of the academy, and charged the secretary, his 
son Johann Albrecht, to notify them in writing of their election honoris 
causa and to expedite the academic diplomas for them. Three days later 
Diderot sent a grateful response to the “gentlemen of the academy,” de- 
claring that “everything that I created I would gladly trade for a page 
of the writings of Monsieur Euler, or for work of my new colleagues.”® 
Diderot submitted diverse questions on the natural history of Siberia and 
its minerals, and the academy promised to deliberate on these and re- 
spond. On 4 November Euler presided at the session that Diderot and 
Grimm attended for their induction into the Imperial Academy of Sci- 
ences and Arts. While there was a negative disposition toward Diderot 
among members, they maintained a cordial encounter. Johann Albrecht 
Euler introduced them to each member, but his father had warned him to 
avoid arguments in general. Diderot spoke briefly on the natural history 
of Siberia, metallic ores, mountains, salt lakes, and a variety of vodka, and 
the academicians discussed these matters. Erik G. Laxmann, a specialist 
on Siberian fauna, was given the questions that Diderot had submitted. 
The empress attended the meeting and reportedly was amused slightly by 
Diderot’s negative comments on religion in answering younger members’ 
questions. In December Laxmann presented responses to queries at the 
academy; these were forwarded to Orlov for his approval before sending 
them to Diderot. 
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A story circulated widely in Berlin a few years later about Diderot’s 
visit to Saint Petersburg and his encounter with Euler that has no con- 
firmation in the Russian records;’ it is an anecdote that apparently was 
initially only a joke. Dieudonné Thiébault had come to Berlin in March 
1765. Frederick II, who had made him a professor of literature, enjoyed 
conversing with him about European men of letters. The monarch disliked 
Diderot, who along with Jean-Jacques Rousseau had criticized the treat- 
ment of wounded soldiers in Prussia, and the king liked to invent tales. 
Thiébault’s book, Mes souvenirs de vingt ans de séjour a Berlin, published 
in 1801, includes the original tale about Diderot, put out possibly by a 
member of Frederick’s court to belittle the encyclopedist. The story goes 
that a learned philosopher met Diderot in Saint Petersburg at the imperial 
court and with the secret acquiescence of the empress proposed to prove 
algebraically to him that God existed. “Sir,” the philosopher solemnly ex- 
claimed in French, “(a + b")/n = x, therefore God exists. Respond!” This 
was not entirely out of character for the time; Pierre Maupertuis had pre- 
viously attempted to provide an algebraic proof of the existence of God. 
Still, when the atheist Diderot momentarily failed to recognize the sham 
and searched for an effective rejoinder to the pretended and meaningless 
proof, he sensed supposedly from the peals of laughter by courtiers that 
the court was playing a joke on him." Dieudonné’s account does not give 
Diderot’s response, but it holds that this misadventure deeply embarrassed 
Diderot and was possibly a reason he soon requested permission to return 
to France. Since Diderot had begun his career as a mathematics teacher, 
he would have seen the hollowness of this supposed proof; his Mémoires 
sur différens sujects de mathématiques, a collection of five articles on subjects 
pertaining to higher mathematics, was well regarded. In Paris the censor 
commented that Diderot presented the articles “with great sagacity,” and 
the reviewer, Abbé Guillaume Thomas Francois Raynal, found them “filled 
with erudition and genius.”"' Moreover, it is unlikely that the Russian no- 
bility at court would have understood what was happening. Through the 
years the story was to be twisted; in 1872, in A Budget of Paradoxes, Augustus 
de Morgan modified it by identifying the philosopher or mathematician as 
Euler, perhaps to show Euler’s strong religious convictions.” 

What actually happened? Correspondence between Lexell and Jo- 
hann Albrecht Euler indicates that no debate occurred at the academy.” 
After the conference the group went to Orlov’s house. Franz Ulrich The- 
odor Hoch Aepinus, who did not attend the conferences, was present and 
engaged Diderot in an argument. Lexell wrote that Aepinus clearly won. 

In November 1773 Katharina, Euler’s wife of almost forty years, died 
at the age of sixty-six. On 17 November, Leonhard Day, she had said that 
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she did not feel well and had gone to bed, where she remained for four 
days. On the morning of 22 November she called her family together to 
bid them farewell and gave well-intentioned cautions about the future; 
she passed away at 11:30 a.m. The marriage had been happy, and the loss 
was a severe shock to Euler. Almost a hundred mourners and thirty car- 
riages were at the funeral three days later; Johann Albrecht Euler recorded 
the cost of the funeral as more than five hundred rubles." The loss greatly 
complicated Euler’s domestic life, for Katharina had managed the entire 
household while he did little or nothing with it. 


The Imperial Academy: Projects and Library 


Recoiling from the restrictions on the freedom that Lomonosov and later 
he himself had attempted to win for the academy, Euler wanted in 1774 
to withdraw from the academic commission on which the director had 
the principal authority. On 1 February Euler dictated to Johann Albrecht 
a letter to Orlov requesting that he and his son be released from collabo- 
rating with the commission, citing his poor vision and failing hearing; 
the next day he asked to be relieved of the activities of the geography 
department, again citing his poor vision. On 3 February he announced 
that neither he nor Johann Albrecht would attend further meetings of the 
academic commission, but both would remain active at the academy. In a 
September letter to Orlov concerning Fuss and Golovin, Euler said that 
the best way he could now serve was through the education of students. 
Yet on only a few occasions, and these for reasons of poor health, 
did Euler miss academy conferences in early 1774. In January Krafft gave 
rules to be followed in the construction of good barometers and thermom- 
eters. Peter Simon Pallas had sent several reports from Siberia, along with 
plants for the botanical garden, and Johann Georg Gmelin had sent mate- 
rials on White Russia and Lepechkin on the coast of the Baltic Sea. Books 
for the academy library came gratis from the Royal Swedish Academy of 
Sciences, including the volume of Charles de Geer’s Mémoires pour servir 
a Vhistoire des insectes for 1773, as well as from the Gottingen Academy 
of Sciences. Volumes of Diderot and d’Alembert’s Encyclopédie enriched 
the library. In February the academy studied selected Chinese writings; 
Euler had his paper read on the principles of harmony in music; Lexell 
compared Euler’s lunar tables with those of Johann Tobias Mayer; and 
Johann Albrecht read a report on meteorological observations for 1773. In 
March Lexell presented a paper by Euler on plane geometry and another 
by Krafft on square numbers. In April the conference received from Pallas 
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a box of materials on his Siberian travels, among them a report on insects, 
and an account of his attempt to have the Dutch publishers Brouwer and 
Bragge print his findings. Orlov demanded that the academy comment on 
Pallas’s papers; he did not want a foreign press to reveal Russian discover- 
ies and secrets on possible trade routes or products. Euler and Kotel’nikov 
argued that the academy had the right to publish these materials on its 
own, while Lexell opposed publication without the consent of Pallas. 

For the remainder of 1774 the academy was active in part with library 
acquisitions and its journal. On behalf of d'Alembert, it received in June 
from the Paris Academy of Sciences the second edition of his Traité de 
dynamique and five volumes of his Opuscules mathématiques, together with 
French writings covering music, history, literature, philosophy, the theory 
of fluid resistance, and destroying the Jesuits. Murr arranged an exchange 
of Euler’s publications for source works by Christian Friedrich Ludolff, 
Cuthbert Tonstall, Willibrord Snell, Peter Apian, and Georg Peuerbach; 
Johannes Kepler on comets as well as the birth of Jesus; and a letter of 
Nicolas Fatio de Duillieur to Jacques Cassini. On 22 August the academy 
received from the American Philosophical Society volume 1 of its Trans- 
actions for 1769-71. For much of October, illness forced Euler to be ab- 
sent. On 17 November Fuss submitted seven articles by Euler, including 
one on elasticity, for volume 19 of the Nout commentarii that Fuss had tran- 
scribed. As the Protokolii minutes note, three days later two Latin articles 
of Daniel Bernoulli on sums of trigonometric series were received, and 
Euler submitted for reading a paper on the sums of progressions of some 
sine and cosine functions. 

In 1774 Euler had additional papers read and published at the acad- 
emy. Among them was his “Nova series infinita maxime convergens 
perimetrum ellipsis exprimens” (A new infinite series that expresses the 
perimeter of an ellipse and converges very rapidly, E448). For over forty 
years he had worked on elliptic integrals, and this article offered his most 
advanced method for finding the arc length of an ellipse. His “Dem- 
onstrationes circa residua ex divisione potestatum per numerous primos 
resultantia” (Demonstrations concerning the remainders resulting from 
the division of powers by prime numbers, E449), read at the academy in 
1772, was published in 1774 in volume 18 of the Novi commentarii. It is 
significant partly for its terminology: Euler had used the word imaginary 
in relation to numbers with two different meanings, but not in the sense of 
an imaginary number; in the eighteenth century, the adjective imaginary 
could mean what is now called a complex number or, more vaguely, an el- 
ement of something that does not exist. To the end of the eighteenth cen- 
tury, the status of negative and complex numbers was unclear and caused 
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a scandal in mathematics, but Euler’s discoveries were to be decisive in 
the acceptance of complex numbers as a legitimate entity in analysis. 

Since 1770 Euler had been studying developable surfaces in geometry. 
The title of his article “De solidis quorum superficiem in planum explicare 
licet” (On solids whose [entire] surfaces can be flattened to a plane, E419), 
published in 1772, stated the goal of his search. There he proved that the 
line element of a surface was the same as that of a plane. Euler scheduled a 
reading of “De curvis triangularibus” (On triangular curves, E513), which 
examined orbiforms, curves of constant breadth, a property shared by the 
circle, and triangular curves—that is, closed curves having three cusps;’° 
the article drew upon analytical and geometrical principles, and resolved 
a fundamental question about the property of surfaces developable into a 
plane, demonstrating that the evolvents of the triangular curves—curved 
lines formed as they evolve—were also of constant breadth. Euler subse- 
quently encouraged research on developable surfaces. These articles were 
outstanding mathematical achievements, a formative contribution in the 
founding of differential geometry, and clear examples of Euler’s expand- 
ing the horizons of mathematics. Other writings dealt with perfecting 
reading glasses and with the oscillation of a pendulum of a given weight. 

Among the topics of Euler’s papers presented in 1774 and published 
later were the motion of comets, vibrating musical chords, the values of a 
family of given integral formulas, a table of primes up to one million and 
beyond, Isaac Newton’s expansion of powers of a binomial case, and a 
proof of Newton’s binomial theorem. 


The Russian Navy, Turgot’s Request, and a Successor 


After the death of Peter the Great, the Russian Navy had declined, and to 
revive the fleet, Catherine II turned partly to foreign officers and techni- 
cians. She recruited a contingent from England, including the admiral 
Charles Knowles, to advise on building warships and dockyards. During 
Russia’s war with Turkey from 1770 to 1774, Knowles was in or near Saint 
Petersburg, engaged mainly in administrative activities, and Euler met 
often with him. In 1775, a year after returning to England, Knowles pub- 
lished his translation of the treatise Extrait du mechanism des mouvements 
des corps flottans (Extract on the mechanism of the motions of floating bod- 
ies), originally published in 1735 in Paris by Cesar Marie de la Croix, 
the minister in charge of the French fleet. Two articles by Euler on the 
Extrait are from the time that he was writing his Scientia navalis. Knowles 
observed that during his stay in Russia he himself had tested de la Croix’s 
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principles on the motion and the stability of battleships and frigates built 
there and found them to be correct. 

In August 1774, a day before he became the comptroller general of 
France, Baron Anne-Robert Jacques Turgot wrote to Louis XVI, with the 
backing of d'Alembert, to request that the monarch order the publica- 
tion of two writings by “the famous Leonard Euler, one of the greatest 
mathematicians of Europe”” that would be useful as textbooks to be 
introduced into all French naval and artillery schools. Before this Turgot, 
one of a few statesmen philosophes, had corresponded about Euler with 
Condorcet, who claimed to have studied the work of Euler for fifteen 
years. One of the proposed books was Euler’s Théorie complete de la con- 
struction et de la manoeuvre des vaisseaux, which had become available the 
preceding year. Asking for an improved second edition, Turgot invited 
Euler to make corrections to the French language. The other work that 
Turgot wanted was a translation into French of Euler’s German transla- 
tion Neue Grundsétze der Artillerie of Benjamin Robins’s The New Principles 
of Gunnery with the extensive commentary by Euler. Turgot recognized 
that Euler had ownership of these and proposed a remuneration. The 
printing would cost about five thousand francs; Euler was to be sent one 
thousand rubles “as a token of the esteem [Louis XVI] has for your works 
which you so justly deserve.” These two amounts were to be “paid from 
the secret accounts of the navy.” It would take roughly a year to gain the 
final royal approval. 

Pleased to have so worthy a successor in mathematics, in March 1775 
Euler passed to Lagrange the mantle of foremost mathematician in Eu- 
rope, as Johann I (Jean I) Bernoulli had done in his letter of 1745 that ad- 
dressed Euler as “incomparable” and “the prince of mathematics.” “II est 
bien glorieux pour moi,” Euler wrote, “d’avoir pour successeur a Berlin le 
plus sublime géométre de ce siécle. .. . J’ai parcouru avec la plus grande 
avidité les excellens mémoires dont vous avés enrichi les derniers volumes 
de Berlin et de Turin. . . . (It is most flattering to me to have as my suc- 
cessor in Berlin the outstanding geometer of this century. . . . I have gone 
most avidly through the excellent works with which you have enriched 
the latest volumes in Berlin and Turin.)"® 

Euler wrote that response just after receiving Lagrange’s Recherches 
darithmétique of 1775; Lagrange had wondered whether it would meet 
with Euler’s approval, and Euler was more enthusiastic than anticipated. 
But at no point did Euler’s letter in March specifically mention the Recher- 
ches; he did not comment on Lagrange’s brilliant discovery that “infinitely 
many forms” in number theory with the discriminant 5—a numerical 
invariate—can be reduced to “a small number” for each value of 8. 
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Euler’s research had two outstanding characteristics that were exhib- 
ited in his response to Lagrange. First, he was receptive to thought from 
whatever source and extremely quick in mastering it; he would employ 
the new ideas as points of departure for a series of research efforts and 
swiftly refine, introduce, and develop better equations. Second, he would 
never abandon a topic or finding that had roused his curiosity; he liked 
to return relentlessly to conjectures after methods that he or others would 
develop enabled him to deduce them better, as well as to reconsider theo- 
rems. Even after finding a proof, Euler pursued another that was simpler 
or more direct.*” Upon considering Lagrangian reduction, he wrote an 
article titled “De insigni promotione scientiae numerorum” (On an im- 
portant progress of the science of numbers, E598) that began by citing, 
and then proceeded to refine, Lagrange’s Recherches, which clearly dem- 
onstrated results from Euler’s past conjectures.”! Euler’s paper was read to 
the Petersburg Academy in October 1775; in it Euler stated, “All the theo- 
rems that I formulated long ago in vol. XIV in the old [Petersburg] Com- 
mentarii [for 1773] have acquired a much higher degree of certainty... 
and there seems no doubt that whatever in them is still to be desired 
will soon receive a perfect proof.”” He, most of all—but also likely his 
circle of assistants—took great delight in obtaining proofs beyond those 
of Lagrange. The article was published only posthumously, in 1785; still 
beyond the range of Lagrange’s new methods was the law of quadratic 
reciprocity, which Euler had formulated in works on quadratic residues 
dating from 1772. To the present day, scholars disagree on whether Euler 
actually reached that law.¥ In “De insigni promotione scientiae numero- 
rum” he confidently declared that he expected the proof of it and of other 
conjectures in number theory to be “quam... mox expectare licebit” 
(likely to come soon).™* It would take another twenty-five years fully to 
prove that fundamental law, and it required Gauss to do so. 


At the Academy: Technical Matters and a New Director 


In September 1775 at an academy conference, a report by Euler was read 
on a technical matter, Ivan Petrovic Kulibin’s third proposal to build a 
bridge across the Greater Neva River. As Fuss wrote to Daniel Bernoulli in 
1777, “Over the last little while so many projects for building bridges over 
the Neva have been submitted here that this undertaking has almost be- 
come a joke.”” Most builders assumed that a scale model able to support 
an adequate proportion of weight would be of sufficient strength when 
at the full size needed for the bridge, but such judgments left out factors 
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such as the actual length required (1,057 English feet) and the bridge’s 
potential bending. Although ignorant of mathematics, Kulibin was able 
to derive his rule in a third attempt with a model of a chain of uniform 
elements successively decreasing in size toward the center, comprising a 
bridge that met the load-bearing capacity required. Euler’s report stated 
that in 1772 by experimental means Kulibin’s rule for load-bearing capac- 
ity was confirmed. But in the modeling of bridges, Euler wanted more. In 
September 1775 he set up “a precise investigation of the question of infer- 
ring from the strength of a model to that of an actual bridge of whatever 
size... . ”*® Working with his assistants for about a year, Euler developed 
a precise theory for modeling bridges of any size, reaching conclusions 
similar to those that Kulibin had found independently and experimen- 
tally. Euler’s article, published the next year under the title “Regula facilis 
pro diiudicanda firmitate pontis aliusue corporis similis ex cognita fir- 
mitate moduli” (A simple rule for determining the strength of a bridge 
or other similar body from the strength of a model, E480), gave a brief 
and accessible account of some of his calculations.” As regards mechan- 
ics, it examined three-dimensional regions in general. To reach a wider 
readership, it was published in the independent journal Ezhemesiachnye 
sochineniya, k pol’ze I uveseleniyu sluzhaschie (Monthly writings serving pur- 
pose and enjoyment) in an English translation. This journal, edited by 
Gerhard Miller, was influenced by the European Enlightenment. 

In the transformation of the exact sciences and mathematics, Euler 
continued to make significant contributions to mathematical physics. 
In “Nova methodus motum corporum rigidorum determinandi” (A new 
method of determining the motion of rigid bodies, E479), read at the 
academy in October 1775, he gave a new derivation of the motion of a 
rigid body.” The paper was the first to give the integral form in orthogo- 
nal Cartesian coordinates of the principles and the moment of momen- 
tum. These laws, expressed by six nonlinear partial differential equations, 
represented “the fundamental, general, and independent laws of mechan- 
ics for solving all kinds of motions of all kinds of bodies,” and they 
have been called Euler’s two laws of mechanics.* It is not clear, however, 
whether Euler considered these laws as fundamental and independent 
axioms of mechanics. He had probably arrived at the law of rotational 
momentum much earlier, starting from Newton’s second law of motion 
applied to mass points; but this was not stated explicitly in the article. 
Whatever the case, the work was an important advance in the develop- 
ment of mechanics.*! 

Also in October 1775, Turgot informed Euler that Louis XVI had 
agreed to fund the printing of the naval and artillery books. The support 
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of the king—along with that of a great court minister who was respected 
across Europe—humbled Euler. These affirmed his prestige and con- 
firmed that the esteem for him extended to the highest social and politi- 
cal circles on the Continent. Turgot invited Euler to remove any errors 
in the originals, and the improved second edition of the Théorie complete 
de la construction et de la manoeuvre des vaisseaux that added supplements 
by Lexell, appearing in 1776. The study received acclaim rarely achieved 
in the applied sciences; its Parisian editors praised “the great good that 
Euler’s many discoveries had done for the French and other enlightened 
nations.”*? In 1776 Henry Watson published an English and Simone Stra- 
tico an Italian translation. The next year a Dutch rendering (of which the 
English title would be Extract of. . .) appeared in The Hague, and in 1780 
a second Italian translation was brought out by Gaetano Carcani. 
Through the end of 1775 Euler submitted articles for the academy’s 
Novi commentarii. On 4 September he was ill and absent from academy 
conferences, but Fuss delivered six of his articles, which included studies 
of geographic projections, continued fractions, and elastic curves; these 
would be kept in the archives.** Three days later Lexell read one of the 
papers, which was on the subject of pentagonal numbers, and the academy 
planned the mathematics section of the twentieth volume of the Novi com- 
mentarii; it would include two articles by Daniel Bernoulli, four by Euler, 
and one by Lexell. On 28 September the academy reviewed the fourteen 
journals it had received. They included the Mercure historique et politique de 
France, Journal encyclopédique, Journal des Scavans, Gazette litteraire de Berlin, 
Gazette de Leyde, and the Hamburger Correspondent newspaper. On 9 Octo- 
ber three more articles by Euler were read, and the academy discussed 
obtaining more books for the academic library that might be of great use 
to its research. Three days later Sergei Gerassimowitsch Domaschnev, the 
new director of the Petersburg Academy since Orlov had left the position 
in December 1774, wrote that Catherine wanted to be instructed in the 
content of Kepler’s manuscripts; Krafft and Lexell were to respond to him. 
On 19 October Lexell presented six more of Euler’s articles on mathemat- 
ics and three on geographical projections. Lexell read papers by Euler on 
23 and 26 October, when the topic was rigid bodies, and Fuss presented 
the ninety-eighth article that he had transcribed from Euler. The academy 
considered publishing a work of Pallas on the Kalmuks and a catalog of 
plants. Euler turned briefly to agriculture, publishing a paper written eight 
years earlier, “Nachricht von einem neuen Mittel zur Vermehrung des Get- 
reides” (Report on a new means of increasing the production of grains, 
E341A), but he did not continue with this subject. In November Lexell, 
Krafft, and Fuss read more papers by Euler on mathematics and physics. 
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Neither Domaschnev nor Orlov before him sought to enhance the 
Petersburg Academy; both had been appointed for being major support- 
ers of Catherine’s coup. Domaschnev, a talented graduate of Moscow 
University, seemed at first a better choice for director, but he was actu- 
ally worse; he was arrogant and arbitrary toward members and conspicu- 
ously violated their institutional rights. Despite protests from Euler, he 
left vacancies unfilled, pilfered funds from the academy’s treasury, and 
was known to take books ordered for the library for his personal collec- 
tion. Domaschnev rarely came to the academy conferences; his first visit 
was on 11 December 1775, when he spoke to the whole assembly. Calling 
himself an admirer of the enterprise, he praised the contributions made to 
the national well-being of Russia from the application of reason and from 
progress in technological inventions and the sciences.** The academy, he 
declared, was fortunate to have the support of its protector, the genius 
Catherine. Academy secretary Johann Albrecht Euler, now known by the 
French variant of his name, Jean Albert, replied that the academy was 
grateful for these assurances of Domaschnev’s support for its research. 
Three days later Domaschnev checked the academic protocols cited for 
making Golovin and Fuss adjuncts. To meet high scholarly standards he 
thought it important to have the publication of articles in Latin. 


A Second Marriage and Rapprochement with Frederick II 


After his wife Katharina died in 1773, Euler was determined not to fol- 
low the custom of the time that had elderly parents living in the care of 
their children; and neither did he wish to live without marital companion- 
ship. Although he realized that his sons would oppose a remarriage, the 
aging scholar quietly began without discussion to search for a modest 
middle-aged woman to be his wife. Since after losing most of his eyesight 
he rarely traveled outside his home or participated in social activities, he 
searched among the small group of women who visited his house. 

About 1771 a Frau Miller, a client of Johann Albrecht in financial 
management, had introduced Frau Metzen into the group. In the follow- 
ing years, Frau Metzen often took meals with the Euler family. Several 
times widowed, and formerly a housekeeper for the empress’s lieutenant 
general Fedor Bauer, a hero in the war against the Tatars and Ottoman 
Turks in 1770-71, Frau Metzen was of minor social status. Euler proposed 
to her in late 1775, and she initially accepted. 

Returning home one day from church services during the Christmas 
holidays of 1775, Euler suddenly announced on the street to his grown 
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sons his decision to marry Frau Metzen; his family responded angrily and 
tried to have the weeping fiancée renounce the proposal on the spot. The 
sons raised an array of arguments against the marriage; Johann Albrecht, 
who held Frau Metzen to be of “low descent,” argued that Saint Peters- 
burg’s noble society and the empress would not understand his father’s 
choice.* Frau Metzen was thus forced to reject the proposal. More than 
social status appears to have motivated the sons: they knew the event 
would affect their impending inheritance. When Euler remained commit- 
ted to the marriage, the family split, but then he suffered another serious 
fever and was under the care of his son Karl for two weeks. At the end 
of that period the sons had effectively blocked the marriage and familial 
harmony was restored. But Euler was resolute in working on his own to 
select a mate and arrange a future wedding ceremony. 

On 15 January 1776 Golovin presented to the academy his translation 
into Russian of Euler’s Théorie complete de la construction et de la manoeuvre 
des vaisseaux, which added many comments on calculations that Euler had 
made and explained the results. Initially Euler had prepared this book for 
instructional use in the Russian naval school, but after reading the first 
half of the translation, Rumovskij urged publication of the total work and 
the translation was sent to the academic commission. Benjamin Wilson 
of the Royal Society of London sent a letter on his experiences with light 
from phosphorus, and Euler explained Wilson’s results. On 25 January 
the academy’s conference rejected a proposal to reduce the size of vol- 
ume 20 of the Novi commentarii. On 1 February Fuss read an article on 
divergent series by Euler, who presented a paper in French on establish- 
ing salaries that based its calculations on probabilities. Johann Albrecht 
announced that he had gotten a letter on meteorology from their former 
colleague, the Swiss mathematician Nicolas Béguilen, in Berlin. Domas- 
chnev proposed new due dates for collecting articles for the next Novi 
commentarii. They would be received during the six months beginning in 
September 1776, and the papers were to be distributed to the appropri- 
ate department of the academy for review; the conference reserved the 
right to include important discoveries reported after the deadline. The 
title of the volume would be changed to the Acta (Transactions) of the 
Imperial Russian Imperial Academy. The conference accepted these terms 
unanimously. Domaschnev further proposed that articles be accepted in 
languages other than Latin, and especially in French and German; this 
prompted debate, and a decision was put off. On 22 February the acad- 
emy was assigned an important technical project: Catherine ordered the 
academicians to examine a proposal by José (Osip) de Ribas, a captain in 
the Imperial Corps of Cadets, to build a bridge across the Greater Neva 
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that differed from Kulibin’s plan. Domaschnev selected Euler, his son Jo- 
hann Albrecht, Kotel’nikov, and Rumovskij to oversee the project; at the 
same time he added the adjuncts Fuss and Golovin to this committee to 
review the description and calculations for another bridge by Kulibin. 

On 4 March, with Domaschnev absent, the academicians prepared a 
report for him stating that beyond its scale model the single-arch bridge 
designed by Ribas had failed to hold up in traversing the distance for 
crossing the Greater Neva. They referred to the five-book series La science 
des ingenieurs dans la conduit des travaux de fortification et d’architecture civile 
(The science of engineers in the conduct of works of fortification and civil 
architecture) of 1729 by Bernard Forest de Belidor.** The academy awaited 
a new version of Kulibin’s proposal. On 7 March Fuss read an article by 
Euler on an “illustrious” theorem by Lagrange; it was apparently the theo- 
rem involving 5 from volume 24 of the Mémoires of the Royal Prussian 
Academy of Sciences and Belles-Lettres in Berlin. On 11 March after Fuss 
read a paper by Euler on integrating a given formula, Lexell described a 
catalog of books that had belonged to Nils Rosén von Rosenstein of Up- 
psala, deceased since 1773, from which to consider acquisitions for the 
library. Daniel Bernoulli sent a letter of gratitude for publications sent to 
Basel in January. On 14 March 1776 Domaschnev returned for a meeting, 
and four days later Fuss read a paper by Euler on integrating an irrational 
formula, while Euler presented five analytical papers for volume 20 of the 
Novi commentarii; early in April the academicians arranged the astronomi- 
cal section of this volume. 

On 11 April Pallas presented the beginning of his first volume on the 
political, physical, and moral history of the Kalmuks, promising to sup- 
ply the rest together with letters from related travels of academicians. On 
15 April Euler submitted two more papers for publication, and three days 
later Golovin provided a German translation of an article by Kulibin on 
the bridge. The next week Domaschnev returned, a series of experiments 
on electricity were conducted, and Benjamin Wilson of the Royal Society 
of London was proposed as a foreign member of the Petersburg Acad- 
emy. The conference on 29 April included Krafft’s research on electrical 
conduction. 

An important matter outside the academy now required Euler’s atten- 
tion. For a decade after their strained separation, Frederick II and Euler 
had not reestablished a fairly good relationship. Catherine II was the mu- 
tual benefactor in ultimately encouraging reconciliation; working to gain 
the favor of the Russian empress, Frederick had nominated her in 1766 
to be an honorary member of the Berlin Academy of Sciences. After she 
refused that offer, he nominated her in September 1766 to be a foreign 
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member, and she accepted. Now, a decade later, she wished to nominate 
Frederick for a position honoris causa in the Petersburg Academy; this was 
a step toward strengthening the bonds between Prussia and imperial Rus- 
sia as new powers in Europe. That encouraged Euler to renew his contacts 
with Frederick; he was also pleased to discover the king’s shift away from 
the radical French Enlightenment. 

The Berlin gazettes published some calculations related to the mon- 
arch’s plans to establish widows’ pensions, and this provided a reason for 
Euler to contact the king directly. This was not a new topic for Euler; in 
April 1769 he had provided the Petersburg Imperial Academy with the 
beginnings of a new type of computation for establishing a fund for an- 
nuities to widows in Russia. This masterwork on insurance mathematics 
was presented to the academy in February and May 1776 and published 
that same year. Its full title was Eclarcissemens sur les établissemens publics 
en faveur tant des veuves que des morts, avec la déscription d’une nouvelle es- 
péce Tontine aussi favorable au public qu’utile a Vetat calculés sous la direction 
de Monsieur Léonard Euler (Clarifications on the public establishment of 
funds for the benefit of widows and deceased persons, with the descrip- 
tion of a new kind of tontine favorable to the public and useful to the 
state, evaluated under the guidance of Mr. Leonhard Euler, E473).*” The 
work was clear and would be intelligible even to readers who were not 
insurance specialists, and its third chapter was inventive. Euler’s tontine 
was a special annuity insurance provided through the interest on a gov- 
ernment loan, but it had drawbacks: it depended upon the number of 
participants allowed, required equal deposits at the beginning, and var- 
ied with the interest projected. His insurance plan rested “on the [correct] 
principles of probability,” Euler declared, “so that no one has the right to 
complain.”* In a letter to Frederick dated early April 1776 he cautioned 
the monarch that the Berlin newspaper figures were generally too small 
to provide the required payments and that circumstances could double 
or triple the costs, which might ruin a company. After declaring that the 
Berlin computations rested on false grounds and that instances involv- 
ing second marriages were not covered, he promised to send two tables 
with corrections developed for the same purpose in Saint Petersburg. On 
16 April Frederick sent a letter thanking Euler for his intent to send the 
detailed information but noting that the enclosures were missing. The 
king added that in establishing widows’ pensions he had acted only from 
“the purity of his motives.” Frederick was taken with the interest that 
Euler showed in “his old compatriots,” and Euler was impressed with the 
monarch’s warmth. In September he sent Frederick his recently printed 
brochure on widows’ pensions, the Eclarcissemens, and J. A. Kritter made 
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a German translation. Working with constant and with variable install- 
ments, Euler resolved two problems that actuaries had treated separately. 
In October Frederick sent another note of thanks. 

On 18 April 1776 Golovin presented at the academy conference a Ger- 
man translation of an article by Kulibin about the project of constructing 
a new large wooden, single-span model of the bridge over the Greater 
Neva. Kulibin was expected imminently to submit a model, the third ver- 
sion, for a static load test. Euler had his response to Kulibin’s proposal 
entered into the conference minutes. “Although I very much doubt that 
Kulibin’s model could support 12 times greater than its own weight,” he 
observed, “I do not know whether it is appropriate to express such an 
opinion without verifying it.”*° Kulibin’s model was not completed until 
almost the end of the year. In December the academy formed an evalua- 
tion committee that included Lexell, Krafft, and the adjunct Petr Borisovi¢ 
Inochodzev; perhaps Euler chose each. ‘The committee tested the model, 
which was one-tenth the size of the bridge, for a maximum load of 3,500 
poods.* From a final series of trials over two months, the committee in 
January 1777 found the arguments for the model to be persuasive and de- 
cided that the project was worthy of approval. Euler had actually worked 
for a year on the enterprise via a priori arguments. In correspondence 
with Daniel Bernoulli, Fuss also praised the work of Kulibin. But the im- 
mediate construction would take four to five months, and there was not 
enough time to obtain sufficient choice wood for the scaffolding before 
winter. A wooden bridge, moreover, would not last long, and constructing 
a stone bridge entailed problems with cutters and others preparing parts. 
The committee report in March therefore “rejected the design as impracti- 
cal though theoretically sound.”"' 

In July 1776 Euler had apprised his children without consulting them 
that he intended to marry his departed wife Katharina’s half sister Salome 
Abigail Gsell, who was fifty-three;” he was sixty-nine. As the younger 
daughter of Georg Gsell and his third wife Marie née Graff, Salome Abi- 
gail was the granddaughter of Maria-Sybilla Merian; born and educated in 
Russia, she spoke only broken German. She was a small, humble woman 
devoted to her home, and apparently she already lived at the Euler house. 
The sons could not dismiss their mother’s sister as being of lower class, 
and her age meant that there would be no other heirs and competitors 
for their inheritance. The wedding was formally announced in church on 
24 July. Only the day before had Euler revealed to his sons the terms of 
his will, which again provoked sharp emotions. Johann Albrecht was to 
receive one-twelfth of the house and a portion of the remaining silverware 
and library. All else, including furniture, china, linens, drapery, carriages, 
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clocks, and mirrors, would go to Euler’s widow. Salaries were rearranged: 
while Euler gave each child two hundred rubles annually and free hous- 
ing, they were to pay his widow two hundred rubles rent yearly. Johann 
Albrecht believed that as the co-owner of the house and assistant to his 
father he deserved more. The other sons, who had grown up in the mean- 
time, also found the terms unjust. 

On Thursday, 28 July 1776, around five o’clock, some thirty guests 
began to arrive at the Euler house. The grandchildren were dressed in 
their best clothes for the celebration, and Fuss was the master of ceremo- 
nies. The pastor of the Reform Church arrived after six o’clock. Euler, 
his bride, the pastor, and an artillery captain named Haecks proceeded 
to the study to sign Euler’s last will and testament. Haecks was the wit- 
ness. Johann Albrecht received the document and silverware inventory 
for safekeeping. Euler gave his bride a copy of these that he had dic- 
tated. After the signing, the document was to be sent to the empress. The 
thousand-ruble pension for Euler’s first wife would be transferred to his 
second. According to Johann Albrecht, tension over the will persisted 
during the wedding reception. It was to lessen over the years, but prob- 
ably never completely went away. The evening concluded with a delight- 
ful celebratory supper. Salome Abigail received generally warm respect 
from the family, except for the pouting over Euler’s will. She was to man- 
age the entire household and was devoted to caring for her husband until 
his death. 

According to Fuss, Euler’s second marriage created a minor sensation. 
“Fools laugh at him,” he wrote. People whom Fuss considered sensible re- 
gretted “that a wise man in his final years would do something foolish.”* 
But others recognized the importance of the nearly blind Euler’s not hav- 
ing to depend upon his children. 

In Saint Petersburg, the Euler family attended a Reform—essentially 
Calvinist—Church, which was probably near the academy and home. 
Since their return to Russia Euler and his son Johann Albrecht had tried 
unsuccessfully to end a rift among the French, Swiss, and German mem- 
bers in the church, and later Fuss joined in these efforts. 

During the last half of 1776, Euler attended almost every academy 
conference. On 12 August the institution celebrated the empress’s birth- 
day. Moscow University sent a Latin dissertation and the Paris Academy 
its Histoire for 1772. The academy received a volume on astronomy from 
1776 by Jean III Bernoulli and praise from Formey in Berlin. The secretary 
gave a brief life of Daniel Bernoulli and requested a portrait; the academy 
began a journal of medicine. On 19 August Fuss read papers of Euler 
on the orbits of comets, hypergeometric series, and integration; Golovin 
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followed with another six. In September the academy considered problems 
in chemistry and meteorology, and Domaschnev urged the preparation of 
a complete geography of the Russian empire. The members discussed the 
academy’s annual prize, and Pallas agreed to prepare an extract of the 
winning article. On 30 September the secretary reported on publications 
sent to the academy, and the Royal Society of London provided volume 
66 of its Philosophical Transactions for 1776 and the Greenwich Observa- 
tory’s Observations, 1765-1776. J. H. de Magellan sent his Description of 
Octants and Sextants, published in 1775. In October Magellan proposed 
that the Royal Academy correspond with the large London libraries and 
requested a copy of Euler’s Lettres a une Princesse dAllemagne. Of two ar- 
ticles by Euler presented on 16 December, one dealt with Saturn’s rings 
and the other with the strength of columns. A week later the academy 
voted on foreign members; thirty had been nominated and twenty ap- 
proved, including Johann (Jean) III Bernoulli; Georges-Louis Leclerc, 
Comte de Buffon; the Marquis de Condorcet; Johann Gleditsch; Albrecht 
von Haller; Lagrange; Andreas Sigismund Marggraf; Nevil Maskelyne; 
and August Ludwig Schloezer. From religion, the military, and the nobil- 
ity the director added a dozen names for honorary members. The prize 
committee commended the investigation of Jan Baptist van Helmont’s 
Chymia praepart intellectum (Chemical philosophy arranges understanding 
[in medicine]). On 16 January 1777 Euler attended his last meeting at the 
academy, except for that of the inauguration of Princess Dashkova. 


End of Correspondence and Exit from the Academy 


Frederick IT’s efforts to establish guidelines for salaries in 1776 prepared 
the way for him to be named a member honoris causa of the Petersburg 
Imperial Academy of Sciences on 9 January 1777. As its dean and doyen, 
Euler was charged to write to Frederick; on 17 January he sent his grati- 
tude for Frederick’s accepting the membership and declared his profound 
respect for the monarch. Membership for anyone outside the sciences was 
the first of its kind at the Petersburg Academy. Euler spoke of it as a “bril- 
liant prerogative” to redouble its efforts for the advancement of science.“ 
He continued to be a contact between the Petersburg and Berlin Acad- 
emies. On 1 February Frederick wrote thanking him and congratulating 
the academy on having a dean of Euler’s talent and merit, noting that 
under the management and direction of Euler it had achieved distinction 
reached by few academies. On 3 February the letter arrived from Potsdam 
for the absent Euler. 
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After 1776 Euler’s correspondence substantially diminished and soon 
ceased. In March 1775 his letters with Lagrange had already ended. His 
last letter treated the topics of elliptic integrals, paradoxes in integration, 
and the lost proofs of Pierre de Fermat.* In the sending of these letters, 
Formey in Berlin had acted along with Johann Albrecht in Saint Peters- 
burg as an intermediary. In 1777 Euler dictated only a letter to Frederick 
and another to Stanislaw August Poniatowski, the king of Poland, and in 
May of the next year the last letter with a short three pages giving his ob- 
servations on Nicolas de Béguelin’s article on prime numbers in the Berlin 
Academy Mémoires for 1775; the letter would later be published as “Extrait 
d’une lettre de M. Euler a M. Béguelin, en Mai 1778” (E498). Béguelin, he 
began, had based his research on the beautiful property that all numbers 
“which can only be represented as x” + y* in one way are either prime or 
twice a prime,”“* when the numbers and y are relatively prime. For similar 
formulas of the form nx? + y’, Euler presented a rule for finding what he 
called a valeur convenable and later a numerus ideonus, a suitable number n 
that gives primes. His rule covers all numbers nx? + y’ that are less than 4n. 
This allowed him to find all suitable n “with ease.” He listed sixty-five of 
these numbers from 1, 2, and 3,... to 1320, 1365, ... and to 1848. These 
are not random but follow a progression. Among the primes that Euler 
found are 1,702,009 and 11,866,009. He pointed out an error in his table of 
primes in volume 19 of the Novi commentarit. The number 1,000,009 had to 
be removed, for it equaled 293 x 3,413. Euler had gotten that result in 1749. 

During his final years, Euler separated from the academy, partly be- 
cause of his worsening hearing but also likely out of disgust with the 
administration under Domaschnev. Euler had been withdrawing from 
business operations since 1774, and as the minutes of the Protokolii show,“’ 
on 16 January 1777 he stopped attending sessions altogether. But he did 
not lose contact: he continued to work with his circle and submitted a 
stream of articles, many read at conferences by Fuss, Golovin, or Krafft on 
topics ranging across the mathematical sciences, including his research in 
astronomy, fluids, mechanics, optics, and pure mathematics. Among the 
subjects in pure mathematics were continued fractions, the integration of 
irrational formulas, and paradoxes in the calculus of variations. For the 
1777 volume of the Acta two articles examined the rings of Saturn, the 
first addressing their apparent figure with reference to tables by Cassini 
and Halley. Articles for that year also dealt with Benjamin Wilson’s optics, 
a more highly perfected lunar theory, and—from his study of vibrating 
strings and astronomy—a quick way of determining coefficients in trigo- 
nometric series, what today are usually referred to as Fourier series; this 
last article was not published until 1798. 
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In 1775 Euler had returned to mapmaking, a project he had already pur- 
sued for a half century. During the eighteenth century, terrestrial cartog- 
raphy was an important subject. Perhaps Euler was influenced by Johann 
Heinrich Lambert’s Anmerkungen und Cusdtze zur Entwerfung der Land- und 
Himmelscharten (Notes and comments on the composition of terrestrial 
and celestial maps, 1772). Lambert’s book provided a major foundation 
for the applied science of modern mathematical cartography. Stereo- 
graphic projections or the planisphere had been known since antiquity, 
and because in them all meridians and parallels were circles they were 
easy to use. In a series of three papers for the 1777 volume of the Acta, 
Euler contributed to the foundation of the field. The first paper studied 
analytically the mapping of the sphere on the plane, the second proved 
geometric results for great circles and circles of latitude under both Mer- 
cator and stereographic projection, and the third described the equidis- 
tant conic sections that Joseph-Nicholas Delisle had rediscovered and 
along with Euler employed in the Russian atlas in 1745. It was helpful 
that these conic sections preserved scale along constant latitude paths. 
Lagrange’s article “Sur la construction des cartes géographiques” of 1778 
notes that in constructing maps most modern cartographers applied the 
stereographic function. They needed only three points to trace the entire 
curve of meridians or parallels. In antiquity these projections had been 
only for star charts and astrolabes. 

From 1777 to 1783 Euler dictated to his assistants another twenty- 
four articles on number theory that would be published posthumously; 
these are separate from the nine papers he wrote on the subject after 1770 
that appeared in print during his life. The posthumously published ar- 
ticles for 1778 include seven on prime numbers;” in these Euler general- 
ized Fermat’s criterion that a nonsquare integer, which can be written as 
4n +1, is prime only when it can be represented as the sum of mutually 
prime squares. As noted earlier, he found “suitable” or “idoneal” numbers 
with which to determine primacy. These are the odd integers V for which 
any integer that can be written in only one way as the quadratic form 
x? + Ny’, with x and y rational, is a prime. Since it is easy to test whether 
a number is even or a perfect power, this gives a fast way to test whether 
a number is prime. After excluding trivial cases, Euler gave sixty-five 
such integers from 1 to 1,848 suitable for testing what large numbers are 
prime. Applying his new method he discovered a few previously unknown 
primes larger than 10’. Using NV = 1,848, for example, he established the 
primality of 18,518,809 = 197? + 18,480,000." Throughout his research on 
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primes Euler sought to find counterexamples. When not occurring only 
in obvious cases, these exceptions were used in proving a rule. 

In June 1778 Fuss related Euler’s results to Béguelin. Earlier he had 
reported them to his teacher Daniel Bernoulli, who in March answered, 
with little regard for number theory, 


What you tell me, on your behalf and that of Mr. Euler, is infinitely more 
exalted, no doubt; I mean Mr. Euler’s beautiful theorem on prime num- 
bers and his new method of deciding whether any given number however 
large, is prime or not. What you have taken the trouble to tell me about 
this question seems to me very ingenious and worthy of our great master. 
But, pray, is it not doing almost too much honor to prime numbers to 
spread such riches over them, and does one owe no deference at all to the 
refined taste of our time? I hold in due esteem whatever comes from your 
pen and admire your high ability to overcome the thorniest difficulties; 
but my admiration is doubled when the topic leads to some useful piece 
of knowledge. That includes, in my view, your deep researches into the 
strength of beams.” 


In 1778, Golovin’s translation into Russian of Euler’s Théorie complete 
de la construction et de la manoeuvre des vaisseaux was published. Not to be 
outdone by the largesse of Louis XVI, Catherine gave Euler two thousand 
rubles. Euler’s article on iterating the exponential function, read the pre- 
vious year, also appeared.® 


A Notable Visit and Portrait 


In the evening of a day at the end of July 1778, Johann III Bernoulli ar- 
rived in Saint Petersburg and immediately sought to find Euler’s house. 
The grandson of Euler’s teacher Johann I Bernoulli, a son of Johann II 
(Jean II), and a child prodigy, he had come in 1763 to the Berlin Academy 
as a mathematician and astronomer, and there he had been Euler’s col- 
league. In January 1765 he had cooperated with Johann Albrecht Euler 
on meteorological observations. The visit to Saint Petersburg was joyful 
for the entire family and especially for the Euler patriarch, evoking many 
fond memories. On his trip from Berlin to Russia, young Bernoulli had 
journeyed through Brandenburg, Pomerania, and Konigsberg, where he 
met Count Hermann Karl von Keyserling and Immanuel Kant, who was a 
good and lively man who reminded him of d’Alembert.™ In Saint Peters- 
burg he stayed at the Euler house. He went through Euler’s eleventh note- 
book and watched him posing for his portrait by Joseph Frédéric Auguste 
Darbés.® 
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Figure 14.2. Johann III Bernoulli. 


Today Johann III Bernoulli is known almost entirely through his 
travel reports. One of them notes that Euler’s general health remained 
good because he pursued a moderate and regular style of life. Most of 
Euler’s vision, Bernoulli remarked, “had been long lost and for some time 
entirely ... he cannot recognize people by their faces, nor read black on 
white, nor write with pen on paper; yet with chalk he writes his math- 
ematical calculations on a blackboard clearly and in rather normal size; 
these are immediately copied by his adjuncts, either Mr. Fuss or Golovin, 
usually the former, into a large book, and from these materials are later 
composed memoirs under his direction.”*> In December Bernoulli was 
elected a foreign member of the academy. 

In 1778 Darbés completed his portrait of Euler. From 1773 to 1785 Dar- 
bés had resided in Russia and worked in Courland and Saint Petersburg; 
he would later become known for his portraits of illustrious men, including 
Friedrich Wilhelm II and the young Johann Wolfgang von Goethe. From 
the portrait of the elderly Euler, the engraver Samuel G. Kiitner and others 
made copies; it is of great value, for it was painted from life—Euler had sat 
for it. It shows a keen and strong-willed intellectual wearing a light-brown 
dressing gown with a fur collar and a velvet beret in dark green tones; 
around his neck is a pouch. The forehead is high and the facial features 
strong, with perhaps a slight smile. Contemporaries thought the portrait 
one of the best of Euler, if not the best. According to Paul Heinrich von 
Fuss, his father Nicholas preferred this picture to all others of Euler and 
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Figure 14.3. Portrait of Euler by Joseph Frédéric Auguste Darbés, 1778. 


believed it most resembled its modest, conscientious, and benevolent fig- 
ure.*” The identity of the “old man in a hat” that the picture represented was 
soon lost in Russia and not rediscovered until the signed portrait was given 
in 1928 to the Tret’akovskii Gallery in Moscow. When a catalog was being 
prepared for the gallery, the question arose as to who was the subject.*® 
Loss of vision and worsening hearing increasingly kept Euler at home, 
but Johann III Bernoulli reported that he “gladly receives visitors daily at 
any time.” As Fuss remarked, Euler was known for his encyclopedic erudi- 
tion; he had read the major and minor writers of ancient Rome, along with 
histories from antiquity to his time and of peoples across Asia, Europe, and 
the Mediterranean. He knew medical and herbal medicines and chemical 
science. Since early in his career his learning had been well rounded; visitors 
were astonished at the breadth of his knowledge, much of it seemingly un- 
related to his long concentration on advancing mathematics and the natural 
sciences. Princess Dashkova, the future director of the academy, claimed to 
have visited him often, and once Grigorij Aleksanseovich Potemkin came. 
According to legend, Catherine II stopped her coach near to Euler’s house, 
wondering whether to greet him or to enter. He did not like to travel but did 
have a dacha at Duderhof outside Saint Petersburg where he went to relax. 


Magic Squares and Another Honor 


Euler now turned to magic squares, a subject in recreational mathematics. 
Magic squares of order n arrange n? numbers in a square with sides n so 
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that the sums of all rows, columns, and big diagonals are equal. For mil- 
lennia, magic squares had intrigued mathematicians and especially puz- 
zlers, number lovers, and amateur mathematicians. The artist Albrecht 
Diirer’s master engraving of 1514 of the winged personification Melan- 
choly, the product of an age that associated creative genius with melan- 
choly, has the figure amid the tools of geometry and a magic square of 
order 4. In his knight’s tour paper, Euler listed squares of order 8 in which 
the knight visits all cells once and only once. Two articles—“De quadra- 
tis magicis” (On magic squares, E795), read at the academy in October 
1776,°° and “Recherches sur une nouvelle espéce de quarrés magiques” 
(Investigations on a new type of magic square, E530), presented in March 
1779 and published three years later—give the germs of ideas developed 
from a systematic study of these problems. The latter is the only article 
that Euler published in a Dutch journal; in 1775 he and Johann Albrecht 
had been named members of the Academy of Vlissingen in Holland. In 
the issue containing “Recherches sur une nouvelle espéce de quarrés mag- 
iques”, the journal notes their membership was perhaps a gift of thanks 
for their work and the article. 


Figure 14.4. Albrecht Diirer’s engraving Melencolia I, 1514. 
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Figure 14.5. Euler’s magic squares. 


“Recherches sur une nouvelle espéce de quarrés magiques,” (E530) 
a long paper on pandiagonal magic squares with hundreds of examples, 
generalizes the concept of Latin squares—n x n squares, having numbers 
1 through n—each appearing exactly once in a line, a column, and both 
diagonals in a Greco-Latin square. An Vx N Greco-Latin square has two 
sets of n elements. Traditionally Latin letters represent the first elements 
and Greek letters the second—hence the name. The goal is to place in 
each box or cell one Latin and one Greek letter such that no two pairs 
are the same—that is, that all 2V elements differ. As a formula to con- 
struct these magic squares, he represented numbers by mx + n generally 
employing the Latin letters a, b, c, d, . . . to represent the value 0, and the 
Greek letters, a, 8, y, 5, to take the values 1, 2, 3, 4,..., » that resulted 
in all numbers 1, 2, 3, ..., x? with no repeats. In E795 for the case x = 3, 
Euler found it impossible to have two diagonals of the three letters but it 
was possible to make the sum of the diagonals equal to that of the lines. 
His method is shown below. 


oof 
Sa 
TP 0 


It is useful for deriving magic squares of order 4. Euler found sixteen 
variations of four letters that meet the required conditions and noted that 
there are twenty four variations of four letters with altogether 576 differ- 
ent figures. Many of these differ in structure. When x = 4, the method suc- 
ceeds simply with Latin letters and an appropriate combination of them 
with Greek letters. An example is 


aa bf cy dé 1 4 14 15 
by ad da cf 13. 16 2 3 
cé dy af ba 8 5 11 10 


dg ca bd ay 12 9 7 6 
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Proceeding to the case x = 5, Euler symmetrically arranged the Latin let- 
ters in rapport with the Greek in the columns that will reach 14,400 per- 
mutations. For a =0,b=n=5,c=2n=10, d= 3n=15, e=4n = 20, a=1, 
B=2,y=3,8=4, and e=5, he arrived at: 8 20 2 21 14. This is known as 
the Greek-Latin quadrature. 

In the eighteenth century these were popular problems. Those pursu- 
ing them could look to a solution for a card game following a quadrature 
schema that involved a donkey, a king, women, and jacks; each figure, 
each color, each row, and each column could appear only once. Euler had 
an analogous problem that involves arranging thirty-six officers of six dif- 
ferent ranks taken from six different regiments. 

Throughout “Recherches sur une nouvelle espéce de quarré magique” 
the chief question was to find what sizes of Greco-Latin squares could be 
constructed. Believing that a 6 x 6 magic square did not exist and from 
his efforts to construct other magic squares, Euler did not have a rigor- 
ous proof for order 6 squares but simply an experimental heuristic. Still 
he came to the general conclusion that it is impossible to construct any 
Greco-Latin square of sizes n = 4k + 2 and not until 1970 was this proven 
generally wrong.” Magic squares are possible for all sizes except 2 and 6. 

On a secret mission to Saint Petersburg in 1780 over problems from 
the first partition of Poland that had occurred in 1772 among Prussia, 
Russia, and imperial Austria, his old friend the Prussian margrave Fried- 
rich Heinrich visited Euler, who was now confined to bed, his health hav- 
ing deteriorated. The margrave spent several hours holding Euler’s hand 
in conversation at his bedside. Euler knew that he could not pursue math- 
ematics with the margrave; instead they spoke of laws, and of the histories 
of times and peoples. 

Regarding his family, Euler was to receive sad news: his two adult 
daughters would die before him. In February 1780, his adult daughter 
Charlotte passed away on her husband’s estate near Aachen and was bur- 
ied in the small church in Hiickelhoven; she had been the only one of 
Euler’s adult children to leave Russia. In May 1781 Katharina Helene died 
in Wiborg along the Russian border with Finland. In 1777 Katharina had 
married Karl-Josef von Bell, a Prussian immigrant to Russia who had be- 
come a colonel and a member of the Russian nobility. 

In 1780 at the age of seventy-three, Euler obtained what is proba- 
bly his last major result in mechanics. (The notion that scientists make 
their discoveries before the age of thirty clearly does not apply to him.) 
He demonstrated that the moments of forces are represented by directed 
segments, and that they can be added by the well-known parallelogram 
law; in modern terms, Euler had discovered that moments of forces are 
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vectors. Euler’s breakthrough is associated with his research on the theory 
of elasticity and on rigid bodies, which substantially involved moments 
of forces, and with his general law of the moment of momentum.” His 
discovery appeared in two articles, “De momentis virium respectu axis 
cuiuscunque inveniendis” (On finding the moments of forces about any 
axis, E658), and the short “Methodus facilis omnium virium momenta 
respectu axis cuiuscunque determinandi” (A facile method for finding all 
moments of forces about any axis, E659). Both appeared posthumously in 
volume 7 of the Nova Acta of the Petersburg Imperial Academy of Sciences 
intended for 1789 but not printed until 1793. These papers also contained 
the first appearance of the now familiar formula for the distance between 
two straight lines in space. Euler’s discovery encouraged mathematicians 
and physicists of the next generation to investigate the vectorial proper- 
ties of angular velocity and moments of vector quantities. 

Euler continued to have articles published, most of them in the Acta 
of the Petersburg Imperial Academy; for 1780 there were thirteen. These 
include “Considerationes circa Brachystochronas” (E501), “Sur l’effet de 
la refraction dans les observations terrestres” (On the effects of refrac- 
tion during terrestrial observations, E502), “Determinatio onerum quae 
columnae gestare valent” (Determining the load that columns can bear, 
E508—that is, finding the bending moment that made use of the so-called 
Young modulus of linear elasticity), and “Investigatio perturbationum 
quae in motu terrae ab actione veneris producuntur” (Examining pertur- 
bations in the motion of Earth affected by the action of Venus, E512). In 
1780 Euler wrote a series of articles on secant and tangent methods that 
went unpublished until 1830. Among the articles printed in 1781 were 
“De curvis triangularibus” (E513), on curves with three points of inflec- 
tion, and “Extraits de différentes Lettres de M. Euler a M. le Marquis de 
Condorcet” (Extracts of different letters from Mr. Euler to the Marquis de 
Condorcet, E521) on analytical theorems about a few integrals resolved 
by clever manipulations and the sum of a binomial series converging to 
4/x. Among seven more articles, “Trigonometria sphaerica universa, ex 
primis principiis breviter et dilucide derivata,” an introduction to the first 
principles of spherical trigonometry, and “Investigatio motuum, quibus 
laminae et virgae elasticae contremiscunt,” on a precise theory of vibrat- 
ing rods, were published in the Acta in 1782; “Trigonometria sphaerica 
universa” (E524) was presented to the academy in March 1782, while 
“Probléme de géométrie résolu par l’analyse de diophante,” (E754) on 
the resolution by Diophantine analysis of problems inspired by rational 
trigonometry, appeared in 1820 in the Mémoires de l'Académie Impériale des 
Sciences de St. Pétersbourg.™ 
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In May 1780 the Massachusetts legislature, prompted by John Adams, 
John Hancock, and James Bowdoin established the American Academy 
of Arts and Sciences in Boston to recognize excellence in these fields. 
The rival learned body to the American Philosophical Society in Phila- 
delphia, the US academy in 1781 began to select distinguished foreign 
honorary members, including the French naturalist Buffon, author of the 
monumental thirty-six volume Histoire naturelle (1749-88); another mem- 
ber chosen that year as an American fellow was Benjamin Franklin. In 
January 1782 the academy elected Euler, its first member from Russia.™ 
That August, Johann Albrecht sent his father’s letter of acceptance, which 
has since been lost. 


Chapter 15 


Toward “a More Perfect State of 
Dreaming”: 1782 to October 1783 


[: April 1782, Sergei Gerassimowitsch Domaschnev—without consulting 
the members of the academy—arbitrarily ordered the removal of Sem- 
jon Kirillovié Kotel’nikov, who had given eleven years of distinguished 
service. Domaschnev moved to transfer Kotel’nikov’s position of super- 
intendent of the Imperial Library and his cabinet of curiosities of natural 
history to Peter Simon Pallas. On 9 and 11 April, the academicians and ad- 
juncts held extraordinary meetings at the home of Leonhard Euler, where 
they unanimously opposed Domaschnev; later that month they again de- 
nounced the director’s action. Through the summer, Kotel’nikov contin- 
ued to attend academy conferences. In August the academicians declared 
that the dismissal of Kotel’nikov violated the academy’s 1747 charter and 
asked Domaschnev to withdraw it. The letter was met with silence, a com- 
mon practice among absolute rulers. In November 1782 the academicians 
dispatched another letter of protest, criticizing Domaschnev’s breach of 
the institutional rules of academic protocol on such matters as budget. 

When this too received no response, in December 1782 the members 
sent an open letter of protest to the academic commission that called for 
the dismissal of Domaschnev and informed Catherine II of the dispute; 
Euler’s name was among the signatures. Catherine II did not respond 
immediately; before making a decision, she held an inquest of nearly two 
months, but its findings eventually brought Domaschnev’s release. Under 
Catherine the Russian government would no longer ignore the few rights 
of the academy’s men of science; the academicians were safe from political 
dismissal. 


The Inauguration of Princess Dashkova 
On 24 January 1783, with a stroke of the pen, Catherine II dissolved the ac- 
ademic commission and appointed as the director of the Russian Imperial 


Academy of Sciences the princess Ekaterina Romanova Dashkova, another 
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favorite of hers. After a somewhat rocky relationship, they had reconciled a 
year earlier. The princess had supported Catherine in the coup; during this 
upheaval, Dashkova dressed in an officer’s uniform, and a salon she held 
during her travels to Edinburgh from 1776 to 1779 had among its guests 
the historian William Robertson, the chemist Joseph Black, the natural phi- 
losopher Adam Ferguson, and the economist Adam Smith. “It was always 
an immense pleasure,” she said, “to see [the Edinburgh scholars] whose 
conversation never failed to be instructive.”! In Paris in 1781 the princess 
met Benjamin Franklin, whose erudition and manner impressed her. She 
also conversed with Denis Diderot and Jean-Baptiste Le Rond d’Alembert 
and corresponded with Voltaire, and this won her a place among the En- 
lightenment luminaries. Her appointment as director started the academy 
on a new epoch. When on 23 January Catherine offered her the position, 
the princess had been “struck dumb with astonishment,” and quickly in- 
sisted, “I cannot accept any office which is beyond my capacities.”* Cath- 
erine II dismissed the objection and declared the princess abler than her 
two predecessors. The princess knew well that the empress possessed the 
tact, shrewdness, and tenacity to obtain a positive answer, so resistance was 
pointless. When at the staff meeting with the empress on the morning of 
24 January Domaschnev attempted to describe to the princess the duties 
she would have as academy director, she politely rebuffed him, saying that 
she “would treat its members with perfect impartiality.” 

The princess, known as Little Catherine, was thirty-eight; she was 
Russia’s first modern stateswoman, a notable female aristocratic manager, 
and a woman of letters. Not a scientist, she faced a daunting task. Assidu- 
ously reading over the many records of the operations and business of the 
academy, she conducted a critical assessment of her potential to be direc- 
tor. She saw that in the debt-mired academy, salaries of members were in 
arrears, academy buildings were in disrepair, and laboratories and librar- 
ies were depleted. Important scientific expeditions had yet to be planned. 
The princess’s evaluation convinced her that with strong organizational 
and administrative skills, both of which she possessed, together with her 
intellectual ability, she could end the disarray in academy management 
and make the institution more intellectually distinguished. In being able 
to report directly to Catherine II, she had greater authority than her two 
predecessors. Recognizing the importance of the prerogatives of the aca- 
demicians, she would not be installed unless the academy elected her. Her 
respect for them pleased the members, who met on Saturday, 28 January, 
and voted for her unanimously. 

Early on the morning of 29 January Princess Dashkova received at 
her residence, almost directly across the Neva from the new academy 
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Figure 15.1. Portrait of Princess Ekaterina Romanova Dashkova. 
Photo by Ed Owen. Courtesy of Hillwood Estate, Museum, and Gardens (51.66). 


building, a delegation of all the professors, administrators, and support 
staff of the academy. She informed them that she would enter the acad- 
emy to begin her directorship the next day, and that if they had any busi- 
ness to discuss with her they should come to her room at any hour. After 
their departure, Princess Dashkova read all evening the reports that she 
had received about the academy. She was convinced that her slightest 
mistake would be criticized. She was determined not to forget the names 
of governmental officials or any officers of the academy. 

On 30 January, Princess Dashkova was to be formally presented as di- 
rector of the Imperial Academy. All professors and others of the academy 
assembled in the conference hall of the old academy building. Formerly 
the palace of Princess Praskovea, the sister-in-law of Peter the Great, it 
had been since 1728 the main building of the institution. On the way to 
her inauguration, Princess Dashkova stopped to visit at the home of the 
man she called Euler the Great. She shrewdly begged Euler, who felt hon- 
ored, to let her enter the academy on his arm and to introduce her. His 
introduction would be a strong indication of her respect for the sciences 
and might help reduce her dread of public speaking. She invited Euler, 
his son Johann Albrecht, and Nicholas Fuss to ride in her carriage. Fuss 
had to guide Euler, who was almost completely blind. The academicians 
had long put merit ahead of social rank, and Princess Dashkova allied 
herself with merit when she snubbed Jacob von Stahlin. As the incident 
was related in her memoirs, 
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I noticed that Mr. Stahlin, the Professor of Allegory, but with the rank 
of State Councillor, equivalent to a major-general, had taken his place 
[the seat of honor] next to the Director’s chair and thus wanted, accord- 
ing to the rank he was given God knows why, to play the first personage 
after me. [Mr. Stahlin had received the title and rank during the reign 
of Peter III, and one could say that his science and he were all as al- 
legorical as his title.] I therefore turned to Mr. Euler and told him to sit 
down wherever he thought fit, for any seat he occupied would always 
be the first among all. His son and grandson were not alone in show- 
ing appreciation . . . at my remark, and the professors, who all had the 
highest respect for the venerable old man, had tears in their eyes.* 


This was the last session of the academy that Euler attended. With 
support from Catherine the Great, the Petersburg Imperial Academy 
began to offer tribute to him during his lifetime by bestowing on him 
alone the grand medal of the academy in February and by commission- 
ing for the assembly hall a mural depicting the allegory of the wisdom of 
geometry that includes a board filled with formulas and calculations from 
Euler’s third lunar theory. 


1783 Articles 


The publications of Euler for 1783 include volume 1 of his Opuscula ana- 
lytica (Short analytical works, E531) consisting of thirteen articles in 363 
pages. Corollary 8 in chapter 3 gives a formulation very near to the law of 
quadratic reciprocity; it appears in the conclusion of Euler’s paper “Ob- 
servationes circa divisionem quadratorum per numerus primos (Observa- 
tions about the division of squares by prime numbers, E552), where he 
succeeded in separating it from his early conjectures. This essay, read at 
the academy in 1772, deals partly with Lagrange’s reduction theory for 
proofs. But proof of the law of quadratic reciprocity remained above Eul- 
er’s and Lagrange’s methods. Among other articles in the Opuscula ana- 
lytica, E553 expands functions into continued fractions of functions, E555 
examines interpolation methods in what would come to be called Fourier 
series and pathological functions, E560 proves what Euler knew as War- 
ing’s theorem but is now called Wilson’s theorem which in its modern 
form is: if p is a prime, then (g — 1)! is congruent to -1 modulo #. In his 
time, Euler would have recognized this theorem as: if p is prime, then p 
divides evenly into 1 + (p - 1) x (p- 2) x...3x 2x1. E562 gives the sines 
and cosines of multiple angles as an infinite product. Euler wrote E560 
after receiving two proofs for Wilson’s theorem by Lagrange. His own 
proof involved a primitive root modulo, the prime n.° E570, the last essay 
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for the year, determines longitude by observing the distance between the 
moon and a fixed star; it appears on in the first volume of the Opuscula.° 
(The second volume of fifteen articles in 346 pages would not be printed 
for two more years.) In 1783 the translation from German into French of 
Euler’s Neue Grundséitze der Artillerie was published and introduced into 
French artillery schools. 

The Petersburg Academy’s Acta and Opuscula analytica contain for 
1783 a total of twenty-eight Euler essays. Among the topics in the Acta are 
E532, on a series by Johann Heinrich Lambert describing roots of a trino- 
mial equation; E536, on moments of inertia of triangles; E537, on the fig- 
ure of elastic curves intended to counter objections of d’Alembert; E538, 
discussing cautions in determining the motion of planets; and E542, on 
pentagonal numbers.’ 

During 1783 Euler continued to do research at his house with his cir- 
cle, especially Fuss, that included complex computations, which he had 
always loved and was still able to complete mentally. His strength and 
energy never flagged. Domestic life was pleasant, and his wife Salome 
Abigail had a busy house to manage: his sons Johann Albrecht and Karl 
and their families resided there, as did Fuss. Eight of Johann Albrecht’s 
children, four sons and four daughters, were present, though only one of 
Karl’s eleven children had survived. Euler enjoyed interacting with the 
youngsters and assisting in their education. 


Final Days 


Johann Albrecht, Fuss, Anders Johan Lexell, and the Lutheran minister 
Abel Burja, who were with Euler—along with Nicolas, Marquis de Con- 
dorcet at a distance—provided a record of his final two days. On 17 Sep- 
tember his friend Burja, a published author on logarithms in the Berlin 
Academy Mémoires, visited him to discuss mathematics. He found Euler 
“happy and affectionate as always,”* and Euler complained only briefly of 
dizziness. 

To his death Euler remained enthusiastic and continued to have es- 
sentially the full force of his extraordinary genius in research computa- 
tion and teaching. The attacks of vertigo that he had suffered for a year 
did not slow him, but by early September his dizziness was increasing. 
The morning of 18 September he experienced another spell of it; at the 
time he had been teaching four of his grandchildren elementary math- 
ematics, and on this last morning he instructed a grandson, the brightest 
of them in the sciences. Afterward his guests Fuss and Lexell arrived. 
He informed Lexell that he had now lost all of his eyesight, and the two 
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discussed the diurnal motion of Earth, the topic for the academy prize 
in 1783.° At lunch Euler turned to the improvement of (Frederick) Wil- 
liam Herschel’s telescope by combining eye glasses in it and the news of 
the success that June by the Montgolfier brothers in launching balloon 
ascents in Paris, the topic of the moment within the republic of letters; 
news of it had just arrived in Saint Petersburg and was announced in 
public journals. That morning Euler made difficult mental calculations 
about the upward motion of hot-air balloons and how high they could 
rise, and he outlined its differential equation. He took lunch with his 
guests. With Lexell, who was to be his successor, he discussed the orbit of 
the planet Uranus, which Herschel had just discovered in March 1781— 
another subject that was the rage within the European reading public. 
He asked whether anyone had constructed tables of its motion. Euler en- 
joyed dictating—mostly to Fuss—difficult computations for his assistants 
to put on two large writing slates in his study; in this case the topics were 
aerodynamics and the orbit of Herschel’s planet. Later on the day of his 
father’s death Johann Albrecht found these reckonings made by Euler on 
two of his large blackboard slates; he quickly fleshed out the calculations 
on balloon aerostatics, and without delay dispatched the four-page essay 
“Calculs sur les Ballons aérostatiques faits par feu M. Léonard Euler” 
(Calculation on aerostatic balloons made by the late Mr. Euler, E579), in 
French to the Paris Academy Mémoires, where it was to appear as an aver- 
tissement in the volume for 1784. 

After lunch, he fell faint and went to lie down. He slept fora few hours. 
He then woke and returned to his family and friends. At tea time, about 
four o’clock, Euler started joking and playing with one of his grandsons 
who had just entered the room. Lexell was with them, and he and Euler 
were sitting on a couch. Euler was smoking a pipe.'° He had finished a 
cup of tea and asked his wife whether he had already completed two cups. 
She said only one, so he asked her for a second. Suddenly, within two 
minutes, the pipe fell from his hand. “Meine Pfeife!” he exclaimed, and 
he bent over to reclaim it but was unsuccessful and stood up. For a year 
Euler had endured vertigo and weakening health, but now he suffered 
a stroke. Clasping both hands to his forehead, he said, “Ich sterbe” (I 
am dying) and lost consciousness, which he never regained. All attempts 
to revive him by cutting his veins, enemas, and Spanish flies failed.'! He 
passed away about eleven o’clock that night. As Fuss noted, Euler was 
seventy-six years, five months, and three days of age. Twenty years earlier, 
in reflecting on the state of the soul after death, Euler had presumed that 
there would be a suspension of the union between the body and the soul, 
in which the senses influence even our dreams. In death, he believed, “we 
will find ourselves in a more perfect state of dreaming.” 
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When Euler died, his five children had given him twenty-six grand- 
children who survived him. The total number of grandchildren was to be 
forty-five. 

Across all of Europe, Euler’s death was considered a notable public 
loss; perhaps only Voltaire was better known than he. ‘The scientific world 
recognized that it had been deprived of one of its great colleagues: the 
four major royal science academies in London, Paris, Berlin, and Saint 
Petersburg, along with societies in Basel, Lisbon, Munich, Stockholm, 
and Turin, all of which Euler had belonged to, announced their profound 
loss. Frederick II of Prussia, the king of Poland, and the margrave of 
Brandenburg-Schwedt sent condolences to Johann Albrecht." Euler was 
buried on Vasilievsky Island in the Evangelical Lutheran or Protestant 
section of the Smolensk Cemetery, which was mainly for members of the 
Russian Orthodox Church. 


Major Eulogies and an Epilogue 


On 22 September 1783, Fuss formally announced at the academy the death 
of Euler from apoplexy. Noting the length and brilliance of his mentor’s 
career and the immortality of his name throughout Europe, Fuss declared 
that he had been “for fifty-six years the glory and adornment of the acad- 
emy” and proposed a monument for him.” Princess Dashkova agreed and 
had the academy commence planning for a memorial service, which took 
over a month to complete. She expressed her regrets to the family. The Rus- 
sian Academy mourned Euler’s passing, even as Princess Dashkova kept 
it fully functioning; it was engaged in studying crystallography, planning 
a cabinet of fossils, and continuing Wolfgang Ludwig Krafft’s research on 
projectiles. At the time, Black had sent a letter of thanks from Edinburgh 
for being named a foreign associate. The academicians wanted Euler rec- 
ognized equally for his genius and for his virtues; on 24 October Fuss com- 
pleted his “Eloge de Monsieur Léonard Euler,” which was to be read at an 
extraordinary public conference. Three days later Princess Dashkova in- 
vited all honorary members and friends of academicians. On 3 November 
1783, the Imperial Academy of Arts and Sciences held its memorial meet- 
ing for Euler. Princess Dashkova presided, and an archbishop, two counts, 
a baron, and the Euler family attended. In the eulogy Fuss depicted Euler 
as an exemplar in the effort of his century “in enlightening the world.” 
Fuss discussed Euler’s prodigious ability, his mental fecundity, and 
his contributions to fields ranging across mathematics and the math- 
ematical sciences. In those Fuss placed Euler on the same plane with 
Galileo Galilei, Gottfried Wilhelm Leibniz, and Isaac Newton.’ Fuss’s 
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Figure 15.2. The title page of Nicholas Fuss’s “Eloge de Monsieur Léonard Euler.” 


account illumined the personality of Euler and the impression that he 
made on his contemporaries: ascetic; always ready to engage in conversa- 
tions, with the rare ability to shift immediately from deep discussion to 
a casual level and back; gentle and cheerful, enjoying harmless jokes; 
good-hearted and fair, refusing to hold grudges. Euler, Fuss avowed, had 
been an incomparable teacher; the student recalled a scholar devoutly 
religious, unmarked by the skepticism and the crisis of conscience that 
often went with the mentality of the Enlightenment. He was also hailed 
as a good husband, father, and friend. 

Condorcet, as the secretary of the Paris Academy of Sciences, was 
to deliver the other principal eulogy, and Jean-Henri-Samuel Formey, his 
counterpart in Berlin, briefly lauded Euler. Condorcet described him as 
distinctive in embracing in their universality all of the mathematical sci- 
ences. Condorcet lauded Euler’s work in algebraic analysis for effecting a 
revolution, and he faulted Euler only for his part in the dispute with Jo- 
hann Samuel KG6nig. The eulogy closed with a political message in praise 
of imperial Russia, referring to the honors accorded to Euler—especially 
the mural of the allegory of geometry and the planned marble bust at 
the expense of the academy. It was “a country, which at the beginning 
of the century, we considered as scarcely emerged out of barbarism, [and 
now] is become the instructor of the most civilized nations of Europe in 
doing honor to the life of great men and in preserving their memory; it 
is setting these nations an example, which some of them may blush to 
reflect, that they have had the virtue neither to propose nor to imitate.””” 
In January 1784 at the Berlin Academy, Formey held “the Great Euler” to 
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Figure 15.3. Bust of Euler by Jean-Dominique Rachette. 


have replaced Newton and Leibniz, noting that he was superhuman in 
examining, cleaning up, and expanding upon their work and in establish- 
ing many new fields.'* Formey made a flowery parallel of Euler to Tiresias, 
proclaiming that “this genius never slowed and that relieved of the light 
of days, as Tiresias, was able to see more clearly than ever and plumb 
the depths that the immensity of nature . . . [offered through] the laws of 
mathematics.””9 

At the demand of Princess Dashkova, in January 1785 the officers of 
the Petersburg Imperial Academy carried out the project for a statue, in- 
stalling a half-length marble bust by Jean-Dominique Rachette in the li- 
brary hall of the Kunstkammer.” 

Euler had promised Vladimir Grigor’evich Orlov to prepare enough 
articles to appear in the academy’s Nova acta for the next twenty years but 
left enough for well over forty, transcribed by his assistants.”! By the early 
nineteenth century the modest gravestone of Euler could not be located 
in the Smolensk Cemetery—not even by Fuss, a participant in the funeral. 
This recalls the loss of the tombstone of Archimedes by the citizens of Syra- 
cuse, rediscovered 150 later by the foreigner Cicero. After years passed, Fuss 
often went with his son to Smolensk Cemetery, upset over the loss of Euler’s 
stone plaque marking his grave. They searched for it, but it was not found 
until 1830, overgrown and nearly unreadable at the grave for one of Euler’s 
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Figure 15.4. Euler’s tomb. In 1957, it was moved into the Lazarus Cemetery 
at the Alexandre Nevski Monastery in what is now Saint Petersburg. 


daughters-in-law, Emily, the wife of his son Karl. In 1837 the academy re- 
placed it with a simple lasting monument constructed out of pink Finnish 
granite with the inscription Leonhardo Eulero, Academia Petropolitana.” 

It is not these material tributes, which Euler richly deserved, but his 
massive and profound writings, including the more than 866 books and 
essays, along with his extensive correspondence, that are his full monu- 
ment. Critical studies of these works are enriching and deepening our 
knowledge of the course of mathematics and the exact sciences in Eu- 
rope during the mid- and late eighteenth century and beyond. Euler had 
reached across borders and boundaries in a search for collaboration and 
competition. The examination of his exchange of letters with the Paris 
Academy of Sciences and the Royal Society of London, along with the 
leading geometers, natural philosophers, physicists, and astronomers 
of his time—d’Alembert, Alexis Claude Clairaut, Joseph-Nicholas De- 
lisle, Lagrange, Johann I (Jean I) and Daniel Bernoulli, Lambert, Pierre 
Maupertuis, Johann Tobias Mayer, and Jan Andrej (Johann Andreas) 
von Segner—as well as Christian Goldbach and Mikhail Lomonosov is 
mostly at an early stage.¥ The jubilee volumes from 1957, 1983, and 2007 
attest to the better but incomplete recognition of Euler’s legacy in the 
mathematical sciences of his time.* Typically publications and letters in 
mathematics are unusual in their ability, centuries after the death of the 
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principals, to give impetus to new developments and applications in solid 
mathematics.” Euler’s influence upon serious research to the present is 
extraordinary. For 2010, the Science Citation Index lists 1,724 articles ex- 
amining selected ideas, conjectures, theories, metaphors, and methods of 
Euler, 298 of which have his name in the title. For men of science before 
1900, only essays regarding Newton appear in a comparable number and 
slightly exceed the writings drawing upon Euler. 
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Eighteenth-century Europe generally had two calendars, the Julian or “old style” 
calendar that started in antiquity and the Gregorian or “new style” calendar, a re- 
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Gossman, 1994, pp. 50, 69-71. 


Notes to Chapter 1 539 


25 Spiess, 1929, p. 33. 
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Jakob | Nikolaus, “the Elder” Johann | 
(1655-1705) (1662-1716) (1667-1748) 
artist and city 
councillor 


Nikolaus, “the Younger” Nikolaus | Nikolaus II Daniel | Johann II 
(born after 1684) (1687-1759) (1695-1726) (1700-1782) (1710-1790) 
painter 
Johann Ill Jakob II Daniel II 


(1744-1807) (1759-1789) (1751-1834) 
44 Bernoulli 1743, p. 616. 
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god, neither Zeus nor Athena could undo this but as compensation granted him the 
inner vision of wisdom and the gift of prophecy. He is referred to in the works of 
Homer, Euripides, Aeschylus, and Sophocles. 

In 2007 this sculpted bust was installed at the International Mathematical Euler 
Institute in Saint Petersburg. 

From his searches in the Petersburg Academy archives and private holdings of 
Euler’s descendants, Euler’s great-grandson Paul Heinrich Fuss found sixty hand- 
written manuscripts that were published as the Opera postuma (E805) in 1862, two 
years after Nicholas Fuss died. This was the last Euler publication in the nineteenth 
century. See Ozhigova, 2007. 

Its inscription includes the year of installation, MDCCCXXXVII, and gives below 
the place and date of birth and death according to the Julian and Gregorian 
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calendars. In 1957, when celebrating the 250th anniversary of the birth of Euler, the 
academy moved his remains and the monument to the Lazarian Cemetery of the 
Alexander-Nevskii Monastery in Leningrad (now Saint Petersburg). It is near the 
grave of Mikhail Lomonosov. 

Matvieskaya, 2008. The author discusses the deciphering of Euler’s notebooks from 
Gustaf J. Enestrém in 1913, to Vladimir Ivanovitch Smirnov’s study begun in 1954 
of those mainly on number theory, through Gleb K. Mikhailov’s examination of 
them in 1957. Their investigation is still unfinished. 

His stature is supported in the picture from 1957 positioning Euler between Luther 
and Marx. An example of a useful application today is the Viaduc de Millau, a 
bridge spanning the valley of the River Tarn between Clermont-Ferrand and Mont- 
pellier in France. Opened in 2004, it is the highest motorway bridge in Europe. Its 
shape is an elegant curve that for stability, vibrations, and wind currents depends 
on Euler’s formulas. It is dedicated to Leonhard Euler. 

Truesdell, 1984b, p. 340. 
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The Opera omnia of Leonhard Euler 


Be: in 1911 by the Swiss Society of Natural Scientists, which is today 
the Swiss Academy of Sciences, the publication of Euler’s Opera omnia 
(Collected works) has been a large and formidable task; it consists of four 
series and more than eighty volumes. The first three series contain seventy- 
two volumes in quarto of three hundred to six hundred pages each with 
almost no repetition. The first series covers mathematics; its twenty-nine 
volumes are printed in thirty-two volume parts, and all are currently in 
print. The second series concerns mechanics and astronomy; its thirty-one 
volumes are in thirty-two volume parts. The subdivided volumes provide 
two equally large works. The twelve volumes of the third series on mis- 
cellany are currently in print. The Opera omnia mostly republishes works 
that Euler prepared for printing in all of the branches of the mathemati- 
cal sciences known during his lifetime. They appear in the original lan- 
guage—chiefly Latin or French. These first three series contain a dozen 
multivolume textbooks, twelve short works on popular science, a series of 
prize essays submitted annually to the Paris Academy of Sciences (almost 
all of them successful at winning), and hundreds of research articles, most 
of which appeared in the leading scientific journals of Europe. The exact 
number of Euler’s books and articles contained in these series is 819. The 
total number of pages for these series is approximately 35,000. The Euler 
Commission in Basel still has two volumes yet to publish in the second 
series volumes 26 and 27 on astronomy and perturbation theory; these are 
projected for completion in 2015-16. 

The last series of the Opera omnia, the fourth, will have ten volumes in 
twelve volume parts: IVA begins with a vade mecum summarizing the over 
3,300 extant letters to and from Euler out of an estimated total of 4,500 to 
5,000 letters with over 275 correspondents across Europe in French, Latin, 
German, Russian, and English, and it is ordered chronologically from 
1726 to 1782. To 1998 four volumes—1, 2, 5, and 6—had been printed in 
series IVA. Volume 4 is scheduled for release early in 2015. That leaves four 
correspondence volumes—IVA.3 (with Daniel Bernoulli), IVA.4 (with 
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Swiss correspondents), IVA.8 (with Halle correspondents) and IVA.9 
(with Knutzen associates). These last four volumes will probably appear 
in 2016 and 2017. The planned mutual Russian-Swiss project provisionally 
titled Euler Heritage (presently still in its early stages) would supply on- 
line Euler’s originally handwritten literary record as it can be found in the 
Saint Petersburg Archive of the Russian Academy of Sciences—that is, his 
previously unpublished diaries, manuscripts, and twelve scientific note- 
books. It will also contribute to a critical analysis of these online volumes. 


The Opera omnia of Leonhard Euler: Volumes Cited 


Note: The numbers in the left column below represent the series num- 
bers (in roman numerals), followed by the volume numbers (in arabic 


numerals). 

1.2 Commentationes arithmeticae, part 1. Edited by Ferdinand Rudio. 
Leipzig: B. G. Teubner, 1915. 

1.4 Commentationes arithmeticae, part 3. Edited by Rudolf Fueter. Leipzig: 
B. G. Teubner, 1941. 

1.7 Commentationes algebraicae ad theoriam aequationum pertinentes. Edited 
by Louis-Gustave du Pasquier. Berlin: B. G. Teubner, 1923. 

1.8 Introductio in analysin infinitorum, part 1. Edited by Adolf Krazer and 
Ferdinand Rudio. Berlin: B. G. Teubner, 1922. 

1.9 Introductio in analysin infinitorum, part 2. Edited by Andreas Speiser. 
Zurich: Orell Fiissli, 1945. 

1.10 Institutiones calculi differentialis. Edited by Gerhard Kowalewski. 
Leipzig: B. G. Teubner, 1913. Translated by John D. Blanton as Foun- 
dations of Differential Calculus (New York: Springer, 2000). Originally 
published 1755. 

1.11 Institutiones calculi integralis, vol. 1. Edited by Friedrich Engel and 
Ludwig Schlesinger. Basel: Birkhauser Verlag, 1912. Originally pub- 
lished 1768. 

1.14 Commentationes analyticae ad theoriam serierum infinitarum pertinentes, 
vol. 1. Edited by Carl Boehm and Georg Faber. Leipzig: B. G. Teub- 
ner, 1925. 

1.15 Commentationes analytice ad theoriam serierum infinitarum pertinentes, 
vol. 2. Edited by Georg Faber. Berlin: B. G. Teubner, 1927. 

1.17 Commentationes analyticae ad theoriam integralium pertinentes, part 1. 
Edited by August Gutzmer. Leipzig: B. G. Teubner, 1914. 

1.19 Commentationes analyticae ad theoriam integralium pertinentes, part 3. 


Edited by Alexander Liapounoff, Adolf Krazer, and Georg Faber. 
Leipzig: B. G. Teubner, 1932. 


1.24 Methodus inveniendi lineas curvas. . . . Edited by Constantin 
Carathéodory. Zurich: Orell Fiissli, 1952. 
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IT.1 
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IT.14 


11.17 
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II.24 
IT.25 


IT.26 
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Commentationes analyticae ad calculum variationum pertinentes. Edited 
by Constantin Carathéodory. Zurich: Orell Fiissli, 1952. 


Commentationes geometricae, part 1. Edited by Andreas Speiser. Zurich: 
Orell Fiissli, 1953. 


Commentationes geometricae, part 2. Edited by Andreas Speiser. Zurich: 
Orell Fiissli, 1954. 


Mechanica sive motus scientia analytice exposita, part 1. Edited by Paul 
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Otto Fleckenstein. Zurich: Orell Fiissli, 1957. 
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Edited by Charles Blanc. Zurich: Orell Fiissli, 1957. 


The Rational Mechanics of Flexible or Elastic Bodies 1638-1788. Edited by 
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Books and Articles by Leonhard Euler 


The citations for works by Euler are distinctive. Euler’s articles, books, 
and published letters are listed by their year of publication and by En- 
estrém numbers. Articles were often written well before their actual date 
of publication; when Euler completed each is still being investigated. In 
some entries in this section, other dates given refer to the time the articles 
were read at the Berlin or the Petersburg Academy of Sciences or when 
a first portion was published. For the most part, the Enestrom numbers 
follow a chronological order. 

Most of these writings are available in Euler’s Opera omnia, and al- 
most all of the originals are on the Internet at the Euler Archive. The 
Opera omnia (indicated by OO) series, volume, and page numbers follow 
the title citation and are in parentheses; series and volume numbers are 
indicated in roman and arabic numerals, respectively. 

Dominic Klyve of Central Washington University, Lee Stemkoski of 
Adelphi University, and Erik Tou of Pacific Lutheran College direct the 
Euler Archive, which the Mathematical Association of America hosts on 
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the Internet. In this section, “EA” follows the Opera omnia citations (within 
the same parentheses) to indicate that a work can be found in the Euler 
Archive. To consult the archive, simply go to http://eulerarchive.maa 
.org/ and click on an Enestrém number; then click again on the Enestrém 
number near the bottom of an individual page for photocopies of the 
original publication and, in some cases, links to English translations. 
This section of the bibliography employs the following abbreviations: 


Acta Ac. Petrop. Acta Academiae Scientiarum Imperialis Petropolitanae for 1777-82; 
Saint Petersburg, 1778-86. 

Acta erud. Acta eruditorum; Leipzig, 1682-1731. 
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Comm. Ac. Petrop. | Commentarii Academiae Scientiarum Imperialis Petropolitanae for 
1726-46; Saint Petersburg, 1728-51. 
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Saint Petersburg, 1750-76. 
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Register of Principal Names 


his register covers all principal persons mentioned in the body of the 
biography, but not in the preface or bibliography. The register em- 
ploys the following abbreviations: 


b. born 


Berlin AcS Berlin Academy of Sciences, referring to the Royal Prus- 
sian Society of Sciences (1701-44); later developed into 
the Royal Prussian Academy of Sciences and Belle Lettres 
(1744-1810) 


Ca. circa or about 

CM corresponding member 

d. died 

fl. flourished 

FM foreign member 

FRS fellow of the Royal Society of London 
HM honorary member 

OM ordinary member 


Paris AcS_ — Royal Academy of Sciences, Paris 


Pb AcS Petersburg Imperial Academy of Sciences (1724-47); later 
renamed the Imperial Academy of Sciences and Arts (1747- 
1803) 


Ackeret, Jakob (1898-1981). Swiss aeronautical engineer at the Eidgendssische Tech- 
nische Hochschule, Zurich: 138. 

Adams, John (1735-1826). Second president of the United States; supported founding 
the American Academy of Arts and Sciences, which was established by the Massa- 
chusetts legislature in 1780 and is now located in Cambridge, Massachusetts: 525. 

Adodurov (Adadurov), Vasilii Yevdokimovich (1709-80). Russian mathematician, 
Russianist, and translator. Sole Russian HM of the early Pb AcS, adjunct for 
higher mathematics (1733-), removed (1741), HM (1778-). Curator of Moscow 
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University (1762-); translator of Euler’s Einleitung zur Rechen-Kunst: Commentatio- 
nes ad physicam generalem pertinentes et Miscellanea: 167. 

Aepinus, Franz Ulrich Theodor Hoch (1724-1802). German and Russian natural phi- 
losopher and astronomer. OM (1755-57) of the Berlin AcS, director of the Berlin 
astronomical observatory, and then professor of physics and OM (1757-98) of the 
Pb AcS; head of the Russian cryptographic service (1764-97), published the initial 
mathematical theory of electricity and magnetism (1759): 387, 405, 411, 501. 

Algarotti, Count Francesco (1712-64). Venetian polymath, poet, essayist, art critic and 
collector, and natural philosopher. Popularizer of Newton’s science for women; 
HM of the Berlin AcS (1746-): 150, 181, 183, 314, 331, 417, 465. 

Anhalt-Dessau, Leopold I, Prince of (1676-1747). German prince, married Anna Louise 
Fohse. Stern military disciplinarian known as the “Old Dessauer,” he modernized 
the Prussian infantry and served under Frederick II: 417, 418. 

Anna Ivanovna (1693-1740). Duchess of Courland (1711-30). Empress of imperial Rus- 
sia (1730-40): 110, 139, 150, 171. 

Anna Leopoldovna (1718-46). Grand Duchess of Russia, mother of Ivan VI: 171, 187. 

Apollonius of Rhodes (ca. 295 B.C.-ca. 246 B.C.). Greek poet and grammarian, Alex- 
andrian chief librarian, (perhaps 260 B.C.—247 B.C.), author of Argonautica: 144. 

Archimedes of Syracuse (ca. 287 B.C.-212 B.C.). Mathematician, physicist, engineer, 
astronomer, and inventor in ancient Greece. One of the greatest mathematicians of 
antiquity, he studied buoyancy and the lever and developed the rigorous double 
method of exhaustion in what would later develop into calculus: 126, 492, 534. 

Aristotle (384 B.C.—322 B.C.). Philosopher in ancient Greece. Contributed to method- 
ology, physics, physical astronomy, meteorology, biology, and psychology: 23, 56, 
153, 154, 226, 353, 354, 482. 

Aristoxenus of Tarentum (fl. 335 B.C.). Peripatetic philosopher and student of Aristotle 
in ancient Greece. Initial authority on music theory in the classical world: 154. 

August Wilhelm (1722-58). Crown prince of Prussia. Younger brother of Frederick II, 
designated heir: 252. 

Avramoy, Mikhail (fl. 1720-50). Russian director of the Saint Petersburg printing office, 
commanded by Peter I to print Christiaan Huygens’s Cosmotheoros. He opposed 
the idea, but made thirty copies that were not circulated: 72. 

Bach, Johann Sebastian (1685-1750). German classical composer, organist, harpsi- 
chordist, violist, and violinist. Member of the court orchestra in Weimar, director 
of music in Leipzig: 319, 487. 

Bacon, Francis (Baron Verulam) (1561-1626). English author, lawyer, and statesman. 
Lord chancellor, historian, proponent of new sciences and of the inductive method; 
pioneer in English materialism: 56, 341, 397. 

Bailly, Jean Sylvain (1736-93). French astronomer, mathematician, freemason, and po- 
litical leader. OM (1763-) of the Paris AcS: 450. 

Barmann, Georg Friedrich (1717-69). German physician, natural philosopher, math- 
ematician. Professor of mathematics at the University of Wittenberg and then the 
University of Leipzig; member of the German Society in Leipzig, specialist in al- 
gebra: 386, 388. 

Battier, Reinhard (1724-79). Swiss physician, natural philosopher, and mathematician; 
cousin of Euler. OM of the Berlin AcS (1748-—), and a teacher and OM (late 1748- 
1750) of the Paris AcS: 269, 307, 329. 

Baudan, Charles de (d. 1756). Officer in the Russian military, 1729-41, married Made- 
moiselle Mirabel in 1742, named general quartermaster of the Russian Army from 
1748: 187. 

Bauer, General Fedor Villimovich (Friedrich Wilhelm) (1731-83). Swedish-born mili- 
tary engineer. Specialist in cartography and hydraulic engineering technology, 
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head of the general staff of the Russian military; designed and built water supply 
and sewage systems in Moscow and Saint Petersburg: 509. 

Baumgarten, Alexander Gottlieb (1714-62). German philosopher, Wolffian, and edu- 
cator; professor at the University of Frankfurt an der Oder. He coined the term 
aesthetics and made it a distinct field of philosophy: 465. 

Bayer, Gottlieb (Theophilus) Siegfried (1693-1738). Prussian sinologist, classical 
scholar, philologist, and natural historian. Professor of ancient Greek and Roman 
history and OM of the Pb AcS (1725-37): 49, 65, 110, 118. 

Bayle, Pierre (1647-1706). French philosopher, writer, Huguenot refugee. Participant in 
the debate over faith and reason, author of Historical and Critical Dictionary (1695- 
97, 1702); forerunner of the Encyclopedists. Voltaire called him “the greatest mas- 
ter of the art of reasoning”: 55, 56, 219, 341, 428. 

Beausobre, Louis Isaac de (1730-83). German philosopher and political economist of 
French Huguenot descent. Member of the Berlin Consistory, OM of the Berlin 
AcS (1755). Adopted by Frederick II: 408, 439. 

Beck, Johann Rudolf (1657-1726). Professor of logic (1695-1711) and then physics at 
the University of Basel: 32. 

Beckenstein, Johann Simon (1684-1742). Baltic German jurist, heraldist, professor of ju- 
risprudence and OM of the Pb AcS (1725—) who wrote on the use of weaponry: 51. 

Béguelin, Nicolas de (1714-89). Swiss lawyer, mathematician, and writer, court master 
for Prince Frederick William II, Prussian subgovernor, commentator on Gottfried 
Wilhelm Leibniz, contributed to studies on probability and on meteorology, in- 
spector of the French gymnasiums, OM and a director of the philosophy depart- 
ment of the Berlin AcS (1747-): 421, 510, 516, 518. 

Belidor, Bernard Forest de (1698-1761). Spanish-born military and civil engineer in France. 
Professor at the French military school La Frére, inspector of artillery; wrote on en- 
gineering mechanics; mathematics, including integral calculus; artillery; ballistics. 
Author of the classic L’architecture hydraulique (1737-53, 4 vols.); FRS (1726-): 511. 

Bell, Karl Joseph von (late eighteenth century). Prussian immigrant to Russia, major 
and chief quartermaster of the Russian Army. Became Russian noble; husband of 
Katharina Helene Bell): 523. 

Bell, Katharina Helene (Elene), née Euler (1741-81). Leonhard Euler’s daughter, wife 
of Karl Joseph von Bell: 189, 523. 

Bering, Vitus Jonassen (1681-1741). Danish naval officer and explorer. In the Russian 
Navy (1704-) and captain (1730-), led the First and Second Kamchatka Expe- 
ditions (1725-30, 1733-43) that reached and studied what would later become 
named the Bering Strait; died there: 110, 111, 280. 

Berkeley, George (1684-1753). Irish cleric and philosopher, bishop, critic of the founda- 
tions of calculus: 128, 267. 

Berndisz (eighteenth century) Russian official: 15. 

Bernoulli, Christoph (1782-1863). Swiss natural scientist and pedagogue: 15, 465. 

Bernoulli, Daniel (1700-1782). Swiss natural philosopher, mathematician, and phy- 
sician. OM and professor of physics (1725-31) and of mathematics (1731-33) 
at the Pb AcS; MD (1733), professor of anatomy and botany (1733-43), physi- 
ology (1743-50), and physics (1750—) at the University of Basel, dean of the 
medical faculty several times, and rector. Winner of ten Prix de Paris, FM 
(1733-) of the Pb AcS, of the Berlin AcS (1746-), of the Paris AcS (1748-), 
FM as FRS (1750-): 16, 25-27, 32, 37, 38, 49, 50, 54, 60-66, 68-70, 72, 77, 79, 83- 
86, 94, 96-98, 105, 109, 110, 113, 116, 123, 131, 145, 147, 152, 159, 160, 161, 162, 165, 
167, 168, 172, 191, 195, 203, 205, 207, 211, 221, 226, 227, 230, 232, 235, 236, 245, 254, 
255, 265, 277, 283, 285, 287, 292, 304, 305, 312, 329, 334, 335, 347, 356, 363, 380, 381, 
386, 391, 392, 395, 399, 413, 430, 470, 480, 482, 494, 496, 506, 508, 511, 512, 518, 535. 


628 Register of Principal Names 


Bernoulli, Jakob (Jacques) (1655-1705). Lecturer on experimental physics (1683-87), 
professor of mathematics (1687—) and rector (1701—) at the University of Basel; 
FM of Paris AcS (1699-) and Berlin AcS (1702-): 10, 23, 24, 49, 58, 77, 78, 96, 98, 
100, 105, 121, 122, 133, 226, 492. 

Bernoulli, Johann I (Jean I) (1667-1748). Swiss professor of mathematics and physics 
at the University of Groningen (1695-1705). Professor of mathematics at the Uni- 
versity of Basel (1705-46), and several times dean of the philosophy faculty and 
rector. FM of the Paris AcS (1699-), Berlin AcS (1701-), Pb AcS (1725-), and the 
Institute of Bologna (1724-); FM as FRS (1712-): 10, 17-19, 21, 22, 24, 25, 28, 29, 
31, 38, 56, 58, 60, 63, 73, 74, 76-78, 82, 87, 93, 95, 105, 122, 123, 126, 130, 132, 146, 
150, 152, 170, 172, 173, 179, 183, 194, 195, 202, 226, 232, 235, 241, 260, 263, 285, 286, 
312, 335, 347, 350, 351, 355, 366, 371, 392, 399, 431, 505, 514, 518, 535. 

Bernoulli, Johann II (Jean II) (1710-90). Swiss mathematician. Professor of mathe- 
matics and eloquence at the University of Basel (1743-48), youngest son of Jo- 
hann I Bernoulli, whom he succeeded as professor of mathematics at the University 
of Basel. FM of the Berlin AcS (1746) and the Paris AcS (1782): 82, 89, 172, 173, 
945, 264, 278, 285, 329, 340, 343, 350, 351, 362, 363, 417, 518. 

Bernoulli, Johann III (1744-1807). Swiss mathematician and astronomer, son of Jo- 
hann II Bernoulli. Royal astronomer in Berlin known for his travels; OM of the 
Berlin AcS (1764—) and director of its mathematical department (1767—); FM of Pb 
AcS (1777-): 417, 437, 477, 478, 485, 494, 518-520. 

Bernoulli, Nikolaus I (Niklaus) (1687-1759). Basel mathematician and painter. Profes- 
sor of mathematics at the University of Padua (1716-19); professor of logic at the 
University of Basel (1722—) and several times dean of the law faculty and rector; 
FM of the Berlin AcS (1713-) and the Bologna Academy of Sciences (1724—); FM 
as FRS (1714-): 78. 

Bernoulli, Nikolaus II (1695-1726). Swiss mathematician, son of Johann I Bernoulli. 
Professor of law at the University of Bern (1723-25); OM of the Pb AcS (1724-): 
10, 25, 27, 49, 50, 61, 62, 66, 96, 129, 169, 482, 539. 

Bertrand, Louis (1731-1812). Swiss mathematician and geologist, professor of math- 
ematics at the Akademie Gauf in Geneva and its rector (1783—); FM of the Berlin 
AcS (1754-): 189, 393, 394, 411, 412, 414, 423. 

Bevis, John (1695-1771). English physician and amateur astronomer. Discoverer of 
what is today known as the Crab Nebula; prepared the Uranographia britannica 
(1750); FRS (1765-) and later the society’s foreign secretary: 315. 

Bilfinger (Bilfinger), Georg Bernhardt (1693-1750). German natural philosopher 
and statesman. OM and professor of physics and mechanics (1725-30), then FM 
(1731-) at the Pb AcS; professor of philosophy and physics at the University of 
Tibingen (1731-): 31, 38, 48, 49, 51, 52, 54, 60-65, 70, 82, 83, 147, 195. 

Biron (Biren or Bithren), Ernst Johann von (1690-1772). German statesman in Rus- 
sia, duke of Courland, favorite of Anna Ivanovna, responsible for oppressive Bi- 
ronovschina during her reign: 82, 90, 171. 

Black, Joseph (1728-99). Scottish physician and chemist who rediscovered “fixed air” 
(carbon dioxide) and conducted research in modern quantitative chemistry. Pro- 
fessor of medicine at the University of Glasgow and later the University of Edin- 
burgh; fellow of the Royal Society of Edinburgh (1783-): 527, 532. 

Blaeu, Johan Williamson (1596-1673). Dutch cartographer and publisher of maps; son 
of Willem Janszoon Blaeu: 45, 71. 

Blaeu, Willem Janszoon (1571-1638). Dutch cartographer and atlas maker, proprietor 
of notable cartographic publishing firm. With his son Johan Blaeu prepared the 
Atlas novus (first ed. 1635, 2 vols.) that supported Copernican astronomy. By 1662 
it had grown to eleven or twelve volumes: 45, 71. 
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Blondel, Nicholas Frangois (1618-86). Belgian soldier, military and civil engineer, and 
diplomat who wrote on fortifications and architecture. Associate geometer of the 
Paris AcS: 210. 

Blumentrost, Laurentius (Lavrentii) (1692-1755). Royal physician to Peter I and Anna 
Ivanovna of Russia. First president of the Pb AcS (1725-33), chief physician of the 
Moscow military hospital, curator at the University of Moscow (1754—): 27, 38, 
44-46, 48, 50, 53, 60, 62, 70, 84. 

Blumler (eighteenth century). German telescope maker: 333. 

Boerhaave, Hermann (1668-1738). Dutch physician, botanist, and chemist. Praeceptor 
Europa (teacher of Europe); reformed medical education as professor at the Uni- 
versity of Leiden; FM of Paris AcS (1728-) and FM as FRS (1730-): 400. 

Bolingbroke, Henry Saint John, First Viscount (1678-1751). English statesman, orator, 
political philosopher, writer, and Tory politician: 266. 

Bonnet, Charles (1720-93). Swiss naturalist, biologist, and philosopher. Lawyer near Ge- 
neva, member of the Geneva government; conducted studies of insects; CM of the 
Paris AcS (1740—), FM as FRS (1743-); FM of the Royal Swedish Academy of Sci- 
ences (1753-) and the Royal Danish Academy of Sciences and Letters (1769-): 482. 

Borcke, Kaspar Wilhelm von (1704-47). German diplomat. Cabinet minister in Berlin; 
scholar, translator of the works of William Shakespeare: 183, 195, 222, 244. 

Borelli, Giovanni Alfonso (1608-79). Renaissance Italian physiologist, natural philoso- 
pher, and mathematician: 61. 

Bouguer, Pierre (1698-1758). French geodesist, hydrographer, natural philosopher, as- 
tronomer, and expert on naval architecture. A pioneer in the field of photometry, 
professor of hydrography; OM of Paris AcS (1735—), member of the Peru Expedi- 
tion, with Charles-Marie de la Condamine, that was sent by the Paris Academy in 
1735 to measure an arc of meridian. Competitor of Euler, won the Prix de Paris 
three times (1727, 1729, and 1731) over Euler; FM as FRS (1750-): 31, 32, 141, 143, 
161, 208, 217, 269, 303. 

Bousquet, Marcus-Michael (fl. 1740s). Bookseller and publisher in Lausanne and Ge- 
neva: 202-204, 224, 277, 371. 

Boyle, Robert (1627-91). Anglo-Irish natural philosopher and chemist. British court 
official; FM as FRS (1662-): 44, 176-178, 180-182, 185. 

Bradley, James (1693-1762). English astronomer. Discovered the aberration of starlight 
(1725-28); Savilian Professor at the University of Oxford (1721-); British royal astron- 
omer (1742-), FRS (1718); FM of the Berlin AcS (1746-); FM of the Bologna Acad- 
emy of Sciences, the Paris AcS (1748—), and the Pb AcS (1754-): 208, 255, 294, 307. 

Brahe, Tycho (1546-1601), Danish astronomer and high noble, made comprehensive as- 
tronomical and planetary observations, especially of Mars, known for their accuracy 
at Uraniborg on the island of Hven. Designed and built superior astronomical in- 
struments, advocated heliocentric theory but not the Copernican system, accepted 
Habsburg Emperor Rudolph I1’s invitation to Prague in 1597, settled there as Im- 
perial Mathematician in 1599, Johannes Kepler was his assistant, 1600-1601: 53. 

Brand, Bernhard (1523-94). Basel lawyer and high guild master: 10. 

Brandes, Karl Philipp (1720-76). German physician and chemist, FM and then OM of 
the Berlin AcS: 375, 419. 

Brandmiiller, Johann and Ludwig (d. 1751). Basel booksellers. Sent books to Euler to 
sell in Saint Petersburg: 213. 

Braun, Joseph Adam (1712-68). German philosopher and grammarian. Professor of 
philosophy and OM of the Pb AcS (1748-), elected FM of the Berlin AcS (1761), 
but Frederick II would not confirm him: 255, 281. 

Brauser, Benjamin (mid-eighteenth century). Teacher, mathematician in Halle and Ber- 
lin; correspondent of Euler (1746-47): 281. 
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Brevern, Karl von (1704-44). Diplomat and statesman, president of the Pb AcS (1740- 
41), conference minister for empress Elizabeth Petrovna: 174. 

Brius, Iakov Vilimovich (Jacob Daniel Bruce) (1670-1735). Russian general field mar- 
shal, statesman, and partisan of the Enlightenment: 44, 72. 

Brouncker, William, Second Viscount (1620-84). English mathematician. A founder and 
first president of the Royal Society of London (1663-77); FRS (1663-): 95, 134. 

Brucker, Heinrich (mid-eighteenth century). Swiss pastor of Saint Peter’s Church in 
Basel and Euler’s uncle. Delivered funeral oration for Johann I Bernoulli: 285. 

Brucker, Johann Georg (mid-eighteenth century). Teacher at the gymnasium of the Pb 
AcS (1735-37); later returned to Kiel: 162. 

Brucker, Johann Heinrich (1636-1702). Pastor in Kilchberg, 1672-90, and Basel hospi- 
tal vicar. Euler’s maternal grandfather: 10. 

Brucker-Faber, Maria Magdalena (Magdalene) (1652-1744). Mother of Katharina 
Euler: 14, 222. 

Bruckner (Brucker), Isaac (1686-1762). Basel mechanic and geographer; master for 
mathematical instruments at the Pb AcS (1733-48): 39, 66, 301, 316. 

Bruckner, Johann Georg (eighteenth century). Artist: 162. 

Brumundt, Dietrich Siegvert (eighteenth century). Royal Danish mathematician in Co- 
penhagen: 322. 

Buffon, Georges-Louis Leclerc, Comte de (1707-88). French naturalist, mathematician, 
cosmologist, and encyclopedist. Intendant of the royal gardens in Paris, author 
of Histoire naturelle (1749-88, 366 vols.); OM of the Paris AcS (1734—) and French 
Academy (1753—); FM of the Berlin AcS and Pb AcS; FRS; and foreign member of 
the American Academy of Arts and Sciences (1782-): 150, 277, 515, 525. 

Bulfinger, Georg. See Bilfinger, Georg Bernhardt. 

Burckhardt, Bonifacius (1656-1708). Swiss pastor in Riehen: 11. 

Burckhardt, Johannes (Johann Jakob) (1691-1743). Swiss pastor in Kleinhiiningen, 
and (1732-) in Oltingen. Euler’s tutor (1715-20): 15, 17, 19, 195. 

Burja, Abel (mid-eighteenth century). Pastor and mathematician in Saint Petersburg. 
Was with Euler at his house on Euler’s last two days: 530. 

Biisching, Anton. Rector of the Gray Kloster Gymnasium in Berlin (1767-): 10. 

Buxtorf, Johannes (1564-1629). Swiss Hebraist, a scholar ancestor in the Brucker line: 6. 

Calvin, John (1509-64). French reformer and theologian: 9. 

Capito, Wolfgang (1478-1541). German religious reformer: 32. 

Carathéodory, Constantin (1873-1950). Greek mathematician. Contributed to mea- 
sure theory, the theory of real functions, the calculus of variations, and axiom- 
atic thermodynamics; professor of mathematics at the University of Gottingen 
(1913-19) and the University of Berlin (1919-20); visiting professor at the Ameri- 
can Mathematical Society and Harvard University (1928-29); professor at the 
University of Munich (1924-38), OM (1919-1920) and FM (1920-) of the Berlin 
AcS: 225. 

Carlyle, Thomas (1795-1881). Scottish philosopher, historian, essayist, satirist, and 
teacher. Known as the Sage of Chelsea; wrote the masterpiece Friedrich II of Prussia 
(1858-65; 6 vols.): 598. 

Cartheuser, Johann Friedrich (1704-77). German physician, chemist, and naturalist. 
Professor of chemistry, pharmacy, and materia medica at the University of Frankfurt 
an der Oder; FM of the Berlin AcS (1758-): 422. 

Cassini, Gian Domenico (1625-1712). Italian-French astronomer, geodesist, mathema- 
tician, and engineer. Professor at the University of Bologna; OM of Paris AcS 
(1668-), director of the Paris Observatory (1669-1712): 142, 144, 166, 208. 

Cassini, Jacques II (1677-1756). French astronomer. Succeeded his father Gian Do- 
menico Cassini as director of Paris Observatory (1712—); OM of the Paris AcS 
(1694), FRS (1696-): 21, 143, 144, 161, 167, 184, 217, 229, 258, 292, 516. 


Register of Principal Names 631 


Castillon, Frédéric Adolf Maximilian Gustav von (1747-1814). Son of Jean de Castil- 
lon; wrote his father’s eulogy. Even without mathematics credentials, appointed 
over Johann Albrecht Euler as professor of mathematics and philosophy at the new 
knights’ academy in Berlin (1766), OM of the Berlin AcS (1786-) and director of 
its philosophy department (1800-): 443. 

Castillon, Jean de (Johann Francesco, Gian Francesco Mauro Melchoire Salvemini) 
(1708-91). Italian mathematician and astronomer. Translator of John Locke and 
Isaac Newton; editor, active early in Swiss cities; then professor of mathematics 
and philosophy at the University of Utrecht (1755-63); professor of mathematics 
at the artillery school in Berlin; FM as FRS; FM (1764—), OM (1764), and director 
of the mathematics department of the Berlin AcS (from 1787): 224, 301, 438, 439. 

Cataldi, Pietro (1548-1626). Italian mathematician and astronomer, critic of Euclid’s 
fifth postulate, teacher at the University of Bologna. Working mainly with Princess 
Ekaterina Romanovna Dashkova, he improved the finances, organization, and for- 
eign contacts of the Pb AcS: 134. 

Catherine I (1684-1727; r. 1725-27). Empress of Russia; successor to Peter I: 48, 68. 

Catherine II (Catherine the Great; Yekaterina Alexeevnja 1729-96; r. 1762-96). Em- 
press of Russia: 319, 426, 429, 433, 446, 447, 450-455, 458, 468, 471, 486, 487, 495, 
498, 499, 508-511, 520, 526, 527, 529. 

Catt, Henri Alexandre de (1725-95). Reader for Frederick II], OM of the Berlin 
AcS(1760-); recruited Euler for the Pb AcS: 367, 431, 439, 447, 448. 

Cauchy, Augustin-Louis (1789-1857). French mathematician. Professor of mathemat- 
ics at the Ecole polytechnique (1815-30); OM of the Paris AcS (1816-). In exile 
(1830-38); madea baron (1835); FM of the Pb AcS (1832-), the Berlin AcS (1836-), 
and FM as FRS (1832-). Pioneer in mathematical analysis, general theory of 
convergence, and rigorous methods; a pioneer in the mathematical theory of 
elasticity: 392. 

Celsius, Anders (1701-44). Swedish astronomer. Professor of astronomy at Uppsala 
University, built the Uppsala Astronomical Observatory, devised temperature unit 
of measurement that today bears his name: 144. 

Chappe d’Auteroche, Jean-Baptiste (1722-69). French astronomer. Assistant astrono- 
mer at the Royal Observatory in Paris; saw the transit of Venus (1761); worked on 
longitude measurement; OM of the Paris AcS (1759-): 480. 

Charles IT (1630-85; reigned 1649-85). King of England, Scotland, and Ireland. Reign 
known as the Restoration; founder of the Royal Society of London: 42. 

Charles XII (1682-1718; r. 1697-1718). King of Sweden. King during the Great North- 
ern War against Peter I: 41. 

Chatelet, Gabrielle Emilie, Marquise du (b. Gabrielle Emilie Le Tonnelier de Breteul) 
(1706-49). French mathematician, natural philosopher, and author. Mistress of Vol- 
taire, translator of Isaac Newton’s Principia Mathematica (published posthumously, 
1759): 144, 147, 148, 150, 176, 179, 183, 197, 273, 276, 293, 299, 313, 357, 373. 

Chauchot, M. (d. 1755). French naval engineer. Assistant constructor at Brest; won the 
Prix de Paris (1755): 406. 

Chernyshey, Count Zachar’ Grigorievich (1726-97). Russian field marshal and general 
admiral. Supported the coup by Catherine II (1762) and her reign; president of 
the war college: 425. 

Chevalier, Vincent Jacques Louis (1771-1841). French optician. Designer of an achro- 
matic microscope by following Euler (1825-26), and the first to employ it: 472. 

Cicero, Marcus Tullius (106-43 B.C.). Roman orator, lawyer, statesman, politician, and 
scholar: 9, 223, 287, 534. 

Clairaut, Alexis Claude (1713-65). French astronomer, physicist, and mathematician. 
Worked to advance lunar theory; adjunct (1731-38) and OM (1738-) of the Paris 
AcS; FM of the Berlin AcS (1744—) and Pb AcS (1754—); FM as FRS (1737-). Also 
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elected to the academies of Bologna and Uppsala: 2, 50, 86, 109, 132, 143, 145, 150, 
161, 166, 168, 169, 194, 201, 205, 206, 208-210, 228, 230, 241, 245, 255, 256, 272, 273, 
276, 277, 291, 293, 304-307, 313, 320-322, 324, 334, 336, 350, 368, 376, 377, 379, 390, 
391, 399, 407, 428, 429, 445, 470, 480, 535. 

Clairaut, Jean Baptiste (1680-1766). French mathematics teacher in Paris, father of 
Alexis Clairaut. CM of the Berlin AcS (before 1743): 194. 

Clarke, Samuel (1675-1729). English philosopher and Anglican cleric: 54, 58, 61. 

Cocceji, Samuel, Freiherr (Baron) von (1679-1755). Professor at the University of 
Utrecht. Prussian justice minister (1741-46), grand chancellor (1747-). Reformed 
the Prussian legal system: 319, 358. 

Colbert, Jean-Baptiste (1619-83). French controller-general of finances under Louis 
XIV, recommended to Louis the founding of the Paris AcS: 42. 

Condamine, Charles-Marie de la (1701-74). French naturalist, mathematician, explorer, 
and geographer. Sent to Ecuador by the Paris AcS in 1735 to measure an arc of me- 
ridian to help determine the shape of Earth. FM of the Berlin AcS (1746-), OM of 
the Paris AcS (1753—), and FM of the Pb AcS (1754—): 86, 110, 143, 209, 217, 245, 314. 

Condillac, Etienne Bonnot de (1715-80). French philosopher and epistemologist. Ex- 
panded on Lockean empiricism and the sensationalist (phenomenalist) account of 
the workings of the mind: 413. 

Condorcet, Marie Jean Nicolas Caritat, Marquis de (1743-94). French mathematician 
and Enlightenment philosophe who wrote on the progress of the human spirit and 
also a major eulogy of Euler (1783). Controller-general of France (1774-76); OM 
(1769-) and perpetual secretary (1777—) of the Paris AcS; OM of the French Acad- 
emy (1782-); and FM of the Royal Swedish Academy of Sciences (1785-), Berlin 
AcS, Pb AcS, and other academies in Bologna, Turin, and Philadelphia; FM as 
FRS and FM of the American Academy of Arts and Sciences (1792-): 114, 187, 212, 
373, 497, 505, 524, 533. 

Copernicus, Nicholas (1473-1543). Astronomer, mathematician, and Catholic canon. 
Set forth the idea of heliocentric astronomy: 5, 23, 45, 366, 478. 

Cotes, Roger (1682-1716). English mathematician and astronomer. First Plumian 
Professor of astronomy and natural philosophy at the University of Cambridge 
(1707-); editor of the second edition of Isaac Newton’s Principia Mathematica; FRS 
(1711-): 135, 192, 265. 

Cramer, Gabriel (1704-52). Swiss mathematician and natural philosopher. Mathemati- 
cian at the Académie de Clavin in Geneva; FM of the Berlin AcS (1746) and FM as 
FRS (1749-): 202, 203, 241, 256, 259, 260, 304, 305, 376. 

Créquy, Jean Antoine de, Comte de Canaples (b. 1699). French noble: 148. 

Curione, Celio Secondo (1503-69). Italian refugee classical scholar, grammarian, and 
humanist in Basel: 10. 

Czartoryski, Prince Adam Kazmierz (1734-1823). Imperial Austrian-Polish noble, 
statesman, and author. Part of the Cadet Corps in Warsaw; assisted his cousin, 
king Stanislaw (August Poniatowski) of Poland; patron of the arts, education, and 
culture; invited Euler to Warsaw: 449. 

D’Alembert, Jean-Baptiste le Rond (1717-83). French natural philosopher, mathemati- 
cian, mechanician, philosophe, and music theorist. A leading figure of the French 
Enlightenment, coeditor with Denis Diderot of the Encyclopédie (1751-59). Ad- 
junct (1741-56) and OM (1756-) of the Paris AcS and made its perpetual secretary 
(1772-); HM of the Berlin AcS (1746-); FM as FRS (1748-) and FM of the Pb 
AcS (1764—); HM of the American Academy of Arts and Sciences (1781-): x—xi, 
34, 126, 204, 207, 208, 230, 239, 241, 244-246, 265, 269, 270, 273, 276, 278, 280, 283, 
292-294, 304, 305, 307, 308, 312, 321, 322, 323-325, 342, 343-346, 350, 356, 361, 367, 
370, 372, 376, 377, 380, 381, 386, 390, 391, 395, 398, 399, 411, 419, 423, 424, 427, 428, 
430-432, 434, 438, 442, 443, 447, 448, 450, 458, 468, 469, 475, 476, 481, 492, 495, 496, 
502, 503, 518, 527, 530, 535. 
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Darbés, Joseph Frédéric-Auguste (1747-1819). German painter who created portrait 
(oil on canvas) of Euler (1778): 518-520. 

D/Argens, Jean Baptiste de Boyer, Marquis (1704-71). French writer and philosopher, 
Catholic aristocrat. Resided at the court of Frederick II; royal chamberlain from 
1742, spread skeptical Enlightenment ideas; helped found the new Royal Prussian 
AcS; OM and director of the historical-philological or belles-lettres department of 
the Berlin AcS (1750-); friend of Euler: 188, 331, 419, 420. 

Darwin, Charles Robert (1809-82). Eminent English naturalist. Devised the theory of 
evolution by natural selection: 19. 

Dashkova, Princess Ekaterina Romanovna, née Vorontsova (1743-1810). Russian 
friend of Catherine II and often called Catherine the Little. Director of the Pb 
AcS, improved its finances and operations and had a new building constructed; 
escorted by Euler at her inauguration as director of the Pb AcS (1783-): 499, 515, 
520, 526-528, 532, 534. 

Dee, John (1527-1609). Welsh mathematician, natural philosopher, astronomer, nav- 
igator, astrologer, and occultist. Attached to the royal court and consultant to 
Queen Elizabeth I; supported search for the Northwest Passage, recommended 
adoption of the Gregorian calendar, and edited first English translation of Eu- 
clid’s Elements: 247. 

Delen, Charlotte, née Euler (1744-80). One of Euler’s daughters: 435, 449, 523. 

Delen (or Dehlen), Johann Jakob, Baron van (1743-86). Dutch noble, Prussian military 
officer, husband of Charlotte Delen. Traveled with the Euler family to Saint Peters- 
burg (1766), and took his family to his estate in Htickelhoven near Aachen (1770): 
433, 435, 449. 

Delisle, Joseph-Nicolas (1688-1768). French astronomer. Student (1714-16), adjunct 
(1716-40), and OM (1741-) of the Paris AcS; professor of astronomy and OM of the 
Pb AcS (1726-47) and HM, 1748; FM as FRS (1724): 50-52, 56, 57, 62, 72, 80, 81, 
84-87, 94, 101, 103, 110, 111, 115, 117, 118, 143, 161, 185, 198, 201, 208, 209, 216, 217, 
222, 237, 253, 254, 256, 281, 282, 300, 305, 320, 331, 383, 446, 465, 479, 480, 517, 535. 

Delisle de la Croyére, Louis (1688-1741). Brother of Joseph-Nicholas, assoc. prof. of 
astronomy at the Pb AcS (1727-): 110, 111, 169. 

Descartes, René du Perron (1596-1650). Major French philosopher, mathematician, 
natural philosopher, and physiologist who worked in France, Holland, and Swe- 
den. Inventor of analytical geometry: 1, 19, 20, 23, 53, 56, 57, 73, 81, 101, 113, 149, 
155, 157, 271, 285, 325, 326, 328, 339, 354, 360, 428, 461-463, 468-470. 

Deslandes, Pierre Francois. French organ builder based in Paris; taught Francois Thi- 
erry: 155. 

Diderot, Dennis (1713-84). French philosophe, man of letters, art critic, and writer. 
Chief editor of the Encyclopédie, the principal multivolume work of the eighteenth- 
century Enlightenment. OM of the Paris AcS; HM of Pb AcS (1773-). Had dispute 
with Franz Ulrich Theodor Aepinas, but not Euler, in Saint Petersburg: x, 26, 239, 
240, 340, 362, 374, 391, 438, 461, 468, 499, 527. 

Dido (fl. 814 B.C.). Legendary founder and first queen of Carthage. She perhaps fell in 
love with the Trojan Aeneas and committed suicide when he left her: 76. 

Dietrich, Frangois (1731-1803). Pastor in Benken near Basel. Nephew of Johannes Diet- 
rich, tutor to the Euler children: 385. 

Dietrich, Johann (d. 1758). Swiss mechanist and instrument maker in Basel. Known for 
his research on magnets: 392, 413. 

Diophantus of Alexandria (fl. 250). Hellenistic Greek mathematician, especially in alge- 
bra; author of Arithmetica: 101, 102, 104, 137. 

Dirichlet, Peter Gustav Lejeune (1805-59). German mathematician. Greatly advanced 
number theory and mathematical analysis; professor of mathematics at the Uni- 
versity of Berlin and Carl Friedrich Gauss’s successor at the University of Gét- 
tingen: 498. 
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Dohna, Count Albrecht Christoph zu (1698-1752). Grand court chamberlain of the 
Prussian queen. Private secretary to Frederick II; HM of the Berlin AcS: 249. 
Dolgorukij, Vladimir Sergeevi¢ (1717-83). Russian prince and diplomat. Russian envoy 

to Prussia in Berlin (1762-83): 430, 442, 447. 

Dollond, John (1706-61). English optician and mechanist. Improved optical instru- 
ments, reduced chromatic aberration in telescopes with two different lenses, 
disputed Euler on the method with crown and flint glass; optician to the king, 
proposed for FRS (1761): 278, 308, 349, 383, 412, 413, 415, 422, 428, 429, 480. 

Domaschnev, Sergei Gerassimowitsch (1743-95). Director of the Pb AcS (1774-Jan. 
1783): 508, 509, 511, 515, 516, 526. 

Dorville, J. L. (fl. 1760s). Prussian state minister. Correspondent of Henri Alexandre de 
Catt and of Euler from 1765 to 1766: 447. 

Dryden, John (1631-1700). English poet, dramatist, and literary critic: 76. 

Diirer, Albrecht (1471-1528). German painter, engraver, printmaker, and graphic artist. 
Studied geometry and perspective, proportions, and magic squares: 521. 

Duvernoy (Duvernois), Johann Georg (1691-1759). German anatomist, surgeon, and 
zoologist. MD, University of Basel (1710); professor and OM (1725-41) and FM 
(1741-) of the Pb AcS: 51, 61, 70. 

Ehler, Karl Leonhard Gottlieb (1685-1753). German amateur mathematician, mayor of 
Danzig, correspondent of Euler: 130, 146. 

Einstein, Albert (1879-1955). German American physicist and humanist; Nobel Prize 
laureate: 19. 

Eisenstein, Ferdinand Gotthold Max (1823-52). German mathematician. Conducted 
major work in number theory; professor of mathematics at the University of Ber- 
lin; member of the Géttingen Academy and OM of the Berlin AcS (1852-): 498. 

Elizabeth (Elizaveta) Petrovna (1709-62). Daughter of Peter I; grand duchess, then 
empress of Russia (1741-): 187, 253, 280, 410, 426, 427, 429, 430, 452. 

Eller, Johann Theodor (1689-1760). German royal physician in Berlin, surgeon, natural 
philosopher, and chemist. Director of the Collegium medico-chirurgicum in Berlin 
(1725-); OM and director of the physics department of the Berlin AcS (1735-60): 
197, 243, 246, 248, 249, 251, 262. 

Elsner, Jakob (d. 1750). German pastor, philologist, and consistory official in Berlin: 243. 

Enestrom, Gustav (Gustaff) (1852-1923). Swedish mathematician, historian of math- 
ematics, and bibliographer. He is responsible for the Enestrom system that num- 
bered Euler’s writings: ix—x. 

Erasmus, Desiderius (b. Gerrit Gerritszoon) (ca. 1467-1536). Dutch humanist and 
theologian: 6, 7, 15. 

Errard, Jean (ca. 1554-1610). French mathematician and military engineer who, wrote 
on mathematical instruments. Called the Father of French Fortifications; precursor 
to Sébastien Le Prestre Vauban: 210. 

Euclid (ca. 330 to ca. 260 B.C.). Leading mathematician of Greco-Roman antiquity, 
known for his Elements (13 vols.): 103, 271, 354, 472, 478. 

Euler, Albertina Benedict (1766-1829). Second daughter of Johann Albrecht Euler. 
Married Nicholas Fuss, 1784: 496. 

Euler, Anna Margaretha, née Hugelschoffer (d. 1750). Wife of Johann Heinrich Euler: 161. 

Euler, Anna Maria, née Gassner (1642-1712). Leonhard Euler’s paternal grandmother: 11. 

Euler, Christoph (1743-1808). Son of Leonhard Euler. Physician in Berlin, especially 
to poor French Huguenots; in Saint Petersburg, colonel and then major general in 
the Russian artillery: 189, 415, 424, 427, 445, 447, 449, 452, 471, 484, 497. 

Euler, Ertmuth Louise (April 13—August 9, 1749). Daughter of Leonhard Euler: 316. 

Euler, Hans-Georg (Jorg) (1573-1663). Leonhard Euler’s great-great grandfather: 8. 

Euler, Hans-Georg (d. ca. 1595). One of four sons of Hans-Georg Euler (1573-1663); 
died soon after birth: 8. 
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Euler, Hans-Georg II, the Younger (1599-ca. 1665). Son of Hans-Georg Euler (1573- 
1663) with the same name as the deceased first son. Paternal great-grandfather of 
Leonhard Euler: 8, 9. 

Euler, Héléne Eleonora (April 13—August 11, 1749). Daughter of Leonhard Euler: 316. 

Euler, Hermann Friedrich (1747-50). Son of Leonhard Euler: 333. 

Euler, Johann Albrecht (1734-1800). Oldest son of Leonhard Euler. Mathematician, nat- 
ural philosopher, meteorologist, and astronomer; OM of the Berlin AcS (1754-), 
OM (1766-) and conference secretary of the Pb AcS (1769-1800), FM of the Mu- 
nich Academy of Sciences (1762—) and the Paris AcS (1784—): 89, 90, 147, 161, 164, 
174, 189, 214, 235, 282, 310, 317, 331, 385, 393, 394, 403, 412, 414, 415, 422, 424, 425, 
498, 431-433, 436, 437, 443, 446, 448, 452-454, 456, 474, 477, 480, 484, 487-489, 
495-497, 500, 502, 509, 510, 513, 514, 521, 525, 528, 530. 

Euler, Johann Heinrich (1719-50). Leonhard Euler’s brother, an artist: 333. 

Euler, Johann Jakob (ca. 1610-66). Son of Hans-Georg Euler (1573-1663), combmaker: 8. 

Euler, Karl Johann (1740-90). Son of Leonhard Euler. Physician (MD, 1762) who 
initially provided care to poor Huguenots in Berlin. Royal physician to empress 
Catherine II of Russia, physician for the Pb AcS (1773-): 170, 174, 189, 421, 426, 
427, 446, 448, 451, 510, 535. 

Euler, Katharina, née Gsell (1707-73). Leonhard Euler’s first wife: 89, 90, 161, 162, 170, 
172, 174. 

Euler, Katharina Helene (1741-1781). Euler’s daughter, married Karl Josef von Bell, 
1777: 189, 523. 

Euler, Margaretha (Margarethe), née Brucker (1677-1761). Wife of Paul Euler, mother 
of Leonhard Euler: 10. 

Euler, Maria Gertrud (1737-39). Daughter of Leonhard Euler: 161. 

Euler, Maria Magdalena (Magdalene) (1711-99). Sister of Leonhard Euler: 11, 162. 

Euler, Paul (Paulus) I (ca. 1600-ca. 1673). Paternal great-uncle of Leonhard Euler, son 
of Hans-Georg Euler (1573-1663): 8. 

Euler, Paul (Paulus) II (b. 1635). Paternal grandfather of Leonhard Euler, son of Hans- 
Georg II, the younger, Euler; combmaker and member of hospitality guild: 9. 
Euler, Paul (Paulus) HI (1670-1745). Father of Leonhard Euler, son of Paul II Euler. 
Chiefly studied theology but was also instructed in mathematics by Jakob Ber- 
noulli. Pastor at Saint Jakob’s Church in Basel, then pastor in Riehen: 9-10, 89, 162. 

Euler, Remund II (1596-1649). Oldest surviving son of Hans-Georg Euler (1573-1663): 8. 

Euler, Salome Abigail, née Gsell (1723-94). Leonhard Euler’s second wife; half sister of 
his first wife: 000-000. 

Euripedes (480-406 B.C.). Playwright in ancient Greece; one of the three great tragedi- 
ans of classical Athens. 

Fagnano, Count Giulio Carlo de’ Toschi di (1682-1766). Italian mathematician. FM of 
the Berlin AcS (1752), civic magistrate in Sinigaglia (now Sinigallia); worked on the 
rectification of the ribbon-shaped lemniscate and the development of the new dif- 
ferential calculus; laid the foundation for the theory of elliptic curves: 347, 380, 460. 

Fermat, Pierre de (1601-65). French lawyer and mathematician, member of the Par- 
lement of Toulouse. Conducted exceptional work in number theory: 1, 79, 80, 101, 
102, 104, 118, 121, 136, 137, 206, 233, 271, 272, 326, 339, 342, 354, 379, 475, 516. 

Fermat, (Clement) Samuel de (late seventeenth century). Son of Pierre de Fermat. Pub- 
lished Claude Gaspard Bachet de Méziriac’s translation of Diophantus of Alexan- 
dria’s Arithmetica with his father’s notes, 1670: 101. 

Fermor, Count Wilhelm von (1702-71). General in chief of the Russian Army. Claimed vic- 
tory at the Battle of Zorndorf during the Third Silesian War (Seven Years’ War): 414. 

Fleury, André-Hercule de (1653-1743). French cardinal, chief minister of Louis XV. 
With the king’s approval, ruled France from 1726-43, funded the Lapland Expedi- 
tion of the Paris AcS to measure an arc of meridian: 196. 
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Folkes, Martin (1690-1754). English antiquarian, numismatist, archaeologist, mathe- 
matician, and astronomer. FRS (1713-) and the Royal Society’s president (1741-), 
FM of the Paris AcS (1742-) and Berlin AcS (1746-): 255, 269, 315. 

Fontaine, Alexis (des Bertins) (1704-71). French mathematician and natural philoso- 
pher, royal notary. Adjunct (1733-42) and OM (1742-) geometer of the Paris AcS; 
FM of the Berlin AcS (1747-). Solved brachistochrone problem, conducted re- 
search in dynamics analogous to that of Pierre Maupertuis, who rejected it; con- 
tributed to the foundations of the calculus of several variables: 160, 169, 436, 475. 

Fontenelle, Bernard le Bovier de (1657-1757). French man of science and author. Mem- 
ber of the French Academy; OM of the Paris AcS (1691-) and its standing secretary 
(1697-1740); helped secure the acceptance of Copernican astronomy: 43, 52, 63, 
71, 86, 95, 99, 179, 195, 300, 356, 357, 417, 463. 

Formey, Jean-Henri-Samuel (1711-97) Theologian, philosopher, and leading Hugue- 
not (Calvinist) pastor in Berlin. OM (1744-), historiographer (1745-), and per- 
petual secretary (1748-) of the Berlin AcS; FM of the Pb AcS (1748-); FM as FRS 
(1750-), FM of the Géttingen Academy of Science and the Scholars’ Society of 
Greifswald; partisan of the philosophy of Christian Wolff: 130, 170, 197, 218, 223, 
243, 245, 247, 248, 262, 264, 265, 279, 284, 296, 299, 300, 309, 324, 342, 344, 371, 386, 
403, 408, 419, 440, 456, 460, 476, 492, 495, 513, 533 , 534. 

Fourier, (Jean Baptiste) Joseph (1768-1830). French mathematician and physicist; pio- 
neered the Fourier series: 98. 

Francheville, Joseph du Fresne de (1704-81). Invited by Frederick II to Berlin. OM of 
the Berlin AcS; coauthor with Voltaire of the sixth volume of Le Siécle de Louis XIV 
(1752): 331, 412. 

Francke, August Hermann (1663-1727). German Lutheran leader, educator, biblical 
scholar, and Pietist pastor in Halle: 45. 

Franklin, Benjamin (1706-90). American writer, diplomat, natural philosopher, and 
satirist. A signer of the Declaration of Independence, and printer in Philadelphia. 
First postmaster general of the United States, commissioner (ambassador) to 
France, and a founder and first president of the American Philosophical Society; 
FM as FRS, 1756, and of Pb AcS, 1789. A founder of the University of Pennsylva- 
nia; conducted major research on electricity and wrote Experiments and Observations 
on Electricity (1751): 382, 422, 525. 

Frederick II (Friedrich II; Frederick the Great) (1712-86, reigned 1740-86). King of 
Prussia, talented military commander. Reorganized and strengthened the Berlin 
AcS (1744-45; president, 1764—); HM of the Pb AcS (1776-): xi, 3, 160, 164, 170, 
172-174, 176, 178, 180, 184, 186, 191, 192, 195, 198, 215, 221-223, 237, 238, 242-244, 
246, 266, 268, 282, 297, 308-310, 312, 318, 330, 331, 334, 340, 350,, 357, 358, 365, 367, 
374, 375, 386, 401, 408, 409-412, 414, 415, 417-419, 419, 426-432, 439-441, 445, 
448-450, 474, 511, 512, 515, 532. 

Frederick William I (Friedrich Wilhelm I) (1688-1740). King of Prussia and elector of 
Brandenburg (1713-40). Built up the army, made economic reforms, and central- 
ized the administration; father of Frederick II: 46, 177, 179. 

Friederike Charlotte Leopoldine Louise of Brandenburg Schwedt (1745-1808). Daugh- 
ter of Margrave Friedrich Heinrich. Princess and the last abbess of Herford Abbey. 
When she was a teenager Euler taught her natural philosophy, mainly via corre- 
spondence: 417, 418, 461. 

Friedrich Heinrich (Frederick Henry) (1709-88). Margrave of Brandenburg-Schwedt 
and a Prussian prince. Took his daughters to meetings of the Berlin AcS (1748-65); 
invited Euler to play music and to teach his daughter Friederike Charlotte Leopol- 
dine Louise: 417, 426, 460, 495, 523. 

Frisi, Paolo (1728-84). Imperial Austrian and Italian mathematician, natural philos- 
opher, and astronomer. Member of Barnabite religious order; conducted major 
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work on hydraulics, prepared an engineering workbook, and wrote commentaries 
on Galileo Galilei and Isaac Newton: 405. 

Frisschmann, Martin (d. before 1582). Basel shoemaker: 8. 

Froben, Johannes (ca. 1460-1527). Basel printer and publisher: 7. 

Fuss, Nicholas (Niklaus, Nicolaus) (1755-1826). Mathematician from Basel. Euler’s as- 
sistant, adjunct (1776-83), OM (1783-), and standing secretary (1793-) of the Pb 
AcS; FM of the Berlin AcS (1793-); of the Stockholm AcS, (1808-), the Munich 
AcS, and others; author of a major Euler eulogy at the Pb AcS: 12, 25, 115, 152, 163, 
211, 219, 268, 488, 496, 497, 508, 511, 514, 516, 519, 528, 530, 532. 

Fuss, Paul Heinrich von (1798-1855). Mathematician. Adjunct (1818-23), OM (1823-), 
and standing secretary (1826—) of the Pb AcS. Son of Nicholas Fuss: xi, 402, 519, 
520. 

Galileo Galilei (1564-1642). Italian physicist, natural philosopher, mathematician, 
astronomer, and methodologist. Supporter of Copernican astronomy, professor 
at the Universities of Pisa and Padua (1592-1610), then with an appointment as 
mathematician, philosopher, and engineer to the Medici in Florence. Member of 
the Lincean Academy: 20, 23, 97, 126, 155, 165, 210, 252, 268, 278, 406, 443, 532. 

Gassendi, Pierre (1592-1655). French philosopher, geometer, natural philosopher, astron- 
omer, and priest. Taught mathematics at the College Royal at Paris; attempted to 
moderate skepticism and make Epicurean atomism acceptable to Christianity: 428. 

Gauss, Carl Friedrich (1777-1855). Leading German mathematician, physicist, and as- 
tronomer. Author of Disquisitiones Arithmeticae (1801) on number theory, one of 
the first books to include non-Euclidean geometry; professor and director of the 
observatory at the University of Géttingen (1807—), FM of the Berlin AcS (1810-), 
Pb AcS (1824—), and Paris AcS (1820—); and FM as FRS (1804-): ix, 14, 26, 78, 134, 
204, 345, 392, 490, 506. 

Geer, Charles de (1720-78). Swedish entomologist, naturalist, and wealthy industrialist 
who wrote eight volumes on insects. OM of the Royal Swedish Academy of Sci- 
ences (1739—), CM of the Paris AcS (1748-): 502. 

Gellert, Christian Firchtegott (1715-69). German poet, novelist, and moralist who 
wrote verse fables. Major representative of the German Enlightenment preceding 
Gotthold Ephraim Lessing; professor at the University of Leipzig (1751-): 420. 

George I (George Louis) (1660-1727). Elector of Hanover (1698—). First Hanoverian 
king of Great Britain (r. 1714-27): 187. 

Gerritszoon, Gerrit. See Erasmus, Desiderius. 

Gibbon, Edward (1737-94). English rationalist historian and parliamentarian. Author 
of The Decline and Fall of the Roman Empire (1776-88, 6 vols.): 56. 

Gleditsch, Johann Gottlieb (1714-86). Physician, and director of the Botanic Gardens 
in Berlin. OM of the Berlin AcS (1744—), and FM of the Pb AcS (1776): 242, 281, 
348, 419, 420, 431, 515. 

Gmelin, Johann Georg (1709-55). German physician, botanist, chemist, naturalist, and 
geographer. Adjunct (1727-31), and then professor of chemistry and natural his- 
tory and OM of the Pb AcS (1731-47); participant in the Second Kamchatka Ex- 
pedition (1733-43). Professor of medicine at the University of Tiibingen (1747-) 
and director of its botanic garden (1751—). FM of the Royal Swedish Academy of 
Sciences (1749-): 70, 81, 84, 110, 111, 331, 332, 368, 484, 494, 502. 

Goethe, Johann Wolfgang von (1749-1832). Leading German writer, artist, politician, 
and literary celebrity well known for his two-part drama Faust (1808-32). Manager 
of a theater and government minister in Weimar: 469, 519. 

Goldbach, Christian (1690-1764). German mathematician and diplomat. OM of the 
Pb AcS (1725-42), its secretary (1725-28), and then HM (1742-); active in the 
Collegium of the Foreign Affairs Council in Moscow (1742-) and privy counselor 
(1760-); correspondent with Euler on number theory: 50, 66, 69, 77, 79, 80, 89, 96, 
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101, 102, 104, 118, 132, 136, 160, 186, 187, 194, 202, 205-207, 212, 222, 233, 237, 244, 
278, 310, 317, 321, 334, 335, 394, 395, 412, 416, 435, 438, 482, 492, 535. 

Golovin, Mikhail Evseevié (1756-90). Russian mathematician. Adjunct for mathemat- 
ics (1776-86) and HM (1786-) of the Pb AcS: 496, 497, 513, 514, 518. 

Golovin, Nikolaj Fedorovich (1695-1745). Russian count, statesman, and admiral. Pres- 
ident of the admiralty college (1733—) and later a senator: 214. 

Golovkin, Count Aleksandr Gavrilovich (1688-1760). Russian diplomat and partisan of 
the Enlightenment. Envoy to Paris; Russian ambassador to Berlin (1711-27) and 
envoy to the Hague (1751-): 46, 47. 

Gottsched, Johann Christoph (1700-1766). Major German author, critic, and play- 
wright. Professor of poetry, logic, and metaphysics at the University of Leipzig; 
OM of the Berlin AcS (1729-); supporter of the Enlightenment: 151, 159, 251, 341. 

Graffiny, Madame Frangoise de (1695-1758). French writer and dramatist, author of 
Lettres d’une Péruvienne (1748). Important salon hostess; among those who at- 
tended her salon were Jean le Rond d’Alembert, Denis Diderot, Jean-Jacques Rous- 
seau, and Voltaire: 183. 

Grammatico, Nicaise (late seventeenth century—1736). Jesuit astronomer and teacher at 
the University of Freiburg. Died at Ratisbonne: 258. 

Gravesande. See ’sGravesande, Willem Jacob. 

Gregory (Gregorie), James (1638-1675). Scottish mathematician, astronomer, and opti- 
cian in Edinburgh who improved the reflecting telescope: 95, 119, 120, 149. 

Gregory (Gregorius) of Saint Vincent (1584-1667). Belgian Jesuit; pioneer of calculus 
and the origins of analytical geometry: 132. 

Grimm, Peter (eighteenth century). Basler handyman for Euler in Saint Petersburg: 
487. 

Grischow, Augustin Nathanael (1726-60). German mathematician and astronomer. Di- 
rector of the Berlin Observatory (1745-49); OM of the Berlin AcS (1749-); pro- 
fessor of optics at the Berlin Academy of Arts. Moved to Pb AcS as a student 
(1750-51), then OM and professor of astronomy (1751—) and conference secretary 
(1751-54): 216, 244, 304, 307, 325, 329, 349. 

Gross, Christian Friedrich (ca. 1698-1742). German ethicist. Professor of moral philoso- 
phy and OM of the Pb AcS (1725-31); FM Pb AcS (1731-); house tutor for Andrei 
Ivanovich Ostermann (1728-). Diplomatic representative for Wolfenbiittel to the 
Russian court: 51, 65, 187. 

Gsell, Dorothea Maria Henriette (1678-1743). Daughter of Swiss painter Maria-Sybilla 
Merian, second wife of Georg Gsell and mother of Salome Abigail Euler. Painter 
at the Pb AcS: 87, 88. 

Gsell, Georg (1673-1740). Euler’s father-in-law, from Saint Gallen. Artist at the Pb AcS 
(1726-31) and friend of Johann Daniel Schumacher: 87, 88. 

Gsell, Katharina. See Euler, Katharina: 87, 88, 90. 

Gsell, Marie Gertrud, née von Loen (early eighteenth century). Katharina Euler’s 
mother: 513. 

Gsell, Salome Abigail. See Euler, Salome Abigail: 513, 514. 

Hadamard, Jacques (1865-1963). French mathematician who devised proof of prime 
number theorem: 93. 

Haecks (late eighteenth century). Russian artillery captain who witnessed Euler’s will 
in 1776: 514. 

Hagemeister, Anna Charlotte Sophie (1734-1805). Wife of Johann Albrecht Euler: 424. 

Haller, Albrecht von (1708-77). Swiss anatomist, physiologist, botanist, naturalist, and 
poet in Gottingen; MO, FM of the Berlin AcS (1749-) and of the Pb AcS (1776-): 
33, 34, 51, 85, 394, 399-401. 

Halley, Edmond (1656-1742). English astronomer, geophysicist, mathematician, and 
meteorologist. Second astronomer royal (1720-42), FRS (1678-1742) and sec- 
retary of the Royal Society of London (1713-21); FM of the Paris AcS (1729-). 
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Studied comets, including Halley’s Comet, which is named for him: 34, 209, 305, 
348-408, 428, 516. 

Hamilton, William Rowan (1805-65). Irish physicist, mathematician, and astronomer. 
Discoverer of the algebra of quaternions and contributor in the field of optics. 
Professor of astronomy at Trinity College, Dublin; royal astronomer of Ireland 
at Dunsink Observatory; president of the Royal Irish Academy (1837-46): 2, 201. 

Hardy, Godfrey Harold (1877-1947). English mathematician specializing in number 
theory and analysis. Savilian Professor of Geometry at the University of Oxford, 
visiting professor at Princeton University, and Sadlerian Professor at the Univer- 
sity of Cambridge. President of the London Mathematical Society (1926-28, 1939- 
41) and FRS (1910-): 108. 

Harrison, John (1693-1776). English carpenter, clockmaker, and horologist. Invented the 
first practical marine chronometer, making possible the accurate computation of lon- 
gitude at sea; won the British parliamentary prize over Johann Tobias Mayer: 445, 466. 

Haude, Ambrose (1690-1748). Bookseller and publisher who printed Euler’s Theoria 
motuum planetarum et cometarum (1744). Codirector (with Johann Carl Spener) of 
the Haude and Spener publishing firm in Berlin: 229. 

Hedlinger, Johann Karl (1691-1771). Swiss maker of medals who worked on heraldry. 
FM of the Berlin AcS (1744—): 192, 375. 

Heinius, Johann Philipp (1668-1775). Philosopher. Rector of the gymnasium in Joachim- 
sthal, director of the philosophy department of the Berlin AcS (1744—): 243, 249, 
390, 344, 403, 439. 

Heinsius, Gottfried Wilhelm (1709-69). German astronomer, geographer, and math- 
ematician. OM, associate professor, then professor of astronomy at (1736-44) and 
FM (1744-) the Pb AcS; then a professor at the University of Leipzig (1744—): 117, 
167, 169, 198, 208, 209, 213, 230, 234, 258, 305, 321, 368. 

Helvétius, Claude Adrien (1715-71). French philosophe, controversialist, and litterateur. 
French farmer-general (1738-51), wrote De l’esprit (1758), which attacked morality 
and was burned. Invited to visit Berlin by Frederick II: 468. 

Henninger, Johann Conrad (1696-1763). Private teacher at the academic gymnasium of 
the Pb AcS (1725-) and later for the prominent family of Prince Aleksandr Men- 
shikov in Saint Petersburg. Private secretary for empress Anna Ivanovna (1740-); 
vice president of the Manufacture College (1752-60) and brother-in-law of Johann 
Daniel Schumacher: 213, 283. 

Henzi, Samuel (d. 1749). Swiss member of the lower gentry and book dealer. Critical 
of aristocratic government, he was beheaded in Berne in 1749: 338, 343, 351, 352. 

Hermann, Jakob (1668-1733). Basler mathematician and mechanician. Professor at 
the Universities of Padua (1707-13) and Frankfurt an der Oder (1713-24); OM 
(1725-31) and FM (1731-) of the Pb AcS, then professor of ethics at the University 
of Basel (1731-): 24, 35, 38, 48, 49, 51, 53, 54, 61, 62, 65-67, 69, 82, 83, 101, 105, 125, 
126, 130, 146, 169, 211, 226, 312, 333, 337, 338, 343, 355, 373. 

Herschel, (Frederick) William (Friedrich Wilhelm) (1738-1822). German-born British 
observational astronomer, composer, and technical expert. Discoverer of Uranus, 
its two major moons, two moons of Saturn, and infrared radiation; and improved 
the reflecting telescope. Director of the Bath Orchestra, and “King’s astronomer” 
(not royal astronomer) (1782—); FRS (1782-): 531. 

Hilbert, David (1862-1943). Major German mathematician. Professor of mathematics 
at K6nigsberg (1893-95). Professor at the Mathematical Institute at the University 
of Géttingen (1895-1930); advanced the axiomatization of geometry, consolidated 
number theory, contributed to the formalistic foundations of mathematics, and in 
1900 proposed the famous twenty-three Paris problems. OM of the Berlin AcS and 
FM as FRS: 75, 202. 

Hippocrates of Chios (ca. 470-ca. 410 B.C.). Merchant, geometer, and astronomer of 
ancient Greece who taught in Athens. A Pythagorean, he attempted to square the 
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circle through study of the quadrature of lunes (crescent-shaped figures); preceded 
Euclid in writing possibly the first work on the elements of geometry: 482, 483. 

Hire, Philippe de la (1640-1718). French mathematician and observational astronomer: 101. 

Hirschel, Abraham (mid-eighteenth century). Berlin banker who had a dispute with 
Voltaire: 358. 

Hogarth, William (1697-1764). English artist, painter, engraver, social critic, and sati- 
rist; sergeant painter to the king (1757-): 315. 

Huber, Johann Jakob (1733-78). Swiss astronomer in Basel. Student of Albrecht von 
Haller and physician; OM (1756-58), and FM (1758-) of the Berlin AcS: 85, 420. 

Humbert, Abraham von (1689-1761). Engineer and major in the Prussian Army. OM of 
the Berlin AcS: 198, 215, 242, 420. 

Hume, David (1711-76). Scottish philosopher, historian, economist, and essayist 
known for his philosophical empiricism. He accepted Isaac Newton’s work as the 
model for the scientific method: 374. 

Huygens, Christiaan (1629-95). Dutch mathematician, natural philosopher, astrono- 
mer, probabilist, and inventor of lenses and clocks. Proponent of the wave theory 
of light. FM as FRS (1663-), OM of the Paris AcS (1666-): 29, 34, 52, 60, 78, 
97-99, 123, 126, 140, 150, 259, 357, 372, 443, 468. 

Ibn al-Banna (1256—ca. 1321). Moroccan astronomer, mathematician, and astrologer; 
also a writer on linguistics, logic, and rhetoric, and translator of Euclid’s Elements 
into Arabic: 271. 

Ibn Yunus (950-1009). Egyptian Muslim astronomer and mathematician. Author of 
AL-£ij al-Kabir al-Hakimi, an original work of astronomical tables based on accurate 
observations, half of which survives today: 267. 

Inochodzev (Inokhodtsev), Petr Borisovié (1742-1806). Adjunct (1768-79), associate 
professor of astronomy (1779-83), and professor of astronomy and OM of the Pb 
AcS (1783-—); censor in Riga (1797-99): 457, 474, 513. 

Ivan VI (1740-64). Infant emperor of Russia (r. 1740-41): 82, 171. 

Jablonski, Daniel Ernst (1660-1741). Czech-German theologian and reformer who 
sought a union between Lutherans and Calvinists. A founder, secretary, vice presi- 
dent, and president (1733-41) of the Brandenburg Society of the Sciences (the old 
Berlin AcS): 177, 178. 

Jacobi, Carl Gustav Jacob (1804-51). German mathematician and mathematical physi- 
cist. Professor at the University of K6énigsberg (1832-51); introduced research semi- 
nars in mathematics, promoted an edition of Euler; OM of the Berlin AcS: 347, 476. 

James, William (fl. 1706). English mathematician: 289. 

Jariges, Philippe Joseph de (1706-70). Prussian statesman and jurist. Director of the French 
high court in Berlin; OM (1731-), standing secretary (1733-48), and FM (1755-) of 
the Berlin AcS; worked with the privy state and war ministries (1755—): 186, 299, 344. 

Jaucourt, Chevalier Louis de (1704-79). French author. Prolific contributor to the En- 
cyclopédie and collaborator of Denis Diderot; wrote a biography of Gottfried Wil- 
helm Leibniz (1734); elected FM to the Berlin AcS, and FM as FRS (1764): 430. 

Jetzler, Christoph (1734-91). Swiss mathematician and natural philosopher. Studied 
in Berlin with Euler; professor of mathematics and, after 1775, also physics at the 
Schaffhausen Collegium Humanitatis: 436. 

Joncourt, Elie de (eighteenth century). French editor: 143. 

Jordan, Charles Etienne (1700-1745). Prussian-born Huguenot historian and writer in 
the French language. Friend of Frederick IT and official in his court; vice president 
of the Berlin AcS: 331, 367. 

Juncker, Gottlieb Friedrich Wilhelm (1703-46). Swiss poet from Saint Gallen. Adjunct 
(1731-34), professor of politics and morals, then eloquence (1734-37), and FM of 
the Pb AcS (1737-): 88. 

Jurin, James (1684-1750). English natural philosopher and physician in London. fel- 
low (1717-) and secretary of the Royal Society of London (1721-27); editor of its 
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Philosophical Transactions (vols. 31-34), and ardent champion of Isaac Newton. For 
some works he took the pen name Philalethes Cantabrigensis Londinensis: 127, 
147, 235, 236. 

Justi, Johann Heinrich Gottlob (1720-71). German jurist and philosopher in Sanger- 
hausen: 264, 296. 

Kant, Immanuel (1724-1804). Prussian philosopher and author of Critique of Pure Rea- 
son (1781). Professor at the University of Konigsberg: 1, 59, 241, 314, 319, 339, 441, 
450, 469, 518. 

Kantemir, Antiokh (Antioch) Dmitrievich (1708-44). Russian prince, poet, and satirist. 
Diplomat to London (1732) and Paris (1738); translator of Bernard Le Bovier de 
Fontenelle’s Mondes: 65, 72, 99, 100, 149, 150, 165. 

Karl Alexander, Duke of Wiirrtemberg (1684-1737). German noble who invited Georg 
Bernhardt Bilfinger to be a military and state council official for Wiirrtemberg in 
Stuttgart: 89. 

Karl Eugen, Duke of Wiirttemberg (1728-93). Benevolent absolutist duke and son of 
Karl Alexander of Wiirttemberg. Builder of palaces and patron of Friedrich Schil- 
ler; superintendent of the gardens and plantations at Ludwigsburg: 189. 

Karsten, Wenzeslaus Johann Gustav (1732-87). German mathematician. Professor of 
logic at the Universities of Rostock (1758-60) and Biitzow (1760); professor of 
natural philosophy and mathematics at the University of Halle (1778—). Corre- 
spondent of Euler (1758); conducted research on logarithms and optics, especially 
for the microscope: 421, 436, 438, 443, 447. 

Kastner, Abraham Gotthelf (1719-1800). German mathematician and epigrammatic 
poet. University of Leipzig faculty member (1746-56); professor of natural phi- 
losophy and geometry at the University of Gottingen (1756-) and director of its 
observatory (1763). FM of the Berlin AcS (1750-), the Pb AcS (1786-), and FM 
as FRS (1789-). Writings include texts on mathematics and the exact sciences that 
include the Geschichte der Mathematik (1796-1800, 4 vols.): 341, 344, 351, 388. 

Kaunitz, Prince (First) Wenzel Anton von (1711-92). Imperial Austrian state chancel- 
lor and statesman. Principal adviser to Maria Theresa on foreign policy; advocate 
of the so-called diplomatic revolution with France: 410. 

Keith, Peter Christoph Karl von (1711-56). Pomeranian noble, Prussian Army first lieu- 
tenant, and member of close circle of Frederick II: 351, 369, 411. 

Kempelen, Johann Wolfgang, Ritter von (1734-1804). Hungarian noble author and 
inventor and creator of machines; known for the chess-playing Turk automaton he 
created for Maria Theresa: 417. 

Kepler, Johannes (1571-1630). German astronomer and imperial mathematician in 
Prague and later Linz. Discovered the elliptical orbits of the planets: 46, 52, 115, 
154, 179, 230, 274, 292, 358, 377, 470, 495. 

Keyserling, Count Heinrich Christian von (1727-87). Son of Hermann Karl Keyserling; 
diplomat in Saxon and Imperial service, officer in the Russian military, diplomat in 
Russian service (1762—): 000-000. 

Keyserling, Imperial Count Hermann Karl von (1697-1764). Russian historian and 
statesman. Envoy to Warsaw (1733-44), ambassador to Prussia (1746-48), and am- 
bassador to imperial Austria (1752-61). President of the Pb AcS (1733-34), FM of 
Berlin AcS (1747-48): 286, 518. 

Kies, Johann (1713-81) German astronomer and writer on eclipses. Professor of math- 
ematics at the University of Tiibingen; on the recommendation of Euler made OM 
of the Berlin AcS and astronomer at its observatory (1742-54), then FM there 
(1754—); FM of the Pb AcS (1760): 190, 208, 244, 249, 281, 294, 304, 375. 

Kirch, Christina (1696-1782). German astronomer and sister of Christfried Kirch. 
Worked at the observatory of the Berlin AcS (1720-74): 186, 293. 

Kirch, Gottfried (1639-1710). German astronomer, first royal astronomer of the Royal 
Prussian Society of Sciences (the first phase of the Berlin AcS): 208. 
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Kirch, Margarethe (eighteenth century). Sister of Christina Kirch; kept a weather diary 
for years: 293. 

Kircher (Fuldensis), Athanasius (1601-80). Jesuit scholar distinguished in natural sci- 
ences and oriental studies. An inventor of a magic lantern: 155. 

Kirilov, Ivan (ca. 1689-1737). Russian geographer and statistician; chief secretary of the 
Russian Senate: 110, 237. 

Kleist, Ewald Georg von (1700-1748). German jurist, Lutheran cleric, administrator, 
and natural philosopher. Studied electricity and discovered the principle of the 
Kleistan (or Leiden) jar: 218. 

Klingenstern (Klingenstierna), Samuel (1698-1765). Swedish mathematician and natu- 
ral philosopher. Professor of geometry at Uppsala University (1728—) and physics 
(1756-58); FM as FRS (1730-); OM of the Royal Swedish Academy of Sciences 
(1739-), contributor to the invention of the achromatic telescope: 422. 

Knowles, Charles (ca. 1697-1777). Rear admiral in the British Navy and briefly admiral 
in the Russian Navy (1770-74) including during the Seven Years’ War: 504. 

Knutzen, Martin (1713-51). German Wolffian philosopher with a basic knowledge of 
natural philosophy. Professor of logic and metaphysics at the University of Konigs- 
berg; teacher of Immanuel Kant: 198, 216, 217, 314. 

Kohl, Johann (eighteenth century). German church historian at the Pb AcS: 51. 

Kohler, David (fl. 1740-60). Financial officer at the Berlin AcS, calendar administrator, 
and friend of Euler. His embezzlement of funds left only part for the academy: 190, 
199, 216, 299, 315, 439-441. 

Konig, Johann Samuel (1712-57). German mathematician, philosopher, and lawyer. 
Professor at the war academy in the Hague, disputed the origins of the principle 
of least action with Pierre Maupertuis and Leonhard Euler. FM of the Berlin AcS 
(1749-52); librarian to Prince William IV of Orange in the Hague, returned his 
diploma from the Berlin AcS (1752): 18, 234, 281, 313, 318, 337-343, 350-354, 355, 
356, 363, 369, 370, 373, 413, 533. 

Korff, Johann Albrecht von (1697-1766). Russian diplomat and godfather of Euler’s 
eldest son. President of the Pb AcS (1734-40), then HM; in diplomatic service 
(1740-): 82, 89, 109, 116, 117, 124, 174, 214. 

Kotel’nikov, Semjon Kirillovié (1723-1806). Russian mathematician, student of Euler, 
and translator of the writings of Christian Wolff. Lectured on higher mathematics 
at the Pb AcS gymnasium (1785-96). Adjunct (1751-57), OM and professor of 
mathematics (1757-97), and HM and censor (1797-) of the Pb AcS; royal secretary 
(1768-ca. 1797): 368, 393, 394, 405, 454, 457, 484, 497, 503, 511, 526. 

Koyré, Alexander (1892-1964). French historian of science, philosopher, and savant of 
the Russian origin. Studied under David Hilbert; expert on Galileo Galilei and 
the Scientific Revolution. Between 1955 and 1962, he spent half of each year at 
the Institute for Advanced Study by Princeton University; visiting professor at 
Harvard, Yale, and Johns Hopkins Universities and the Universities of Chicago 
and Wisconsin; associated (1958—) with what would later become the Centre Al- 
exandre Koyré in Paris; member of the American Academy of Arts and Sciences: 
465, 609. 

Kozel’sky, Yakov Pavlovié (1728-94). Russian landowner and philosopher who taught 
mathematics and mechanics in the Russian Artillery Cadet Corps. Influenced by 
Mikhail Lomonosov and the French and German Enlightenments, he was a Vol- 
tairean and materialist who supported a social contract and opposed the ideas of 
Jean-Jacques Rousseau: 468. 

Krafft, Georg Wolfgang (1701-54). German physicist and mathematician. Adjunct 
(1725-31), professor of physics and OM (1731-44), Pb AcS and also its conference 
secretary (1730-33) FM of the Pb AcS (1744—); professor of physics at the Univer- 
sity of Tiibingen (1744-); FM of the Berlin AcS (1745-): 51, 81, 84, 108, 109, 118, 
171, 213, 234, 236, 253, 271, 321, 371, 474. 
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Krafft, Wolfgang Ludwig (1743-1814). Son of Georg Wolfgang Krafft. Adjunct (1768- 
71) and professor of physics and OM (1771-) of the Pb AcS: 470, 474, 489, 502, 
508, 513, 532. 

Kratzenstein, Christian Gottlieb 1723-95, German-born physician, natural philoso- 
pher, mechanist, and engineer. HM of the Pb AcS (1748—-); HM and professor of 
experimental physics at the University of Copenhagen (1753-—) and rector there 
four times: 254, 281, 282. 

Kritter, Johann August (1721-98). German author, senator, and camerarius (chamber- 
lain) in Gottingen: 512. 

Kulibin, Ivan Petrovich (1735-1818). Self-taught Russian mechanic and inventor who 
was praised and visited by Euler and who made many mechanical tools and toys. 
Built a complete egg-shaped clock that played a cantata for Catherine II. Head of 
the workshops of the Pb AcS (1769-1801) and designer of a single-span bridge for 
the Neva River. Declined an offer of Russian nobility since it would require him to 
shave his beard and wear typical clothes: 485, 486, 506, 507, 511, 513. 

Kurakin, Prince Alexander (early eighteenth century). Russian noble who owned the 
house that Euler purchased on his return to Saint Petersburg: 451. 

Kurella (eighteenth century). German chemist in Berlin, son-in-law of Johann Heinrich 
Pott: 375. 

Kushyar ibn Labban (971-1029). Persian astronomer, mathematician, and geographer 
who gave perhaps the first treatment of Hindu numerals and reckoning in Arabic 
arithmetic: 115. 

Kutner, Samuel G. (eighteenth century). Engraver in Berlin: 519. 

Lacaille, Nicolas Louis de (1713-62). French observational astronomer and geodesist. 
Abbé of Lacaille, professor of mathematics at Mazarin College in Paris, mapped 
stars in the southern sky. OM of the Paris AcS (1741-), FM of the Berlin AcS 
(1755-), and FM of the Pb AcS (1756-): 481. 

La Croix, Cesar Marie de (1690-1747). French naval officer and architect. Worked on 
measuring cargo volumes and weights in ships; his study of these problems and 
ship hydrostatics and stability may have drawn Euler’s interest: 504. 

La Croix, Charles Eugene de (1727-1801). Secretary of state of the French fleet, marshal 
of France. 

La Croyére, Louis de l’'Isle de (before 1688-1741). Brother of Joseph Delisle. Associ- 
ate professor of astronomy at Pb AcS (1727-), poor observer, died on the second 
Kamchatka expedition: 169. 

Lagrange, Joseph-Louis, Comte de (b. Giuseppe Luigi Lagrangia) (1736-1813). Italian- 
French mathematician, physicist, and astronomer. Professor at the artillery school 
in Turin, significant contributor to analysis, number theory, and classical and celes- 
tial mechanics. FM (1756-—) and then, on Euler’s recommendation, OM and direc- 
tor of the mathematics department (1766-87) and again FM (1787-) of the Berlin 
AcS. FM of the Pb AcS (1776—-); FM (1772-87) and OM (1787-) of the Paris AcS: 
101, 127, 186, 260, 265, 347, 360, 392, 401, 402, 406-409, 413, 422, 423, 431, 450, 456, 
458, 468, 475, 476, 484, 485, 492, 493, 496, 505, 506, 515, 516, 529. 

Lalande, Joseph Jeréme le Frangais de (1732-1807). French astronomer, author, mathe- 
matician, and natural sciences researcher. Royal reader on mathematical questions 
and censor in Paris and professor of astronomy at the College de France. FM to the 
Berlin AcS (1751-), the Pb AcS (1764—), and the Royal Swedish Academy of Sci- 
ences; OM of the Paris AcS (1753-) and member of most large European science 
academies: 365, 369, 422, 475, 480. 

Lambert, Johann Heinrich (1728-77). Swiss-German mathematician, natural philoso- 
pher, and astronomer who wrote proofs of pi and ¢ as irrational based on continued 
fractions. OM of the Bavarian Academy of Sciences and of the Berlin AcS (elected 
1764, approved by the king 1765): 134, 420, 421, 422, 427, 428, 435, 439, 441, 442, 
467, 494, 517, 530. 
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La Mettrie, Julien Offray de (1709-51). French physician, philosopher, hedonist, architect, 
and materialist. Author of L’Homme machine (1747); court reader in Berlin (1748-), 
given refuge at the court of Frederick II; OM of the Berlin AcS (1748—): 297. 

Landsberg, Hermann (1680-1746). Author of Nouveaux plans et projets de fortification 
(1731) and a later work on the same subject: 210. 

Lange, Johann Joachim (1699-1765). German professor of mathematics at the Univer- 
sity of Halle: 386, 387, 426. 

Laplace, Pierre Simon (1749-1827). French mathematician, physicist, and astronomer. 
One of the most important scholars in these fields after Euler, referred to as the 
Newton of France. Demonstrated the stability of the solar system, and author of 
Traité de mécanique celeste (1799-1825, 5 vols.). Adjunct (1773-85) and OM (1785-) 
of Paris AcS: 260, 465, 481. 

Laxmann, Erik G. (1737-96). Pioneer glass technologist who conducted research in 
Siberia and produced silicate glass: 484, 500. 

Leadbetter, Charles (1688-1744). English mathematics teacher; writer on astronomy 
and practical mathematics; author of astronomical tables: 258. 

Le Blond, Jean-Baptiste Alexandre (1679-1719). French architect and garden designer 
in Saint Petersburg: 41. 

Legendre, Adrien-Marie (1752-1833). French mathematician and contributor to work 
on elliptic integrals. Adjunct (1783-85), associate (1785-95), and OM (1795-) of 
the Paris AcS: 134, 497. 

Leibniz, Gottfried Wilhelm (1646-1716). German philosopher, mathematician, natural 
philosopher, historian, writer, logician, and researcher on language. Courtier as 
jurist-politician in Hannover (1676). FM of the Paris AcS (1669—) and FM as FRS 
(1676-); founder and first president of the Berlin AcS (1700), invented early phase 
of calculus: 1, 22, 28, 34, 42, 43, 45, 49, 50, 53-56, 60, 73, 78, 96, 97, 119, 121, 126, 
176, 180, 197, 212, 216, 219, 226, 236, 243, 247, 262, 263, 259, 266, 285, 286, 298, 308, 
313, 325, 326, 332, 337, 338, 342, 344, 350, 351, 353-356, 365, 366, 371, 373, 374, 392, 
413, 428, 450, 458, 532. 

Lemonnier, Pierre Charles (1715-99). French astronomer, OM of the Paris AcS: 291, 307. 

Lessing, Gotthold Ephraim (1729-81). German writer, dramatist, critic, and publicist: 
319, 403, 420, 437. 

Leutmann, Johann Georg (1667-1736). German theologian, technologist, and natural 
philosopher known for mechanical and optical inventions. OM and professor of 
mechanics and optics at the Pb AcS (1725-33); worked at the mint in Moscow 
(1733-): 38, 49, 51. 

Lexell, Anders Johan (Andrei Ivanovich) (1740-84). Finnish-Swedish mathematician, 
astronomer, and geographer. Professor of mathematics at Uppsala University; 
adjunct (1769-71) and professor of astronomy and OM (1771-) of the Pb AcS. 
Collaborator with and close friend of Euler, and his successor in the chair of math- 
ematics at the Pb AcS: 471, 481, 482, 484, 489, 494, 502, 508, 513, 530, 531. 

L’H6pital, Guillaume-Frangois-Antoine, Marquis de (1661-1704). French mathemati- 
cian. OM (1693-99) and HM (1699-) of the Paris AcS: 24, 150, 287, 288. 

Lieberkiihn, Johann Nathanael (1711-56). German physician, anatomist, astronomer, 
and natural philosopher. OM of the Berlin AcS (1734—); FM as FRS (1734—): 189, 
290, 382, 409. 

Linnaeus, Carol (1707-78). Swedish botanist, physician, naturalist, and explorer who 
devised binomial nomenclature. Professor of medicine and botany at Uppsala Uni- 
versity (1741-72); founder and member of the Royal Swedish Academy of Sciences 
(ca. 1738—) and FM of the Berlin AcS (1747-): 246. 

Locke, John (1632-1704). English philosopher. Proponent of empiricism and opponent 
of authoritarianism: 21, 44, 57, 176, 178, 197, 262, 458, 465. 

Lomonosov, Mikhail Vasil’evich (1711-65). Russian polymath, chemist, natural philos- 
opher, and poet. Adjunct (1742-45) and professor of chemistry and OM (1745-) 
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of the Pb AcS; FM of the Royal Swedish Academy of Sciences (1760-) and the 
Bologna Academy of Sciences (1764—): 213, 236, 241, 281, 300, 302, 305, 314, 315, 
336, 382, 402, 452, 455, 496, 535. 

Louis XIV (1638-1715; r. 1643-1715). French monarch known as the Sun King; founder 
of the Paris AcS (1666): 42, 155, 176. 

Louis XV (1710-1774; r. 1723-1774). French king: 197. 

Lozeran du Fesc, Louis-Antoine de (1697-1755). French Jesuit. Shared with Euler the 
Prix de Paris on the nature of fire (1738); conducted research on cannons and for- 
tifications (1740): 148. 

Ludolff, Christian Friedrich (1707-63). German physician, natural philosopher, and 
professor at the Collegium Medico-chirurgicum. OM of the Berlin AcS (1738-): 
218, 382, 419, 420, 503. 

Luther, Martin (1483-1546). German theologian and seminal religious reformer: 9, 319. 

Mac Lane, Saunders (1909-2005). American mathematician. Professor at Harvard 
University, Cornell University, and the University of Chicago; president of the 
American Mathematical Society and the Mathematical Association of America; 
vice president of the National Academy of Science (1949). Awarded the National 
Medal of Science (1989): xv. 

Maclaurin, Colin (1698-1746). Scottish mathematician and natural philosopher. FRS 
(1719-) and professor of mathematics at the University of Edinburgh (1725-). He 
extended Isaac Newton’s work in calculus in the two-volume Treatise of Fluxions 
(1742) and the Maclaurin series is named for him: 60, 96, 121, 132, 145, 165, 241, 
992, 465, 478. 

Mairan, Jean-Jacques d’Ortous de (1678-1771). French astronomer, natural philoso- 
pher, and chronobiologist. OM of the Paris AcS (1718-) and its perpetual secretary 
(1741-43 and 1746-); FM of the Pb AcS (1734—) and the Royal Swedish Academy 
of Sciences (1718—), and FM as FRS (1735-). Editor of the Journal de Scavans: 147, 
150, 179, 259. 

Malebranche, Nicolas (1638-1715). French philosopher, Cartesian rationalist, and theo- 
logian: 44, 146, 259, 325, 360. 

Malthus, Thomas Robert (1766-1834). English cleric, demographer, and economist. 
Professor of history and political economy at the East India Company College in 
Hertfordshire; conducted research on population growth and demography; FRS 
(1819-): 290. 

Malygin, Stepan Gavrilovié (d. 1764). Lieutenant captain commander of the Russian 

fleet, research on the Arctic and author of Navigation nach der Carte de Reduction: 83. 

Manfredi, Eustachio (1674-1739). Italian astronomer, mathematician, natural philos- 

opher, geographer, geodesist, and poet. Professor at the University of Bologna 

(1698-), FM of the Berlin AcS and the Paris AcS (1726); FM as FRS (1729-): 216. 

Manstein, Christoph (1711-57). Officer in the Prussian Army, general in the Russian 

Army: 171. 

Mardefeld, Axel von (1691-1748). Baron, Prussian envoy to Russia (1728-40), and later 

an ambassador: 172, 174. 

Marggraf, Andreas Sigismund (1709-82). German chemist, discoverer of beet sugar, 
pioneer of analytical chemistry, and last major German defender of the phlogiston 
theory. OM of the Berlin AcS (1738-), helped reorganize it (1740s), and directed 
its chemical laboratory and physical sciences department (1760-). FM of the Pb 
AcS (1776-): 197, 412, 414, 419, 420, 437, 439, 515. 

Maria Leopoldine of Anhalt-Dessau (1716-82). Cousin of Frederick II and wife of Mar- 
grave Friedrich Heinrich of Brandenburg-Schwedt; mother of Friederike Charlotte 
Leopoldine Louise, whom Euler taught natural philosophy: 417. 

Maria Theresa (1717-80, reigned 1742-1780). Archduchess, queen of Bohemia and 
Hungary, Holy Roman empress; last of the House of Habsburg in imperial Aus- 
tria: 172, 184, 410, 417. 
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Marinoni, Giovanni Jacopo (1678-1755). Imperial Austrian astronomer, mathemati- 
cian, and cartographer in Vienna. FM of the Berlin AcS and the Pb AcS (1746): 
113, 246, 256. 

Marpurg, Friedrich Wilhelm (1718-95). German music theorist, critic, composer, and 

celebrated violinist. Director of the Royal Prussian lotteries (1763-95); given the 

title of war councilor: 160. 

Mariotte, Edme (1620-84). French physicist, plant physiologist, and priest: 61, 97. 

Martini, Christian (1699-1739). Wolffian natural philosopher. Professor of physics 

(1725-26) and professor of logic and metaphysics (1726-29) at the Pb AcS: 49. 

Maskelyne, Nevil (1732-1811). English royal astronomer and director of Greenwich 
Observatory (1765-1811) who improved time measurement and contributed to the 
science of navigation with new methods for finding longitude via studies of the 
moon. Anglican minister, fellow of Trinity College, Cambridge; FRS (1758-), re- 
ceiving its Copley medal (1775): 379, 429-431. 

Maslov, Aleksey Michailovich (mid-eighteenth century). Major general in the Russian 
Army during the Seven Years’ War: 426. 

Maupertuis, Pierre-Louis Moreau de (1698-1759). French mathematician, natural phi- 
losopher, and biologist. Adjunct (1723-31), OM (1731-35), and FM (1735) of the 
Paris AcS; FM of the Pb AcS (1738-); FM (1735-46), then OM and president 
of the Berlin AcS (1746--): 3, 143-145, 165, 172, 173, 178, 179, 181-184, 189, 209, 
991-294, 249, 245, 246, 251, 252, 254, 260-262, 264, 265, 277-279, 283, 284, 289, 294, 
296-300, 300, 304, 313-315, 318, 325-327, 334, 337-344, 350-357, 363-367, 370, 
372-375, 386, 389, 391, 394, 401-403, 406-409, 413, 415-422, 430, 431, 535. 

Maupertuis, René Moreau de (d. 1746). Father of Pierre Maupertuis: 243, 246. 

Maurepas, Jean-Frédéric Phélypeaux, Comte de (1701-81). French statesman, freema- 
son, royal adviser, and minister of the French marine. Skilled in military and naval 
strategy, he supported the geodesic mission of the Paris AcS (1734): 184. 

Mayer, Friedrich Christoph (1697-1729). German mathematician and natural philoso- 
pher. Adjunct (1725-26) and associate professor (1726-) at the Pb AcS: 51, 66, 96. 

Mayer, Johann Tobias (1723-62) German astronomer, mathematician, and geographer. 
Professor of mathematics and economics at the University of Gottingen (1750-) 
noted for lunar studies and a method for the determination of longitude at sea; pre- 
pared a catalog of stars, including double stars. Member of the Gottingen Academy 
of Sciences: 228, 274, 360, 375, 376, 378, 379, 391, 400, 412, 427, 429, 463, 481, 489, 535. 

Melanchthon (b. Schwartzerdt), Philipp (1497-1560). German humanist and theolo- 
gian who conducted the first systematic treatment of Wittenberg theology. Col- 
laborator with Martin Luther; called a teacher of Germany for establishing and 
bettering public schools: 59, 179, 180. 

Mendelssohn, Moses (1729-86). German Jewish philosopher, literary critic, Bible trans- 
lator and commentator, and writer on aesthetics, political theory, and theology 
who authored works on Homer, Alexander Pope, Pierre Maupertuis, and Jean- 
Jacques Rousseau. A champion of religious toleration, he was known as the Jewish 
Luther; had a close association with Gotthold Ephraim Lessing. Awarded the 1763 
prize of the Berlin AcS for “Uber die Evidenz in metaphysischen Wissenschaften,” 
an essay that applied mathematical proofs to metaphysics; Immanuel Kant came 
in second: 319, 403, 450. 

Mengoli, Pietro (1625-86). Italian mathematician and cleric. Professor of mechanics at 
the University of Bologna: 78. 

Menshikov, Prince Aleksandr Danilovich (1673-1729). Russian statesman, close friend 
of Peter I. Won the post of field marshal at Poltava (1709), and ruled during the 
reign of Catherine I: 44, 48, 68. 

Menzel, Adolph Friedrich Erdmann von (1815-1905). German artist and realist painter. 

Works include four hundred drawings and wood-engraved prints, many portray- 

ing the reign and army of Frederick II: 330. 
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Merian, Johann Bernhard (1723-1807). Swiss philosopher. Professor of rhetoric at the 
University of Basel; OM (1750-) in the speculative philosophy department, librar- 
ian (1757-), director of the philosophy department (1771-97), and standing secre- 
tary (1797-1807) of the Berlin AcS: 329-331, 340, 353, 354, 369, 374, 403, 408, 413, 
414, 419, 421, 431, 439, 442. 

Merian, Maria Sybilla (1647-1717). German-born naturalist and scientific illustrator. 
Grandmother of Salome Abigail Euler: 513. 

Mersenne, Marin (1588-1648). French theologian, natural philosopher, and mathemati- 
cian. Cleric (minorit) in Nevers and Paris, superior of Place Royale monastery in 
Paris (1616-48). Major correspondent with a growing number of those engaged in 
the sciences across Europe and beyond. Best known for Mersenne primes n = 2? - 1 
in number theory: 20, 61, 80, 103, 150, 155, 158, 254, 350, 360. 

Meslay, Jean-Baptiste Rouillé de (1656-1715). French printer; counselor at the Paris 

Parlement: 30. 

Metzen, Frau. (mid- to late-eighteenth century) Formerly the housekeeper for lieuten- 

ant general Fedor Villimovich Bauer, she was the woman to whom Euler proposed 

in 1775. His family forced her to renounce the engagement: 509, 510. 

Mirabel, Mademoiselle (eighteenth century). The woman from whom Euler purchased 

his Berlin house: 187. 

Mizler, Lorenz (1711-78). German composer, mathematician, physician, historian, 

natural scientist, and Wolffian professor at the University of Leipzig who briefly 

studied music composition with Johann Sebastian Bach: 159, 160. 

Moivre, Abraham de (1667-1754). French Huguenot-English mathematician and 

friend of Isaac Newton who conducted research on trigonometry, complex num- 

bers, and probability. FRS (1697-): 79, 399. 

Montecuccoli, Count Raimondo von (1609-80). Italian aristocrat. Field marshal in im- 

perial Austrian service and master of fortifications and maneuvers: 211. 

Montesquieu, Charles-Louis de Secondat, Baron de (1689-1755). French social com- 

mentator and political philosopher of the Enlightenment who opposed despotism. 

Author of The Persian Letters (1721) and The Spirit of the Laws (1748): 184, 239, 246. 

Mozart, Wolfgang Amadeus (1756-91). Austrian composer from the Viennese classical 

school; one of the greatest composers in Western classical music: 14. 

Miller, Gerhard Friedrich (1705-83). German historian, geographer, and pioneer in 
ethnography who conducted research in Siberia. Adjunct (1725-28) and OM 
and professor (1728-32), and conference secretary (1754-65) of the Pb AcS (re- 
duced to adjunct, 1750-51; restored as OM, 1752—); FM as FRS (1730-). Partici- 
pant in the Second Kamchatka Expedition (1733-43). FM of the Royal Swedish 
Academy of Sciences (1761-—); director of the archives of the Collegium of For- 
eign Affairs in Moscow (1766-). Published an appendix to the popular science 
monthly Sankt Peterburgskie Vedomosti (1755-): 51, 71, 84, 110-112, 172, 174, 254, 
265, 388, 389, 393, 404, 405, 409, 410, 411, 421, 425, 427, 430, 432, 433, 442, 451, 
453, 485, 507. 

Minnich, Count Burkhardt Christoph von (1683-1767). Russian count, statesman, and 
general field marshal of the Russian Army. Banished in 1741, returned in 1762: 87, 
111, 171, 187. 

Murr, Christoph Gottlieb von (1733-1811). German historian, polymath, bibliogra- 
pher, and magistrate in Nuremberg: 495, 503. 

Musschenbroek, Pieter (Petrus) van (1692-1761). Dutch mathematician, natural phi- 
losopher, and discoverer of the principle of the Leiden jar. Professor of mathemat- 
ics at the Universities of Utrecht (1723-39) and Leiden (1739-); FM of the Pb AcS 
(1754—) the Berlin AcS (1746-) and the Royal Swedish AcS (1747-): 148, 149, 161, 
918, 246, 356. 

Napier, John (1550-1617). Scottish mathematician and theological writer known to 
have first come up with the concept of logarithms: 14. 
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Nartov, Andrej Konstantinovich (1693-1756). Russian natural philosopher, official, mil- 
itary engineer, and sculptor who worked in applied mechanics for Peter I. Leader 
of the academic Werkstatten and the academic chancery or administrative commis- 
sion (1742-43): 67, 214. 

Naudé, David (1720-94). German mathematician and astronomer at the Berlin AcS; 
son of Phillipp Naudeé: 170, 216. 

Naudé, Philipp, der Jiingere (the Younger) (1684-1745). Prussian mathematician. OM 
of the Berlin AcS (1711-), FM as FRS (1738-): 101, 170, 178, 190, 194, 205, 210, 
216, 220, 345. 

Navier, Claude-Louis-Marie-Henri (1785-1836). French engineer, physicist (in me- 
chanics), and editor. Teacher of applied mechanics (1819-31) and then professor 
(1831-) at the Ecole des Ponts et Chausées; technical consultant to the French state 
(1830-); OM of the Paris AcS (1824-): 312. 

Neipperg, Count Wilhelm Reinhard von (1684-1774). Imperial Austrian general: 184. 

Newton, Isaac (1642-1727). English natural philosopher (physicist), mathematician, 
astronomer, and alchemist known for his theory of gravitation. Inventor of calcu- 
lus, disputed Gottfried Wilhelm Leibniz. Lucasian Professor at the University of 
Cambridge, author of the Principia mathematica (1687) and Opticks (1704). Master 
of the Royal Mint; fellow (1671—), and president of the Royal Society of London 
(1703-); FM of the Paris AcS (1699-): ix, 19, 22, 42, 50, 53, 54, 56, 61, 63, 64, 95, 
98, 113, 115, 119, 121, 125, 126, 132, 142, 143, 145, 149, 153, 155, 161, 166, 176, 178, 
201, 211, 218, 220, 228, 232, 247, 257, 259, 265, 272, 273, 275-278, 285, 287, 305, 307, 
308, 320, 325, 326, 333, 336, 342, 344, 349, 357, 365, 377, 392, 428, 443, 462, 468, 469, 
478, 504, 507, 532, 535. 

Norbel, Johann Jacob (d. 1758). Euler’s brother-in-law: 162. 

Nollet, Jean Antoine (also known as Abbé Nollet) (1700-1770). French clergyman and 
natural philosopher who conducted research on electricity and reportedly named 
the Leiden jar. Entered Paris AcS (1739) becoming OM (1758-). professor at the 
University of Paris, contributed to the Mémoires of the Paris AcS and the Philosophi- 
cal Transactions of the Royal Society of London; FM as FRS (1734-). 

Nostradamus (1503-66). French apothecary and reputed seer, published a famous col- 
lection of prophecies: 409. 

Oechlitz, Christian Friedrich (b. 1723). German mathematician. Philosophy teacher at 
the University of Leipzig (1745—): 254, 281, 301. 

Oecolampadius, Ulrich (Johannes Heussgen) (1482-1531). South German religious re- 
former, Christian humanist, and philologist: 6, 9. 

Orlov, Count Grigorij Grigor’evich (1734-83). Russian general in chief and statesman. 
Lover of Catherine II, he fathered two of her children and supported her coup in 
1762: 455. 

Orlov, Count Vladimir Grigor’evich (1743-1831). Youngest of the famous Orlov broth- 
ers, named by Catherine IJ as director of the Pb AcS (1766-74), where he replaced 
Latin with German as the official language; later an HM there (1809-). Patronized 
such German men of science as Peter Simon Pallas: 455, 474, 480, 481, 487, 495, 
496, 500, 501, 503, 508, 509, 534. 

Ostermann, Andrei Ivanovich (b. Heinrich Johann Friedrich Ostermann) (1686-1747). 
German-born Russian count and statesman. Vice president of foreign affairs 
(1723-40); vice chancellor of all Russia (1740-41) and also cabinet minister of 
commerce, governor (1730-40); then exiled (1741). Pursued an imperial Austrian 
alliance: 171, 174, 187. 

Paccassi, Johann Freiherr (Baron) von (fl. 1760-80). Astronomer, mathematician, and 
translator in Vienna: 229. 

Pallas, Peter Simon (1741-1811). German zoologist, botanist, naturalist, and natural 
historian who made expeditions to central Russia and conducted research on native 
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peoples and animals. Professor of natural history and OM at the Pb AcS (1767-); 
FM of the Royal Swedish Academy of Sciences (1776—): 484, 485, 502, 526. 

Papin, Denis (1647—ca. 1712). French physicist, mathematician, and inventor: 61, 67. 

Paracelsus (b. Philippus Aureolus Theophrastus Bombastus von Hohenheim) (1493- 
1541). Swiss physician, alchemist, and an initiator of chemical medicines: 6-7, 148. 

Parker, George, Second Earl of Macclesfield (ca. 1695 or 1697-1764). English peer, 
landowner, and astronomer. Supported the shift to the Gregorian calendar, stud- 
ied the great Lisbon earthquake of 1755. Fellow and president of the Royal Society 
(1752-); HM of the Berlin AcS (1749-); FM of the Pb AcS (1753-) and the Paris 
AcS (1755-): 399. 

Passavant, Daniel (1722-99). Basler scholar, mathematician, and physician. OM of the 
Berlin AcS (1748-50), returned to Basel and was closed out of the Berlin AcS. 
Later the postmaster in Basel: 329. 

Passavant, Franz (d. 1783). City clerk of Basel: 329. 

Pell, John (1611-85). Professor of mathematics in Amsterdam (1643-46), and Breda 
(1646-52). Lecturer on mathematics in London, rector at Fobbing in Essex (1661- 
85), and at Laindon and Basildon in Essex (1663-85): 475. 

Pemberton, Henry (1694-1771). English physician, physiologist, and mathematician. 
FRS (1720-); FM of the Berlin AcS (1746-): 29, 30, 465. 

Pestalozzi, Johann Heinrich (1746-1827). Swiss pedagogue, educational reformer, and 
advocate of social justice: 15. 

Peter I, the Great (1672-1725; reigned 1682-1725). Russian czar. Established Russia 
as a power in Europe and founder of the Pb AcS (1724-25); FM of the Paris AcS 
(1717-): 38-40, 42-48, 68, 70, 82, 87, 99, 171, 281, 504, 528. 

Peter II (b. Peter Alekseyevich Romanov) (1715-30). Czar of Russia, 1727-30: 68, 82. 

Peter III (1728-62; reigned 1761-62). Czar of Russia. Succeeded by his wife, Cath- 
erine IT: 429, 495, 529. 

Philidor, Frangois-André Danican (1726-95). French musical prodigy, composer, and 
champion chess player. Taught chess to nobles of the court of Frederick II in Pots- 
dam, contributed to the origins of opera comique: 334, 335. 

Pitt, William the Elder (1708-1778). Prime Minister of Great Britain, 1766-68: 414. 

Pius II (1405-1464). Roman Catholic pope (1458-64): 10. 

Plato (429-347 B.C.). Philosopher in ancient Greece and founder of the academy in 
Athens: 56, 57, 153, 154, 262. 

Poleni, Giovanni Marchese (1683-1761). Italian natural philosopher, mathematician, 
astronomer, and antiquarian who studied hydraulics. Professor in mathematics at 
the University of Padua (1708-19). FM as FRS (1710-). HM of the Berlin AcS 
(1715-), Pb AcS (1725-), and Paris AcS (1739-): 67, 122, 314. 

Polybius (ca. 201-120 B.C.). Historian in Hellenistic Greece, author of the multivolume 
The Histories, in which he pursued factual integrity: 404. 

Poniatowski, Stanislaw August (1723-98). King of Poland, HM of the Pb AcS: 449, 516. 

Pope, Alexander (1688-1744). English poet and satirist of the English Augustan period, 
translator of Homer, epigrammatic author: 403. 

Popov, Nikita Ivanovich (1720-82). Russian astronomer. Adjunct (1748-51), then pro- 
fessor of astronomy and OM of the Pb AcS (1751-68): 336. 

Potjomkin, Grigorij Aleksanseovich (Gregory Potemkin) (1739-91). Russian Army field 
marshal and statesman. Lover of Catherine I; created fake (Potemkin) villages set 
up along the Volga River for the empress to see as she passed by: 520. 

Pott, Johann Heinrich (1692-1777). German chemist and physician. Professor of Chem- 
istry at the Medico Surgery Center in Berlin; OM of the Berlin AcS (1722-54): 194, 
375, 376, 419, 431. 

Poussin, Nicolas (1594-1665). Foremost French painter of the classical French baroque 
style. He lived mainly in Rome: 402. 
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Praskovea, Princess (early eighteenth century). The widowed sister-in-law of Peter I: 
53, 528. 

Prémontval, André Pierre Le Quay de (1716-64). Mathematician, philosopher, peda- 
gogue, and defender of traditional marriage rather than common unofficial unions. 
OM of the Berlin AcS (1752): 344, 438. 

Prokopovich, Feofan (Theophan) (1681-1736). Ukrainian statesman, theologian, and 
religious reformer. Bishop of Pskov, archbishop of Novgorod; helped Peter I in 
modernizing Russia and was a founder of the Pb AcS: 46, 82, 149. 

Protassov, Aleksey Protas’evich (1724-96). Russian physician who conducted research 
in anatomy. Professor of anatomy and OM of the Pb AcS (1763-): 484. 

Ptolemy, Claudius (ca. 100-ca. 170). Hellenistic astronomer, mathematician, and geog- 
rapher in Alexandria. Author of the Almagest: 2, 114, 115, 154-156, 315, 339, 354. 

Pufendorf, Samuel von (1632-94). German jurist, political philosopher, historian, 
economist, and statesman. Advocate of Cartesian philosophy who wrote on moral 
obligations and natural law. Taught at the Universities of Leipzig and Jena; made 
a baron in 1684: 180. 

Pugachev, Yemel’yan Ivanovich (1740 or 1742-1775). Cossack pretender to the Rus- 
sian throne who led the peasants’ rebellion with the Cossacks against Catherine II 
(1773-75), wanting an end to serfdom: 456, 495. 

Pythagoras of Samos (ca. 570-ca. 490 B.C.). Philosopher of ancient Greece who held a 
belief in a rational cosmology and who is credited with devising the Pythagorean 
Theorem on right triangles. Some of his followers pushed a scientific and math- 
ematical direction of philosophy: 153, 156. 

Quirini, Cardinal Angelo Maria (1680-1755). Italian scholar and Benedictine cardinal 
of the Roman Catholic Church who wrote on liturgy and the history of the Greek 
church and the papacy (Paul II). Bishop of Brescia, Cardinal, Prefect of the Vati- 
can Library and then of the Index congregation (1747); FM of the Vienna Academy 
of Sciences (1747-) and the Berlin AcS (1748—) and the PAcS (1749-): 297. 

Rachette, Jean-Dominique (1744-1809). French sculptor who designed models for the 
imperial porcelain factory in Russia. Made a bust of Euler: 534. 

Rameau, Jean-Philippe (1683-1764). French composer and music theorist of the Ba- 
roque era, known for his harpsichord music and operas; created a synthesis of har- 
monic rules. Displaced Jean-Baptiste Lully as the chief composer of French opera: 
153, 159, 360, 361, 394. 

Ramus, Petrus (1515-72). French humanist, logician, educational reformer, and rhetori- 
cian who taught reformed Aristotelian logic: 179. 

Raynal, Guillaume Frangois, Abbé de (1711-96). French writer and propagandist, 
briefly a Jesuit, who helped set the climate for the French Revolution. Wrote a 
history of the East and West Indies, denounced European cruelty toward colonial 
peoples, and condemned the practice of slavery: 357, 358, 501. 

Razumovskij, Count Kirill Gregor’evich (1728-1803). General field marshall, Hetman 
of Ukraine (1746-1798), president of the Pb AcS (1746-98), HM of the Berlin AcS 
(1748): 189, 286, 300, 306, 321, 331, 333, 368, 376, 377, 404, 406, 433, 454. 

Réamur, René Antoine Ferchault de (1683-1757). French naturalist and natural phi- 
losopher specializing in entomology. Developed what would become known as the 
Réamur temperature scale and Réamur porcelain. OM of Paris AcS (1708-); FM of 
the Berlin AcS and the Pb AcS (1737-); FM as FRS (1738-), and FM of the Royal 
Swedish Academy of Sciences (1748-): 313. 

Redern, Count Sigismund Ehrenreich von (1719-89). Prussian court marshal and then 
chief marshal for Frederick I’s mother; HM and curator of the Berlin AcS (1751-). 
He wrote articles on the perfection of optical instruments—especially telescopes, 
including the research of John Dollond—and late in his career also wrote on meta- 
physics and chemistry: 351, 456. 


Register of Principal Names 651 


Reinbeck, Johann Gustav (1683-1741). Lutheran theologian. Curator in Berlin and provost 
at the University of Halle. Forerunner of Enlightenment theology in Prussia: 179, 180. 

Reshevski, Alexey (1711-73). Juncker noble, occasional substitute for Vladimir Orlov 
as director of the Pb AcS (1775-73). Had good relations with Leonhard Euler and 
his son Johann Albrecht: 455, 486. 

Reuchlin, Johannes (1455-1522). German humanist, political counselor, and scholar of 
Greek and Hebrew: 6. 

Riccati, Jacopo (1676-1754). Italian mathematician, natural philosopher, and hydrauli- 
cist in Venice and Treviso: 50. 

Richmann, Georg Wilhelm (1711-53). German natural philosopher. Adjunct (1740-41) 
and OM (1741-) of the Pb AcS and director of its physics laboratory; pioneer in 
the study of electricity. Killed when accidentally struck by lightning in an experi- 
ment similar to that of Benjamin Franklin: 235, 236, 282, 305, 336, 382, 411. 

Riemann, Bernhard (1826-66). Major German mathematician credited with contribu- 
tions to differential geometry that prepared the way for general relativity, as well as 
contributions to complex analysis and number theory. Professor at the University 
of Gottingen (1854-66) and head of its mathematical department (1859-); CM of 
the Berlin AcS and the Gesellschaft der Wissenschafter (Science Society) in Got- 
tingen (1859-): 78, 136. 

Ritter, Johann Jakob (1714-84). Swiss physician. MD from the University of Basel 
(1737); professor of anatomy, medicine, and botany at Franeker University (1747- 
50); physician in Silesia (1750-): 18, 19. 

Robins, Benjamin (1707-51). English mathematician and military engineer, Newto- 
nian, and critic of Euler. Conducted research on fortifications and ballistics and au- 
thored New Principles of Gunnery (1742). FRS (1727-): 128-130, 141, 211, 231, 308. 

Rohault, Jacques (1618-72). Cartesian natural philosopher and mathematician: 23, 54. 

Romer, Ole (1644-1710). Danish astronomer who demonstrated that the speed of light 
is finite. He spent nine years working at the Paris Observatory, professor of astron- 
omy at the University of Copenhagen (1681-1705), cheif of Copenhagen police 
(1705-10): 155. 

Roloff, Christian Ludwig (1726-1800). German botanist and author of Index plantarum 
tem peregrimarum quam ostro nascentium: 420. 

Rose, Anton Ferdinand (fl. 1750s—60s). Danish editor and publisher in Rostock: 421. 

Rosén von Rosenstein, Nils (1706-73). Swedish physician, specialist in applied anat- 
omy. Opposed by Carl Linnaeus on medical treatments of illnesses. Professor of 
medicine at Uppsala University (1740-); first physician to the king of Sweden 
(1743-); member and president of the Royal Swedish Academy of Sciences: 511. 

Rousseau, Jean-Jacques (1712-78). Genevan philosopher, writer, composer, music theo- 
rist, and botanist. Contributor in the fields of political philosophy, moral psychol- 
ogy, sociology, and education, and influenced Immanuel Kant: 153, 394, 501. 

Rudolff, Christoph (1499-1545). German cossist (algebraist): 13, 14, 101. 

Rumovskij, Stepan Jakolevich (1734-1812). Russian astronomer, mathematician, ge- 
ographer, humanist, and student of Euler. Adjunct (1753-63); director of the geo- 
graphical department (1763-67), professor of astronomy and OM (1767-), and 
vice president (1800—) of the Pb AcS; FM to the Royal Swedish Academy of Sci- 
ences (1761-): 235, 393, 405, 454, 457, 461, 480, 484, 497, 510. 

Russell, Bertrand Arthur William (1872-1970). English philosopher, logician, episte- 
mologist, and mathematician. FRS (1908-), Nobel Prize laureate (1950-): 19, 397. 

Sack, August Friedrich Wilhelm (1703-86). German philosopher, theologian, and 
cleric. Court pastor in Berlin and pastor of the city’s consistory; OM (1744-60) 
and veteran member (1760-) of the Berlin AcS: 249. 

Salchow, Ulrich Christoph (1722-87). German physician and chemist. Professor of 
chemistry and OM of the Pb AcS (1753-60): 405. 
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Sanches/z, (Antonio Nujies) Ribeiro (1699-1783). Portuguese physician, translator, en- 
cyclopedist, philosopher, pedagogue, and historian. First doctor of the Russian 
Army (1735-40); first physician to the Russian court (1740-47) and to Louis XV. 
FM of the Pb AcS (1747-48 and 1762-70), the Royal Medical Society in Paris 
(1747-), and the newly founded Royal Academy of Sciences in Lisbon. He discov- 
ered a new treatment for venereal disease: 471. 

Scaliger, Joseph Justus (1540-1609). Dutch historian, textual critic, religious leader, 
and philologist who worked on chronology with the aid of astronomy and on com- 
parative linguistics; expanded studies on classical history and taught at the Uni- 
versity of Leiden: 118. 

Schepin, Konstantin Ivanovich (1728-70). Russian physician and botanist. Professor at 
the chief hospital in Saint Petersburg: 426. 

Schmettau, Count Samuel von (1684-1751). Prussian general field marshal and geog- 
rapher, in Imperial Austrian and then Prussian military service (1717-41), field 
marshall (1744-51), curator of the Berlin AcS (1744-51): 199, 200, 216, 232, 301. 

Schopenhauer, Arthur (1788-1860). German philosopher who stressed aesthetics. Lec- 
turer at the University of Berlin (1825-32) and author of Die Welt als Wille und 
Vorstellung (2 vols., 1819): 469. 

Schorndorf, Johann (d. 1769). Postmaster and friend of the Euler family in Basel: 283. 

Schumacher, Johann Daniel (1690-1761). Alsatian bureaucrat and librarian. Offici- 
ated over the Pb AcS (1725-59, with one brief interruption); also managed its 
library and Kunstkamera: 44, 46, 70, 81, 84, 85, 89, 91, 110, 141, 175, 212, 213, 
234-236, 238, 253, 254, 269, 281, 294, 314, 320, 327, 331, 332, 336, 368, 382, 392, 
393, 404, 455. 

Segner, Jan Andrej (Johann Andreas) von (1704-77). Hungarian-born natural philoso- 
pher and mathematician. Professor of natural science and mathematics at the Uni- 
versity of Géttingen and the University of Halle (1754—); FM of the Berlin AcS 
(1746-) and the Pb AcS (1754—): 138, 312, 347, 375, 386, 387, 400, 426, 427, 435, 
480, 485, 535. 

*sGravesande, Willem Jacob (1688-1742). Dutch mathematician, natural philosopher, 
and lawyer who criticized the concept of perpetual motion. FM as FRS (1715-); 
professor at University of Leiden (1717-); offered but declined posts in the Pb AcS 
(1724) and the Berlin AcS (1737): 21, 45, 50, 85, 149, 339, 354. 

Shafirov, Baron Peter Pavlovich (1670-1739). Russian statesman; coadjutor for Peter I: 53. 

Short, James (1710-68). Leading British instrument maker and astronomer who cre- 
ated and built instruments for the Royal Society of London, including reflecting 
telescopes, in part to observe the transit of Venus in 1769, but he did not live long 
enough to do so. FRS (1736-): 415. 

Sievers, Pieter de (eighteenth century). Danish marine lieutenant and later Russian 
captain (1712-19) and admiral (1719-40); vice president of the Russian Admirals’ 
College (1727-40): 69. 

Silberschlag, Johann Essais (1721-91). German Lutheran theologian and natural scien- 
tist. Pastor in Bergen; director of the Realschule in Berlin (1769-).FM (1760-86) 
and OM (1786-) of the Berlin AcS: 420. 

Sloane, Hans (1660-1753). Irish physician, naturalist, collector, and a founder of the 
British Museum. FRS (1685-), editor of the Philosophical Transactions (1693-1713), 
and president of the Royal Society succeeding Isaac Newton (1727-41). FM of the 
Paris AcS (1709-),the Berlin AcS (1712-), and the Pb AcS (1734-): 149. 

Snow, Charles Percy (1905-80). British physicist and novelist responsible for the two 
cultures theory: 149, 268, 346. 

Sofronov, Mikhail Ivanovié (1729-60). Student of Euler. Adjunct in mathematics at the 
Pb AcS (1753-): 393. 
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Sophia-Dorothea of Hanover (1687-1757). German princess interested in art, literature, 
the sciences, and fashion who wrote on the improvement of scientific instruments, 
including the telescope. Queen consort in Prussia (1713-); HM of the Berlin AcS 
(1751-) and one of its curators: 187, 417. 

Sophie Charlotte (1668-1705). Electress of Brandenburg (1688—); queen consort of 
Prussia (1701-5). Friend of Gottfried Wilhelm Leibniz, who was a guest at her 
palace at Liitzenburg outside Berlin: 177, 385. 

Spener, Johann Carl (d. 1756). Codirector (with Ambrose Haude) of the Haude and 
Spener publishing firm in Berlin: 251. 

Spener, Philipp Jacob (1635-1705). German Christian theologian of the Holy Roman 
Empire who called for the reform of the Lutheran Church. A founder of the Uni- 
versity of Halle (1694). Instrumental in the advancement of Pietism (though not a 
strict adherent) and publisher of the German “musical library”: 46. 

Spinoza, (Baruch) Benedict de (1632-77). Dutch Jewish philosopher: 45, 218. 

Stahelin, Benedict (1695-1750). Basel physician and experimental physicist. CM of the 
Paris AcS (1727-); professor of physics (1727-) and rector (1737—) of the Univer- 
sity of Basel. FM of several academies: 85. 

Stahl, Georg Ernest (1660-1734). German physician and chemist who proposed the 
theory of phlogiston to explain combustion; the theory was dominant for most of 
the eighteenth century. Court physician at Weimar, professor of medicine at the 
University of Halle (1694-1715), and royal physician in Berlin (1715-): 69. 

Stahlin, Jacob (1709-85). German-born adjunct (1735-37), OM and professor of rheto- 
ric and poetry (1737—), and conference secretary (1765-69) of the Pb AcS: 448, 452, 
454, 457, 484, 528, 529. 

Stapff, Gottfridus Magnus Maria (mid-eighteenth century). Freiburg theologian; par- 
ticipant in the Pb AcS annual prize competition in 1751: 322. 

Stevin, Simon (1548-1620). Dutch mathematician, music theorist, engineer dealing 
with fortifications and navigation, and defender of Copernican astronomy. Known 
for devising decimal notation. Established an engineering school at the University 
of Leiden (1600); quartermaster general of the Dutch army (1604-): 14. 

Stifel, Michael (1487-1567). German cossist (algebraist): 13. 

Stirling, James (1692-1770). Scottish mathematician who contributed to the theory 
of infinite series and differential calculus. FRS (1726-53), FM of the Berlin AcS 
(1746-) and the Pb AcS: 95, 122, 132, 246, 255. 

Stokes, George Gabriel, First Baronet (1819-1903). British physicist, mathematician, 
politician, and theologian who studied viscous liquids and was a pioneer of ge- 
odesy. Lucasian Professor of Mathematics at Cambridge University (1849-1903); 
FRS (1851-), and later the society’s secretary and then its president: 312. 

Stratico, Simone (eighteenth century). Italian translator: 508. 

Suhm, Ulrich Friedrich von (1691-1740). Saxon count; friend of Frederick II and Prus- 
sian ambassador to Russia: 170. 

Sully, Henri (early eighteenth century). Mathematician: 28. 

Sulzer, Johann Georg (1720-79). Swiss Wolffian philosopher and aesthetician. Pro- 
fessor of mathematics at the gymnasium in Joachimsthal; OM of the Berlin AcS 
(1750-) and director of its philosophy department shortly before his death. Trans- 
lator into German of David Hume’s An Enquiry Concerning the Principles of Morals, 
(1755): 330, 344, 403, 439, 441, 445. 

Siissmilch, Johann Peter (1707-67). German pastor, theologian, and statistician in Ber- 
lin. Pioneer in demography in Prussia; worked with a new concept of social statis- 
tics: 431, 474. 

Tartaglia, Niccolé Fontana (1500-57). Italian mathematician, engineer, and surveyor, 
and the first to solve cubic equations algebraically. Debated Girolamo Cardano; 
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translated Euclid into Italian; advanced the field of ballistics with his theory of 
gunnery: 210. 

Tatishchev, Vasilii Nikititch (1686-1750). Russian statesman, historian, geographer, and 
economic developer: 44, 47, 101, 116. 

Taubert, Johann Kaspar (1717-71). Son-in-law of Johann Daniel Schumacher. Adjunct 
in history (1738-), librarian, and chancery official of the Pb AcS. Correspondent of 
Euler (1759-66); supervisor of the Kunstkammer (1761-67); business organizer: 433. 

Taylor, Brook (1685-1731). English mathematician at the University of Cambridge, 
known for the Taylor Theorem and the Taylor Series in calculus. FRS (1712-) and 
the society’s secretary (1714-18): 15, 24, 106, 132, 225. 

Teploy, Grigorij Nikolaevich (1725-79). Russian senator, academic administrator, and 
adviser and assistant to Count Kirill Gregor’evich Razumovskij. Adjunct in botany 
(1742-47), secretary, assessor (1746—) of the academic chancery, and HM (1747-) 
of the Pb AcS. Correspondent of Euler and translator of the writings of Christian 
Wolff: 189, 253, 281, 286, 300, 306, 320, 332, 433, 434. 

Thiébault, Dieudonné (1730-1807). French man of letters. Professor of French grammar 
at the military school and the Royal Court in Berlin (1765-84) and member of the 
Berlin AcS (1765—), for which he corrected the grammar in many publications. 
Wrote about Frederick II and his court before returning to France in 1784: 282, 
419, 421, 441, 445, 450. 

Thomasius, Christian (1655-1728). German jurist and philosopher. In Leipzig a central 
figure in the German Enlightenment who lectured in German; a founder of the 
University of Halle: 180. 

Tindal, Matthew (1657-1733). English philosopher, theologian, proponent of Christian 
deism with reason foremost over faith, and defender of the Erastian view of the 
place of the state over the church: 266. 

Tiresias. In Greek mythology, Tiresias was a blind Theban seer of Apollo who had great 
prophetic gifts. Among others, Homer, Euripides, and Ovid mention him. In later 
European literature, he was cited as a prophet: 534. 

Totleben (Tottleben), Count Gottlob Heinrich (1710-73). General in the Russian 
Army, part of the brief Berlin occupation (1760); pardoned from death sentence by 
Catherine II (1763): 425. 

Toussaint, Frangois-Vincent (1715-72). French author, publisher, and translator who 
wrote the novel Les Moeurs (1748); OM of the Berlin AcS (1751-): 438. 

Trediakovskii, Vasily Kirillovich (1703-69). Russian poet, prose writer, playwright, lit- 
erary theorist, and translator of Bernhard Le Bovier de Fontenelle’s Adventures of 
Telemak. Professor of eloquence at the Pb AcS (1745-): 118. 

Trezzini, Domenico Andrea (ca. 1670-1734). Swiss architect famous for the Peter and 
Paul Fortress in Russia: 40, 41. 

Truesdell, Clifford (1919-2000). American mathematician, natural philosopher, his- 
torian of science, and specialist on rational thermodynamics. Professor at Johns 
Hopkins University, editor of five volumes of Euler’s Opera omnia: xii, 398. 

Turgot, Anne-Robert Jacques, Baron de Laune (1727-1781). French economist, reformer, 
statesman, physiocrat, and (under Louis XVI) comptroller general of finance who 
ended corvée labor for peasants and supported religious tolerance: 431, 505, 507. 

Van Schooten, Franz (1615-60). Dutch mathematician; popularizer of Cartesian geom- 
etry: 101. 

Varignon, Pierre (1654-1722). French mathematician and researcher in graphical statics 
and mechanics. Professor in Paris at the Collége Mazaria (1688-) and the Collége 
Royale (1704—); OM of the Paris AcS (1688—); FM of the Berlin AcS (1713-); and 
FM as FRS (1718-): 24, 97, 287, 374. 

Vauban, Sébastien Le Prestre, Marquis de (1633-1707). Leading French military engi- 
neer who transformed fortification and siege strategies: 211. 
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Vaucanson, Jacques de (1709-82). French engineer. Prolific inventor of automata (in- 
cluding an automated loom and the first robots), machines, and machine tools 
important to the Industrial Revolution: 181. 

Venn, John (1834-1923). English mathematician, logician, philosopher, and Anglican 
priest skilled in building machines. Lecturer in moral science at the University of 
Cambridge and FRS (1897-—). Introduced what would later become known as the 
Venn diagram: 158, 464, 467, 477. 

Vermeulen, Georg Wilhelm (b. 1726). Cousin of Euler. Student at the Petersburg Acad- 
emy’s gymnasium (1738), afterward serving as an officer in the Prussian and Rus- 
sian military: 282, 375. 

Vermeulen, Karl Rudolf (b. 1728). Brother of Georg Wilhelm Vermeulen and cousin of 
Euler. Student at the Pb AcS gymnasium (ca. 1734), afterward serving in the Prus- 
sian military: 282. 

Viereck, Adam Otto von (1684-1758). Prussian minister of state, privy councilor, and 
diplomat: 177, 198, 199. 

Viéte, Francois (1540-1603). French attorney and councilor to Henry II and Henry IV; 
independent mathematician with algebra as his major field: 101, 133, 483. 

Vignoles, Alphonse des (1649-1744). French noble, savant, and historian. FM (1701-3), 
OM (1703-), director of the mathematics department (1721-), and vice president 
(1729-30) of the Berlin AcS: 178, 189, 215. 

Vignon, P. (eighteenth century). French instrument maker: 81. 

Virgil (Publius Vergilius Maro) (70-19 B.C.). Roman poet, author of the Aeneid: 22, 330. 

Vlacq, Adriaan (ca. 1600-1667). Dutch publisher and mathematician who printed early 
tables of logarithms to fourteen decimal places: 94. 

Voltaire (pen name of Francois Marie Arouet) (1694-1778). French writer, dramatist, 
philosophe, historian, public activist, and leader in the French Enlightenment. Ad- 
viser to Frederick II, FM as FRS (1743—), HM of the Berlin AcS (1746—), and FM 
of the Pb AcS (1746-—): 26, 52, 144, 148, 149, 176-178, 187, 237, 239, 295, 297-299, 
313, 322, 330, 351, 355-358, 363-366, 370, 372, 412, 417, 419, 431, 465, 527, 532. 

Voroncov (Vorontsov), Count Michail Ilarionovich (1714-67). Russian statesman and 
diplomat; high vice chancellor (1744—): 442, 446. 

Wagner, Johann Wilhelm (1681-1745). German astronomer and mathematician. OM of 
the old Berlin AcS (1716-); professor of construction at the Painting Academy in 
Berlin (1730-); librarian (1736-), astronomer, and director (1740-) of the Berlin 
Observatory and the Berlin AcS: 185. 

Wallis, John (1616-1703). English mathematician. Savilian Professor of Geometry at 
the University of Oxford (1649-): 50, 61, 78, 95, 101, 132-134, 287. 

Waltz, Johann Theophil (1713-47). German astronomer and mathematician in Dresden. 
FM of the Berlin AcS (1745-): 254. 

Waring, Edward (1734-98). English mathematician. Lucasian Professor at the Univer- 
sity of Cambridge (1760-); FRS (1763-): 529. 

Wegelin, Jakob Daniel (1721-91). Swiss historian, evangelical theologian, and philoso- 
pher. Professor of history at the Ritterakademie in Berlin, OM and archivist of the 
Berlin AcS (1765-): 5, 421, 447. 

Weggersloff, Friedrich (1702-63). Danish naval officer: 141. 

Weitbrecht, Josias (1702-47). German physiologist. Adjunct (1725-31) and professor 
and OM (1731-) at the Pb AcS: 51, 84, 235, 236, 282, 287. 

Wenz (Wentz), Ludwig (1695-1772). Swiss astronomer and mathematician in Basel. 
Correspondent of Euler (1742-65): 234. 

Wenzel, Baron Jakob Michael Johann Baptist von (1724-90). German ophthalmolo- 
gist and skillful cataract surgeon who operated on Euler. Later moved to London 
where he founded the first ophthalmic hospital; oculist to King George III: 484, 
488. 
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Werenfels, Samuel (1657-1740). Swiss Reform theologian: 9. 

Wettstein, Johann Kaspar (1695-1760). Basler theologian. Chaplain to the Princess of 
Wales; FM of the Berlin AcS (1752-): 22, 238, 269, 280, 283, 294, 298, 315, 316, 
348-350, 399, 410, 412, 413. 

Wijnquist, Daniel; Finnish mathematician who made constructible lunes in 1766 before 
Euler did in 1771: 483. 

Wilcke, Johan Carl (1732-95). Swedish natural philosopher who published on electric- 
ity. Admitted as lecturer (1759-70) and professor (1770—) of the Royal Swedish 
Academy of Sciences, then its permanent secretary (1784-96); FM as FRS (1789-): 
411. 

Wilson, Benjamin (1721-88). English painter, printmaker, and natural philosopher; 
FRS (1751-): 510. 

Winckelmann, Johann Joachim (1717-68). German art historian and archeologist; pre- 
fect of antiquities for the Vatican. A pioneer in modern art history: 139, 318, 319, 
437. 

Winsheim, Christian Nikolaus (1694-1751). German astronomer at the University of 
Halle. Adjunct (1731-35), associate professor of astronomy (1735-), and confer- 
ence secretary (1742-46 and 1749-51) of the Pb AcS: 116, 212, 236, 320, 336. 

Wolff, Caspar Friedrich (1734-94). German physiologist. A pioneer in embryology who 
established epigenesis rather than preformation in births. With help from Euler he 
became professor of anatomy and OM at the Pb AcS (1767-): 422, 482, 484. 

Wolff, Christian, Freiherr (Baron) von (1679-1754). German rationalist philosopher, 
mathematician, and writer on aesthetics, politics, psychology, and natural law. Pro- 
fessor of mathematics and physics at the University of Halle (1707-23 and 1740-) 
and philosophy and natural science at the University of Marburg (1723-40). OM 
(1710-11) and FM (1711-) of the Berlin AcS; FM as FRS (1710-); FM of the Pb 
AcS (1725-), and FM of the Paris AcS (1733-): 38, 43, 45-47, 53, 54, 59, 60, 63, 101, 
103, 126, 130, 151, 170, 172, 176, 179, 180, 197, 212, 218, 219, 243, 248-250, 262, 263, 
265, 296, 313, 326, 333, 340, 342, 344, 353, 357, 370, 371, 386, 387, 463. 

Wren, Christopher (1632-1723). English architect, geometer, astronomer, and designer 
of Saint Paul’s Cathedral in London. A founder of the Royal Society of London 
and its president (1680-82): 61. 

Zeiher, Johann Ernst (1720-84). Professor of physics in Wittenberg; professor of me- 
chanics and OM (1756-64) and HM (1764) of the Pb AcS: 442. 

Zeno of Elea (ca. 490-ca. 430 B.C.). Pre-Socratic Greek philosopher, member of the 
Eleatic school. Known from Plato’s Parmenides and believed to have posed four 
paradoxes: plurality and complete divisibility, motion and change generally, place, 
and grains of millet; Aristotle attributed two more to him: 57, 250. 

Zwinger, Jakob (1569-1610). Swiss physician and philologist. Son of Theodore Zwinger 
and member of a dynasty of Swiss scholars: 10. 

Zwinger, Johann Rudolf (1692-1777). Professor (1712-), dean of the medical faculty 
(1727-) and, at two other times, rector at the University of Basel: 36. 

Zwinger, Theodore (1533-88). Member of a dynasty of Swiss scholars: 10. 

Zwingli, Ulrich (1484-1531). Leader of the Reformation in the Swiss Confederation 
who turned Zurich into a Protestant city: 6, 9. 
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Abstraction, 379 

Académie frangaise, 176, 184, 200, 386 

Academies, 320 

Academy of Bologna, 280 

Academy of Bordeaux, 254 

Accessit, 147, 148, 381 

Acoustics, 150, 155 

Acta, Petersburg Academy, 510, 516 

Acta eruditorum, 27, 50, 58, 91, 132, 318, 
330, 354, 369 

“Action,” 341, 371 

Action-at-a-distance, 141, 266 

Admiralty, Russian, 269, 280, 301 

Aerodynamics, 126 

Aerostatics, 531 

Agriculture, 240, 309 

Algebra, 92, 113, 260, 294, 367, 379, 456, 
476, 477 

Algorithm, 270, 347, 387, 397, 406, 489; 
Euclidean, 151 

Almagest, 154 

Almanacs, 191, 216, 242, 254, 299, 315, 
316, 330, 348, 349, 412, 439, 442 

American Academy of Arts and Sciences, 
3, 525 

Amsterdam, 41, 86, 87, 130, 329 

Analogy, 259, 397 

Analysin, 287, 288 

Analysis, 379, 396, 432, 460, 504 

Analysis situs, 327 

Anleitung zur Naturlehre, 402 

Anmerkungen tiber die Zeitung, 166 

Aphelion, 478 

Aphorism, 391 

Apocalypse, 468 

Apogee, lunar, 256, 273, 275-277, 300, 
304, 318, 321 

Apollo, 197 

Apollonius of Rhodes, 144 

Apollo’s arrow, 123 

Apologia, 52 

Apoplexy, 532 

Apsides, 256 

Apsis, lunar, 274 


Archives, 441, 508 

Arcs, 380 

Arctangent, 119, 130 

Argonaut myth, 255 

Aristocracy, 64, 252, 408, 411 

Aristotle’s axiom, 339 

Arithmetic, 113, 154, 314, 477 

Arnold, Johann, 422 

Ars inveniendi, 105, 225 

Artillery, 117, 130, 210, 231, 232, 427, 457, 
508 

Arts, 239, 318; Homeric, 318 

Asia, 222, 520 

Astrology, 315 

Astronomer, 239, 242, 278, 322, 324, 384, 
400, 413 

Astronomy, 92, 113, 143, 153, 215, 232, 
234, 239, 240, 252, 257, 258, 272, 277, 
293, 294, 314, 320, 331, 332, 347, 350, 
376, 377, 390, 396, 397, 405, 453, 456, 
466, 474, 479-481, 488, 489, 511, 516 

Atlas, 349, 517 

Atlas Russicus, 236, 517 

Atmosphere, 293, 375 

Atoms, 247, 263, 338, 469 

Attraction, mutual gravitational, 129, 141, 
228, 265, 266, 273, 274, 305, 306, 320, 
322, 336, 337, 358, 376, 377, 463 

Audacity, 251 

Aufklarung, 59, 319 

Augustus, 241 

Austria, 190, 409, 410, 424 

Authenticity, 343, 373 

Authors, ancient Roman, 269 

Axioms, 272, 507 


Balances, 139 

Balbi, Johann Friedrich, 310 

Ballistic pendulum, 127 

Ballistics, 49, 50, 92, 94, 201, 210, 211, 232 

Baltic Sea, 42, 44, 138, 174, 426, 449, 502 

Barometer, 110, 387 

Basel, xi, 3-7, 14, 16, 32, 36, 37, 39, 51, 
69, 82, 85, 86, 179, 194, 198, 213, 222, 
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Basel (continued) 
234, 238, 241, 273, 285, 298, 313, 314, 
318, 329, 334, 337, 343, 350, 352, 363, 
385, 417, 438, 532 

Basel problem, 78, 106, 107, 118, 120, 121, 
122, 396 

Basel notebook, 123 

Bavarian Academy of Sciences, 422, 424 

Bees, 397 

Berlin, xi, 34, 42, 92, 141, 164, 170, 
172, 176-178, 180-182, 185, 188, 204, 
208, 212, 217, 218, 221, 223, 231, 234, 
236-239, 242, 244-247, 253, 262, 268, 
279, 282, 293, 296, 298, 299, 301, 304, 
306, 316, 319, 320, 322, 325, 329, 334, 
344, 346, 348, 356, 357, 364-366, 369, 
370, 373-375, 382, 386, 387, 392, 393, 
402, 405, 407-409, 411-413, 417, 422, 
427, 430-433, 443, 446, 448, 449, 455, 
457, 474, 488, 490, 497, 501, 505, 510, 
518, 532 

Berlin (Royal Prussian) Academy of Sci- 
ences, xi, 109, 170, 172, 175, 180, 181, 
189, 199, 201, 215, 216, 220, 223, 235, 
238, 239, 241, 244, 245-248, 260, 262, 
270, 272, 279, 282, 284, 294, 299, 300, 
301, 313-315, 317, 318, 323, 327, 331, 
341, 342, 349, 353, 355, 356, 357, 367, 
369-371, 374, 375, 377, 378, 381, 383, 
385, 386, 388, 389, 392, 394, 397, 398, 
403, 407, 408, 411, 412, 414, 419, 422, 
423, 428-432, 434, 437-440, 446, 448, 
456, 464, 465, 470, 473, 492, 494, 511, 
515, 533 

Berlin Observatory, 314 

Bern, 273, 274, 343, 350 

Bernoulli: family, 465; Daniel, 16, 25-27, 
32, 37, 38, 49, 50, 54, 60-66, 68-70, 72, 
77, 79, 83-86, 94, 96-98, 105, 109, 110, 
113, 116, 123, 131, 144, 147, 152, 159, 
160, 161, 162, 165, 167, 168, 172, 191, 
195, 203, 205, 207, 211, 221, 226, 227, 
230, 232, 235, 236, 245, 254, 255, 265, 
277, 283, 285, 287, 292, 304, 305, 312, 
329, 334, 335, 347, 356, 363, 380, 381, 
386, 391, 392, 395, 399, 413, 470, 480, 
482, 494, 496, 506, 508, 511, 512, 518, 
535; Jakob, 10, 23, 24, 49, 59, 77, 78, 
96, 97, 100, 105, 121, 122, 133, 226, 492; 
Johann I, 10, 17-19, 21, 22, 24, 25, 28, 
29, 31, 38, 56, 59, 60, 63, 73, 74, 76-78, 
82, 87, 93, 95, 105, 122, 123, 126, 130, 
132, 146, 150, 152, 170, 172, 173, 179, 
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183, 194, 195, 202, 226, 232, 235, 241, 
260, 263, 285, 286, 312, 335, 347, 350, 
351, 356, 366, 371, 392, 399, 431, 505, 
514, 518, 535; Johann II, 82, 89, 172, 
173, 245, 264, 278, 285, 329, 340, 343, 
350, 351, 362, 363, 417, 518; Johann III, 
417, 437, 477, 478, 485, 494, 518-520; 
Nikolaus I, 79; Nikolaus II, 10, 25, 27, 
49, 50, 61, 62, 66, 96, 129, 169, 482, 539 

Bernoullian, 121 

Bessy, Bernard, 101 

Bestuzhev-Ryumin, Mikhail, 189 

Beta function, 134 

Bible, 229, 290, 349, 435; Lutheran, 151 

Billetting, 161, 164 

Binet, Jacques, 134 

Binomial theorem, 134, 204, 327, 504, 524 

Bironovschina, 82 

Blackboard, 519, 531 

Blanning, Tim, xii 

Borcke, Eleanor, 183, 222 

Botanical and chemical department, 309 

Botany, 281, 348 

Bowdoin, James, 525 

Boyars, 82 

Brachistochrone, 28, 226, 484 

Brandenburg Society of Sciences. See 
Royal Brandenburg Society of Sciences. 

Breslau, Peace of, 193 

Bridge, 130, 131, 319, 485, 486, 506, 507, 
511, 506, 507, 511 

Brégger, Waldemir Christofer, 375 

Brouwer and Bragge, 503 

Brucker, Margaretha, 10 

Budget, 231 

Biimmler, 315 

Burger, Michael, 51 


Calculations, 257, 378, 390, 397, 472, 487, 
488, 492, 510, 529, 531 

Calculus: differential, 58, 69, 130, 145, 
150, 201, 224, 233, 241, 242, 247, 255, 
293, 318, 367, 373, 376, 395-397, 416, 
481; differential and integral, 92, 146, 
436, 456, 458, 459, 494; Leibniz’s, 129; 
of probabilities, 310 

Calculus of variations, 75, 76, 77, 129, 
168, 202, 224, 226, 335, 378, 392, 401, 
402, 406, 422, 423, 460 

Calendars, 188, 190, 242, 258, 284, 299, 
356; Julian and Gregorian, 315 

Calvinist, 9, 130, 218, 223, 245, 264, 266, 
268, 434 
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Carcani, Gaetano, 508 

Cartesian, 143-146, 148, 160, 166, 208, 
217, 276, 305, 465 

Cartesian coordinates, 126 

Cartesian science, 22, 51, 57, 58, 63, 64, 
66, 83, 86, 100, 122, 125, 127, 128, 142, 
178-180, 218, 220 

Carthage, 76 

Cartography, 43, 87, 143, 241, 331, 383, 
517 

Cataract, 452, 487 

Catelan, Frangois de, 61 

Catenary, 71 

Cavalleri, Antoine, 165 

Causality, 370 

Causes: efficient, 226; final, 226; natural, 
267 

Censorship, 319, 339, 370 

Censure, 319, 369 

Center of gravity, 227 

Chance, games of, 311 

Character, 319 

Characteristic, Euler, 329 

Charlottenburg, 191, 385, 411, 422, 425, 
431, 433 

Chemical laboratory, 83, 439 

Chemistry, 43, 240, 298, 331, 455, 515 

Chemists, 350, 385 

Chésaux, Philippe de (b. Loy de Chésaux), 
230, 234, 301 

Chess, 237, 283, 334, 416 

Chimera, 355 

China, 42, 177 

Chinese remainder theorem, 108 

Chords, Ptolemaic, 133 

Christian Neoplatonism, 6 

Christianity, 45, 266 

Christmas, 343, 446, 509 

Chronometer, 230 

Circles, 467, 471, 474, 481, 496; reading, 
318 

Clavier, 417 

Climate, 254, 333 

Clock, 138, 376, 384, 466, 486 

Codex Fridericianus, 319 

Colors, 234, 259, 260, 308, 382, 383, 469 

Combmaker, 9 

Cometary motion, 429 

Comets, 51, 142, 208, 209, 229, 230, 239, 
258, 436, 481 

Commentarii, 271, 345; Novi, 305, 331-333, 
345, 380, 405, 423, 434, 436, 453, 471, 
472, 485, 503, 508, 516 
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Commission, 343 

Community, 319 

Compass, 43, 412 
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of Sciences, 212, 375, 386, 435, 502; 
Gottingen Observatory, 390, 429; 
Gottingen Royal Society of Sciences 
and Humanities, 378, 387, 394 

Gravitation, 273, 275, 307, 359, 377 

Gravity (gravitational attraction), 63, 64, 
207, 265, 471, 472 

Great Northern War, 40 

Great Britain, 487 

Greco-Latin square, 523 

Greeks, 270 

Greenwich Observatory, 294 

Gregorian calendar, xii, 118 

Gregory of Saint Vincent, 132 

Grundlichkeit, 59 

Guild, 6 

Gunnery, 210, 231 


Habicht, Walter, xii 

Habsburg, 409, 410 

The Hague, 343, 366, 508 

Halle, 212, 251, 378 

Halley’s Comet, 305, 428 

Hamburg, 38, 353, 370, 407 
Hancock, John, 525 

Handmann, Emmanuel Jakob, 163, 425 
Hankins, Thomas, xii 

Happiness, 266, 438 

Harmonic series, 79, 93, 107, 136, 394 
Harmony, 93, 152, 360, 394 
Harmony of the Spheres, 154 
Harpsichord, 152 

Harriot, Thomas, 278 


662 


Haude and Spener Library, 476 

Havel River, 309, 311 

Heat, 244 

Hellenistic, 153 
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Monadic doctrine, 219, 220, 266, 338 

Montgolfier brothers, 531 

Moon, 228, 239, 293, 306, 320, 321, 376, 
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313, 322, 326, 331, 341, 342, 358, 361, 
369, 399, 401, 421, 424, 450, 452-454, 
458, 467, 475, 479, 480, 484, 503, 514, 
533, 535 

Paris Observatory, 292, 329 

Parliament, British, 379, 400, 412, 429, 
444, 466 

Parnassus, 330 

Particles, 259 

Pascal, B., 441 

Pasquier, Gustav du, ix 

Patronage, 408 

Pedagogy, 151, 418 

Pell-Fermat Equation, 475 

Pendulum, 28, 129, 315, 332, 347, 383, 504 

Pendulum clock, 150 

Perihelion, 229, 478 

Periodicity, 259 

Permutations, 523 


665 


Perpetuum mobile, 49, 206, 332 

Persecution, 319 

Perturbations, 359, 377, 428, 480, 481 

Peru expedition, 143, 145, 217, 412 

Petersburg (Russian) Imperial Academy 
of Sciences, xi, 26, 27, 29, 30, 36, 38, 
42-46, 61, 64, 66, 69, 81, 82, 84, 86, 91, 
92, 99, 102, 109, 114, 122, 138, 149, 150, 
161, 165, 168, 169, 170, 174, 188, 189, 
191, 204, 206, 211, 212, 230, 233, 235- 
238, 254, 255, 269, 270, 279-283, 286, 
300, 301, 305, 315, 318, 320-322, 331, 
332, 346, 349, 379, 380, 394, 402-405, 
409, 412, 422, 428, 433, 436, 442, 447, 
457, 458, 471, 472, 474, 476, 478-480, 
483, 484, 493, 495, 498, 500, 506, 508, 
510, 512, 515, 519, 532, 534 

Petersburg Observatory, 80 

Phileleutheri, 235, 294 

Philology, 200, 243 

Philosophers, 341 

Philosophes, 239, 268, 284, 297, 323, 361, 
364, 367, 372, 423, 445, 468 

Philosophical Transactions, 135, 146, 278, 
280, 330, 349, 423 

Philosophy, 200, 240, 243, 246, 254, 279 

Phlogiston, 69, 148, 213, 414 

Phoronomia, 49, 125-127, 130, 211 

Phosphorous, 510 

Physical Sciences, 331 

Physician, 385 

Physicomathematics, 239 

Physics, 93, 165, 200, 235, 259, 261, 331, 
338, 342, 387, 485, 486, 507 

Pi, 108, 119, 133, 134, 134 
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